MATH 1036 - Calculus I

Sample problems for Midterm Examinations and their SOLUTIONS
Sx + 4
V2+x—a2
Solution f(x) is defined if and only if denominator is # 0 AND the expression under the
square root is > 0. Summarizing this conditions, we have: 2+z—2? > 0 < 22—2—2 < 0.

Roots of the equation 22 — z — 2 = 0 are —1 and 2. Therefore the solution of inequality
z? —x — 2 < 0 is the interval (—1,2).

Answer: (—1,2)

1. Find the domain of the function f(z) =

4 _
2. Find the limit lim *—— 0,
=2 T — 2
Solution
41 2 (x2+4 -2 N (x?+4
lim = 6 _ lim (z )@ +4) = lim (x=2)(z+2)(" +4) = lim(z+2)(2* +4) =

r—2 I — r—2 xr — 2 r—2 x — 2 r—2
(now we can use direct substitution) = (2 + 2)(2% +4) = 32.

Answer: 32
) e 9 1
3. Find the limit hr%x 1+cos|1+—1].
T— xXr

Solution

Note that —1 < cos (1 + %) < 1, since for ANY ¢ we have
—1 < cost < 1. Therefore 0 < 1 + cos (l—l— %) < 2. This implies that 0 - 22 <
x? [1 + cos (1 + %)] < 22% and therefore

1
0< 22 [1—{—008 (1—1——)} < 272
T

Note that lim 0 = lim 22> = 0. Hence the Squeeze Theorem implies that

z—0 z—0

1
lim 22 {1 + cos (1 + —)} =0.
x—0 x

Answer: 0

4. Differentiate the function f(z) = v2x 4+ Ty + 1.5
Solution

(V22 + moy/x + 1.5) = (the sum rule) = (v22)" + (7 2y/x) + (1.5)" = (the constant

multiple rule for the first and second terms; derivative of constant is zero for the last term)
3 3 3
= V2 (z) +7 (#%/2)/ 40 = (the power rule) = v2+r Ex%’l = \/5—1—;951/2 = \/§+77T\/E

Answer: /2 + 37”\/5



5. Differentiate the function g(6) = (6 + tan ) cos .
1st Solution

g(0) = (0 + tan ) cos O =

0 cosf + tan 6 - cosf = 0 cosf + 528 . cosf = 6 cos§ + sin . Therefore ¢'(6) = (6 cos 6 +
sinf) = (the sum rule)= (6cosf) + (sinf)" = (the product rule for the first term)
= (0) cos + O(cos @) + cos = cosf + 0 - (—sinf) + cos = 2cosf — Gsinb.

2nd Solution

g'(0) = [(0+tan ) cos 0] = (the product rule) = (0 +tan )’ cos @+ (f+tanf)- (cosf) =
((0) + (tanf))cosf + (0 + tan @) - (—sinf) = (1 + sec?d) cos® — (6 + tanf)sinfh =

cosf + sec?fcosf — Osinfh — tanf - sin9—0089~|—c%26 cosG—Osm@—S;“g sinf =

0089+C015 —@sinf — Sme-cos@—i-lczlsnee €sm9—cos<9+c(f’;69—GSmH—cos@—i-
cos@ — Osinf) = 2cosf —0sinb

Answer: 2cosf — 0sin 6

6. Differentiate the function y = sin(cos? z).
Solution

y = sin(cos?z) = f(g(:c)), where f(z) = sinz and g(r) = cos®?x. Applying the Chain
Rule we obtain: 4 = f'(g(z)) - ¢’(x). Note that f'(x) = cosx and therefore f'(g(z)) =
cos(cos®x)). To find ¢'(x) = (cos’ z)’ we apply the Chain Rule again. Indeed, cos® x =
(cosz)? = h(k(z)), where h(z) = 2? and k(x) = cosz. Therefore ¢'(x) = 2cosz -
(cosw)’ = —2cosx - sinx. Thus ¥ = (sin(cos?’))’ = cos(cos’z) - (—2coswsinz) =
—2cosz - sinx - cos(cos? x).

Answer: —2cosz sinz cos(cos? 1)

7. Find the constant a that makes the following function continuous on (—o0, 00)

2 +ar ifzr <4
— —4
f(@) v ifr>4

VT —2

Solution
Note that 2% + az is a polynomial and therefore is continuous in (—oo,00). Thus f(z)

is continuous for all x < —4 for ANY choice of a. Similarly, h is a ratio of two
functions, where x — 4 is continuous for all x and \/z — 4 is continuous for all x > 0.
Therefore their ratio is continuous for all z > 0 which do not make denominator equal
to zero, i.e. for all x > 0 and = # 4. This implies that f(z) is continuous for all = > 4
(again, for any choice of a). Therefore we need to find a that makes f(z) continuous at
4. In order to do this, we equate two one-sided limits:

(+) lim f(z) = lim f(z)

T—4- r—47+



If x < 4 then f(z) = 2* + az and therefore

hrf, f(z) = hril, (2% + az) = 4> + 4a = 16 + 4a
(we can use direct substitution since the function is a polynomial).

-4
If 2 > 4 then f(z) = \;U_ 5 and therefore

lim f(z) = lim = lim (z -z +2) =

podt o—dt \Jr — 2  a—at (Vo —2)(\x +2)
= lim (z=dVr+2) lim (VZ +2)=V4+2=4

x—4t xr — 4 r—4+
Substituting these results in (%) we obtain equation for a:

16 +4a =4
Solving for a, we find a = —3.

Answer: —3

8. Prove that there is at least one solution of the equation
sin(z + 1) = x.

Solution Note that sin(x + 1) = z is equivalent to sin(z + 1) — x = 0. Consider f(z) =
sin(x + 1) — z. Note that f(z) is continuous on (—o00,00). Further, f(0) = sin(0 +
1) =0 =sinl > 0 (since 0 < 1 < 7, and sint is positive in the interval (0,7)) and
f(2) =sin(24+1) —2 =sin3 — 2 < 0 (since sint < 1 for any ¢). Thus f(0) > 0 and
f(2) < 0. The Intermediate Value Theorem implies that f(x) has a root between 0 and
2, as required.

9. Find the z-coordinates of points x > —1 at which the tangent line to the graph of
function

y = (2% — 1)° /2 + 1 is horizontal.

Solution Note that the tangent line is horizontal if and only if its slope is 0. Further,
the slope of tangent line equals to the derivative. Thus, we have to find all points where
y' = 0. Compute y':

y =[(2® = 1)°Vz + 1]’ = [(2% — 1)° (z + 1)/%)’ = (the Product Rule)

=@ =D @+ )P+ (@ = 1)° [+ D)V =
(combain the Power Rule and the Chain Rule)

=57 = 1 @ = D) e DY @1 S ) [ 1) =

1 1
= 5(z*—1)*22- (:c+1)1/2+(a:2—1)5-§(x—i—l)l/Z’l-l = 10z (2*—1)* (;c+1)1/2+(:c2—1)5.§(x+1)*1/2

1 1

= (xQ—1)4-(x—l—l)_1/2-[1O$-(x—|—1)1/2+1/2+§($2—1)] = (x2—1)4-(x+1)_1/2-[10x-(x+1)+§(x2—1)]
201, 1

= (2? — 1)4-(x—|—1)_1/2-[10x2+10x+% —5)= 5(352— D* (x4+1)"Y2 200 + 200+ 22 — 1] =



10.

(a2 = 1)*

C[212% + 202 — 1
2v/x + 1 [ v o ]

1
= 5(:c2 — D (z+ 1)V 212 4 200 — 1] =
Thus

;o (22 = 14212 + 202 — 1)

v = 20/z £ 1

and therefore ¢y = 0 is equivalent to

(22 — 1)*(212? + 202 — 1)
2vr +1

The last equation is equivalent to (z? — 1)*(212* + 20z — 1) = 0 AND 2/ +1 # 0

AND 2/z + 1 is defined. Further, (2? — 1)*(212* + 20z — 1) = 0 implies 2> — 1 = 0

or 2122 + 20z — 1 = 0. Solving these equations we obtain x = 1, x = —1 (from first

equation) and z = —1, x = 1/21 (from the second equation). Thus y' = 0 and therefore
the tangent line is horizontal if x =1 or x = 1/21.

Note: as for x = —1, although it makes the denominator v/x + 1 equal to 0, it is still

possible to compute the right derivative of the function using the definition of derivative,
which is equal to 0. Thus ¢y =0 at z = —1 as well.

=0

-1
Find equations of the tangent lines to the graph of the function y = x—+1 that are
x
perpendicular to the line z + 2y = 1.

1 1
Solution Note that x + 2y = 1 is equivalent to y = 5T + 7 Therefore the slope

of the line is —1/2 and hence any line, which is perpendicular to this given line, has
slope 2 (recall that two lines with slopes m; and my are perpendicular if and only if
my - mg = —1). Thus we need to find equations of tangent lines which have slope 2.
Since the slope of tangent line equals to the derivative, we need to find points at which
y' = 2. To find ¢y we use the Quotient Rule:

;=1 @-1) e+ —(z—-1)-(z4+1) (z+1)—(z—-1) 2
Y= e T (z+1) T @r1? (@rlp
2
Thus 3’ = 2 is equivalent to m = 2. This implies that (z + 1)? = 1 and therefore
x
r+1=1orx+1=—1. Hence x =0 or x = —2. Note that y = —1 when x = 0,
and y = 3 when ©x = —2. Therefore we obtain two lines: y = —1 + 2z and y =

11.

342z —(-2)=3+2(x+2)=22+7T.
Answer: y=2r —land y=2x+7

Sketch the curve y = 2* — 22.

Solution
Let f(x) = 2% — 2.

e Domain: (—o00,00) (the function is a polynomial).

e Intercepts: y = 2! — 22 = 2%(2? — 1) = 2%(x — 1)(z + 1) and therefore x = 0,1, —1.



e Symmetry: f(—z) = (—z)* — (—z)? = 2* — 2% and hence the function is even.
Therefore the graph is symmetric with respect to the y-axis.

e Limits at infinity: lim (z* — 2?) = lim 2%(2* — 1) = oo since both #? and 2% — 1

T—00 T—00
4

approach oo as z approaches co. By symmetry, lim (2! — 2?) = oo.

r——00

e Asymptotes: no vertical asymptotes (function is continuous everywhere), no hori-
zontal asymptotes (see the previous item).

e Intervals of increase and decrease, local maximums and minimums:

y = 42% — 20 = da(2® — 1/2) = 4x(z — 1/v/2)(x + 1/v/2) and critical numbers
found by letting ' = 0 are z = 0 and = = +1/ V2. We use the following chart to
determine the sing of y'.

intervals (=00, —1/v/2) | (=1/+/2,0) | (0,1/3/2) | (1/v/2,00)

test points -1 —1/2 1/2 1
y =42’ — 2 — + — +
y ! T ! T

The function decreases on (—oo, —1//2) and (0, 1/4/2) and increases on (—1/v/2,0)
and (1/v/2,00). Therefore 0 is a point of local maximum and +1/+/2 are points of
local (and absolute) minimum.

e Concavity and inflection points:

y" = 122% — 2 = 2(622 — 1) = 0 if and only if 2 = +1/v/6. Note that 3" > 0
on (—o0,—1/v/6) and (1/v/6,00), and 3" < 0 on (—1/4/6,1/y/6). Therefore the
graph is concave upward on (—o00, —1/v/6) and (1/v/6, 00) and concave downward on

(—1/v/6,1/4/6), and hence points (£1/v/6, (1/v/6)* — (1/1/6)?) = (+1/v/6, —5/36)

are inflection points.

e Summarizing the above information, we sketch the graph:
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12. If 1200 cm? of material is available to make a box with a square base and an open top,
find the largest possible volume of the box.

Solution

Let z be the length of the side of the base and y be the height of the box (see the picture).

X

Then the total area of the surface is 2% 4+ 4zy and the volume of the box is z%y. Thus,

we want to maximize V = x?y given that 22 + 4zy = 1200. Solving the last equation for

1200 — 2*
dx

Y, we get y = . Substituting this expression in the formula for V| we obtain:

1200 — 22 1 1
Vie) =22 [ 2=/~ ) = Z2(1200 — 22) = =(12 — 3
() =2z ( 1 ) 41‘( 00 — z°) 4( 00z — x°)

Thus we need to find the absolute maximum of the function V(z) = 1(1200z — z*) on

the interval [0,/1200] = [0,20v/3] (indeed z > 0 as a length and 2 < 1200 since 1200
is the total surface area). Find critical numbers:



V'(z) = 3(1200 —32%) =0 & 1200 — 32° = 0 & 27 = 400 & 2 = +20

Only z = 20 belongs to [0,20v/3]. Tt is easy to verify that V(z) increases on [0,20] and

decreases on [20,204/3] and hence x = 20 is the point of (absolute) maximum. The
1200 — 20?

10 10. Thus the largest possible volume of

corresponding value of y is y =
the box is V = 20% - 10 = 4000 cm?.

Answer: 4000 cm?

13. Find the exact value of the expression sin(2 tan~! \/5) Do not use calculator!
Solution Let 6 = tan~' /2. Then, by the definition of tan~!, we have —7/2 < 6 < 7/2,
and

tan = tan(tan~' v2) = V2.

We need to find sin(2tan~'y/2) = sin 26. Note that the double-angle formula gives us

sin20 = 2 sinf cos®

and thus we need to find sinf and cos#, given that tanf = /2 and —7/2 < 0 < 7/2.
Since tanf > 0 we may also assume that 0 < § < 7/2. Therefore 6 can be viewed as an

2
angle in a right triangle. Since tan 6 = V2 = ER we may consider a triangle with sides 1

and /2. The hypothenuse of the triangle, by Pythagoras theorem, is \/12 4 (v/2)2 = /3
(see the picture).

1
Thus we see that sin6 = /2 / V3 and cosfh = 1\/§7 and therefore

2 1 2V2
sin(2tan"' v2) = sin 20 = 2 sin cosf = 2~£ C— = i

V3 V33

Answer: %ﬁ



14. Find the limit lim ot — %
x—0 3;'3
Solution Note that

lim(sinz — r) = lim 2* = 0

z—0 z—0
Therefore we have indeterminate form of type %. Using L’Hospital’s Rule, we obtain:
sinx —x . (sinx—ux) cost — 1

= lim
x—0 Qj3 x—0 (,IS)/ x—0 3,],‘2

It is not hard to see that still we have 8, so we use L’Hospital’s Rule again:

cost—1 . (cosx—1) . —sinzx
im ———— = lim ~————> = lim
z—0 32 a—0  (322) t—0 6w
...and again...
lim —sinz _ lim (—sinx) _ iy ZS08T _ —cos0 _ 16
z—0 Ox z—0 (G.T)l z—0 6 6
Answer: —1/6

The End



