


DEVELOPING A RULE

Ask for suggestions on how to reword the rule | Taazcher Note: Have

to use terms such as input value and output manipulatives available so
value. that students can model
The chart should help students to see that the | the problem.
rule could be expressed in different ways:
* input value X 6 = output value

—--ssossoTooTTTTTTTITTTTTTTL e jnput value + input value + input value + input value + input value + input

Teacher prompts: The
sun represents the input
value, the number of days.
What do we have to do to

the input value to get the

", value = output value
1
i
i
output value? We could i could we represent the input value without having to write out the words
':
!
1
1

® output value + 6 = input value

Look at the first rule: input value X 6 = output value. Ask the class: “How

write 6 X .4 or X6 to each time? Is there a short form?” Brainstorm different ideas. Also, offer the
show this part of the rule.
What does the dinner plate
represent?

suggestion that they could use the sun symbol (or the input symbol the class

has chosen) to represent the number of days.

""""""""""""""""""" " Now ask the class: “How could we represent the output value without having
to write out the words each time? Is there a short cut?” Brainstorm ideas.

One option is to use the dinner plate (or the output symbol the class has

The first rule (the input value multiplied by 6 = output value) could be written as:

oxBg- i@ o Egxc-i@h

CHECKING THE RULE

Tell the class, “Let's see if our rule works. What number do | put in for the
sun? Let's start with 1. 1 X 6 is 6 and Sid does have 6 dinners in 1 day, so it
works. Let’s see if it works for 2 days. | put 2 in for the sunand 2 X 6 is 12.
Yes, he has 12 dinners in 2 days. Work in your groups and see if the rule works
for the whole week.” Circulate and look at how the students are substitut-

ing numbers for symbols. Ask questions to see if everyone has a clear

understanding.

WRITING THE RULE A DIFFERENT WAY
Say: “Let's look at another way of writing the rule. Could we write the rule

without using multiplication?” The rule could be written as:

Ed-E3-E3-E3-E3-E3- /@

chosen). E
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Have students work in their groups to substitute values and see if the rule Teacher prompts: “If we

start with the output, which
is the number of dinners,
and if we divide the output
into 6 groups, it equals

I: the input. If we put in the
WO" 6= * 1 symbol for output, the

works for the week. Continue: “Let’s look at yet another way of writing the
rule. Could we write the rule without using multiplication or addition?” The

final rule (output value + 6 = input value) could be written as:

dinner plate, and we divide
the output into 6 groups,
we should get the input,
which is the sun.”

Have students work in their groups to substitute values and see if the rule
works for the whole week.

PART 2: CREATING THE SECOND T-CHART e
Tell the story of Four-Meal Fred: “Fred is a St. Bernard dog lnput | Output
with a voracious appetite. He is not quite as clever as Sid but 0 A
he is able to convince four different families that he belongs to 1 ' 2
them. They all feed him, of course, so Fred gets four meals a > 3
day. You will now work in pairs to determine how many meals 3 2
Fred would receive in a week.”

4 16
Make clear the scope of the task. Each pair needs to: 5 20
e create a T-chart with values; 6 24
e write at least one rule in words; 7 28

e represent the rule in symbols;

¢ check that the rule is correct.

Extend the problem:

® How many meals might Fred receive in a month?

* How many days would it take for Fred to have 56 meals?

PART 3: GRAPHING SID’S DINNERS AND FRED’S MEALS
Explain to students that they will be using

the data they gathered on Sid’s dinners

and representing it as a bar graph, with 60 1 ]
the input numbers on the horizontal axis 2(5) i []
and the output numbers shown as bars. 45 ]
40 - []

35 - M

30 A

Dinners 25 1

20

15 1

10 1

1]
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Have students use the data from Fred’s meals to create their own graph, using graph paper or

graphing software. Have them create a variety of representations for Fred’s meals. They could

use the following template:

Diagram or manipulative T-Chart
T
] E N E E = ' ' '
u u u u u u i 2 , 8 ,
] ] ] ] ] ] : 7 i
| ] | ] | ] | ] | ] | ] E 3 E 12 :
e
Fred's Meals
t )
Multiply the input by 4 to get w0
35
the output et 2 H
20
15
4 xXO=A 10 |_| H H
1o D I:l
1 2 3 4 5 6 7
Days
Rule Graph

Draw the input/output chart for Fred’s meals on the board or on an overhead transparency,
and encourage students to fill it in. Prompt the class to give a rule for what's happening.

Students will have to make up their own symbols (variables). For example:

Ox4=A, O+0+0+0=A, A+4=0 4x0O=A

Teacher note: Students may think that 0 X 4 = A and 4 X [0 = A are different. Use simple

examples to show the commutative property of multiplication (e.g., 3 X 4 is equal to 4 X 3).

TIERED INSTRUCTION

Supports and extensions can be beneficial for all students. For any given activity, there will
always be some students who require more or less support, or for whom extensions will

increase interest and deepen understanding.

REFLECTING AND CONNECTING
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SUPPORTS FOR STUDENT LEARNING
Scaffolding suggestions:

* For students who require a lower-level entry, provide a similar but simpler activity from the

book Two of Everything (by Lily Toy Hong, 1993; ISBN 0-807-58157-7) which uses a doubling
pattern.

Have students draw houses on chart paper and model houses with tiles.
* Leave examples of the Sid problem posted as a model.
Do a “gallery walk” to see what other students are doing.
Provide a checklist, with the following steps to be completed:
— create a T-chart with headings;

use manipulatives to model;

- check for a pattern;

- pair/share: orally describe the pattern;
— write the rule;

- use symbols to state the rule;

— check by substituting a number.

EXTENSIONS

* Have students write a different problem based on Sid’s experiences.

* Have students read Anno’s Mysterious Multiplying Jar (by Mitsumasa Anno, 1999; ISBN
0-698-11753-0) to find the rule for the jar.

* Have students read Multiplying Menace (by Pam Calvert, 2006; ISBN 1-570-91890-2) and look
for the secret of the stick.

Other literature connections:

e Two of Everything, by Albert Whitman. ISBN 0-807-58157-7

e 100 Angry Ants, by Elinor J. Pinczes. ISBN 0-395-97123-3

* Spaghetti and Meatballs for All, by Marilyn Burns, 1997. ISBN 0-590-94459-2
e The Number Devil (The Third Night), by Hans Magnus Enzensberger, 1997. ISBN 0-8050-6299-8

HOME CONNECTION

See PA.BLM4b.1: What's My Rule? Home Connection.

ASSESSMENT

Observe students in order to assess their use of

an efficient strategy;

math language to explain the solution;
* appropriate symbols (variables) in pattern rules;
e appropriate diagrams/models.
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WHAT’S MY RULE? HOME CONNECTION

VT
o
% Dear Parent/Guardian:
2 In math, we have recently explored a pattern based on mul-
Q tiples of six (6, 12, 18, 24, etc.), introduced in a book called Six : W‘"
Dinner Sid. Sid, the cat, is very manipulative and very clever. Input Output
He has convinced six people living on the same street that 1 6
he belongs to them and to them alone. As a result, he is able 2 ' 12
to enjoy six dinners a day. Students recorded terms from this 3 18
pattern on a chart and wrote rules to model the relationship, ' 2 ; 24
such as 6 X = WO" . Ask your child to explain the chart '
and the rule. ; :
i 10 § 60
Your child’s new task is to create a new rule. For example, the
rule 3 X = WO" might represent the number of meals . Input | Output
your child eats each day (breakfast, lunch, and dinner). 1 ;
Or 10 X = K= might represent the number of hours your | 2
child sleeps each day. Encourage your child to develop his or : 3
her own rule. Ask your child to complete a table such as the one ! 4
on the right, leaving three of the output spaces blank. 5
In class, your child will be asking other students to try to
that activity, your child should try to determine the rule and
describe it to you (using words, diagrams, physical materials, or
mathematical symbols). ] 10

i
1
i
i
i
1
i
1
i
1
i
i
i
1
i
1
i
i
i
1
i
1
i
1
i
complete the table and to work out the rule. To prepare for ; i
i ' i
1
i
1
i
i
i
1
i
1
i
1
i
i
1
i
1
i
1
i
i
i
1
i
1
i
1
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_____________________________

Grade 5 Learning Activity
Growing Weave Designs

OVERVIEW

In this activity, students investigate growing patterns by modelling
the growth of a design, using colour tiles or interlocking cubes. They
represent growth with concrete materials and they generate patterns
(suchas 4, 8,12, 16, ... and 1, 4, 9, 16, 25, ...). They record patterns
and generalize pattern rules using words to describe relationships.

They represent the patterns in different ways, using tables, diagrams,

graphs, and manipulatives. The context of the activity uses a Grade 5 art project in which
students have woven different coloured papers to create a design. The teacher wonders if the
students are able to recognize and represent the math found within their weave designs. Prior
to this learning activity, students should have had some experience with representing patterns
using charts, diagrams, graphs, and concrete materials.
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BIG IDEA

Patterns and relationships

CURRICULUM EXPECTATIONS

This learning activity addresses the following specific expectations.

Students will:

e create, identify, and extend numeric and geometric patterns, using a variety of tools (e.g.,
concrete materials, paper and pencil, calculators, spreadsheets);

* build a model to represent a number pattern presented in a table of values that shows the
term number and the term;

* make a table of values for a pattern that is generated by adding or subtracting a number
(i.e., a constant) to get the next term, or by multiplying or dividing by a constant to get the
next term, given either the list of terms (e.g., 12, 17, 22, 27, 32, ...) or the pattern rule
in words (e.g., start with 12 and add 5 to each term to get the next term);

* make predictions related to growing and shrinking geometric and numeric patterns.
These expectations contribute to the development of the following overall expectation.

Students will:

* determine, through investigation using a table of values, relationships in growing and

shrinking patterns, and investigate repeating patterns involving translations.

_____________________________________

_____________________________________




ABOUT THE LEARNING ACTIVITY

MATERIALS

e PA.BLM5a.1: The Weave Design Growth Pattern (1 per pair)

* PA.BLM5a.2: A Variation on the Weave Design Growth Pattern (1 per pair)

* PA.BLM5a.3: Graphing Design Growth Patterns (1 per pair)

* PA.BLM5a.4: Home Connection: Square Number Investigation (1 per student)
* 100 coloured tiles or interlocking cubes (50 of each colour) for each pair

e graph paper

e coloured pencils or markers

TIME:

2 hours

MATH LANGUAGE

* growth pattern * square numbers
e array e diagonal
® T-chart

INSTRUCTIONAL ABOUT THE MATH

GROUPING:

i THE DESIGN GROWTH PATTERN

We can show the growth pattern by using tiles of two different colours. In the first image, a
blue tile represents the design at its starting point. In the second image, black tiles show the
growth of the design that has resulted. In the third image, the black tiles are now completely
surrounded by blue tiles, representing the next growth stage. The pattern alternates, with
each colour surrounding the shape in turn. When modelling the pattern with tiles, you do not
need to start over again to show each growth stage — just continue building onto the previous

stage. The weave design grows in a number of interesting ways:

* The pattern generated by the number of Colour 1 tilesis 1, 1, 9, 9, 25, 25, ... . Thisis a
repeating and growing pattern that can be made by squaring the odd numbers and

repeating each term twice.
* The Colour 2 tile pattern is represented by the squares of even numbers.
* The additional tiles needed to complete each stage are represented by the multiples of 4

(4,8,12, 16, ...).
* Counting tiles in the rows (or columns) gives the pattern 1 + 3 + 1 for stage 2,1+ 3 +5 + 3

+ 1 for stage 3, and so on.
* The rule for successive stages is: stage number squared plus (stage number minus 1) squared

will give the total number of tiles.
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Stage Colour 1 Colour 2 Total

1 1 1xX1=1 0 1

2 1x1=1 2X2= 4 1+4= 5
3 3x3= 9 2x2= 4 5+8= 13
4 3x3= 9 4x4=16 L 13+12= 25
5 5x5 =25 4%x4=16 L 25+ 16 = 41
6 5x5 =25 6 X6 =36 . 41 +20= 61
7 7 %7 =49 6 X 6 =36 . 61 +24= 85
. :
9 1
10 9 x9=8] 10 X 10 = 100 | 145 + 36 = 181
SQUARE NUMBERS
Square numbers are formed by * * ¥ ¥ ¥ ¥ * X ¥ ¥
multiplying a number by itself. The first * ¥ * * % * K XX
seven square numbers are examined in * xR X * xR
* % ¥ ¥

this activity: 1, 4, 9, 16, 25, 36, and 49.
Square numbers get their name from the

fact that they form a square when put in an array. The square numbers can be expressed
using multiplication or exponents: 1 =1X1=124=2X2=2%9=3 X3 = 32,

such as cm? (square centimetres) and m? (square metres).

Although the math above stretches beyond the Grade 5 level, understanding the richness
of the patterns in this design provides the teacher with deep knowledge of the possibilities
inherent in the design. Seeing the possibilities in the design enriches the teacher’s ability to

recognize important math learning in the students’ work and dialogue which will become the
underpinnings of future math study.

GETTING STARTED

(Part 1 of the Three-Part Lesson)

WARM UP: EQUAL SIGNS

Students often have a fragile understanding of the meaning of the equal sign. Begin the lesson
with a series of equations. Write each equation one at a time on the board and ask the students

to decide what the missing number is in the box. The box activity offers an opportunity to
discuss variables as a representation of unknown quantities.

5+7=]
5+[]=12
O+7=12
O+=12
5+[=[]

i
i
1
i
1
i
1
i
i
i
1
i
1
i
i
i
1
i
1
i
1
i
i
i
1
i
1 . . .
! 16 = 4 X 4 = 42. The meaning of such exponents can be linked to area measurement units,
|
i
i
1
i
1
i
i
i
1
i
1
i
1
i
i
i
1
i
1
i
i
i
1
i
1
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As students work through the solutions, ask them to represent or prove their answers using
concrete materials. Many students misunderstand that the equal sign is a symbol between two
equal values and, instead, think it means the answer is next (sum, product, quotient), regardless
of where the variable occurs. On the last two equations list possible solutions that the students

provide and ask students to look for patterns in the results:

O+0=12 5+0=0]

1 11 1 6
2 10 2 7
3 9 3 8
4 8 4 9
5 9 5 10

Students benefit from ongoing opportunities to explore equations with different operations

using variables in different parts of the equation.

THE GROWING DESIGN

Distribute PA.BLM5a.1 and have students work with their
elbow partner to build the first three stages of the design
as shown on PA.BLMb5a.1 (see also on the right). Ask
them to record the information on the chart. Circulate
among the students and ensure that they are completely
surrounding the design on each stage and are correctly

recording the information. As the pairs of students build

each stage, ask:

* How might you describe the pattern to someone who can't see it?
* How many tiles of each colour are you adding?

¢ Predict how many tiles you'll need for stage 4.
¢ Did you notice how much the total number of tiles increases from stage to stage?

* Do you think you have enough tiles to complete stage 7?

Teacher Note: Constructing the design using manipulatives is critical for several reasons.
Students link patterns to spatial thinking and geometry. Visual representations help to
develop abstract thinking. Furthermore, students require a concrete representation in order

to make sense of the pattern.
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WORKING ON IT

(Part 2 of the Three-Part Lesson)

EXPLORING GROWTH PATTERNS

H tudent ti t ki irst lete st 4 th h7, 4.
ave students continue to work in pairs to complete stages roug Visual Scaffolding: Have

recording how many tiles of each colour they used and totalling the number the student complete

of tiles used at each stage. Prompt students to discuss what they are doing stage 4. Ask the student

and what patterns they see as they build successive stages (see the About

to decompose the tiles
the Math section). They will need to use the patterns they discover in order to

into two piles, according to
colour, and then to arrange
extend the pattern to stage 10. Ask:

each colour of tiles into an

array.
* “What is the pattern in the number of additional tiles needed to create
each stage?” [ [ [ []
e “What is the relationship between the stage number and the number of === EEEE
one of the colours of tiles added?”

e “How many tiles do you predict will be needed for stage 10?”

There should be 9 tiles

of one colour and 16

of another, both arrays
forming squares. Repeat for
stages 5 and 6.

Some students may notice that the number of tiles on the side of the square is
the stage number, so the number of tiles of the “outside” colour in the square
is the stage number multiplied by itself: stage number X stage number. This is
a square number and can be expressed as the stage number squared.

Other students might look at the overall pattern as the number of tiles
increases. Encourage these students to find the difference between the totals in order to
discover the number of tiles added each time. When recording the differences they may also

notice that the pattern increases by multiples of 4 (4 is added first, then 8, then 12 then 16,
and so on).

Shown on the right is the design completed to the end of stage 7.
There are 49 blue tiles and 36 black tiles for a total of 85 tiles. Some
students may notice that there are 7 blue tiles along one edge and

that this is the 7th stage, for a total of 7 X 7 or 49 blue tiles.

Remind students that they need to draw on graph paper a diagram

of the growth of each stage, using coloured pencils or markers.

REFLECTING AND CONNECTING

(Part 3 of the Three-Part Lesson)

When students have completed predicting the number of tiles needed for stage 10, initiate
a class discussion to share different pattern rules. Ask students to check that each suggested

rule actually works. Make a chart of rules that were used to solve the problem and post it in
the class. See the About the Math section for a list of possible rules.
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Teacher note: The students’ suggested rules may not always be the most efficient. However,
students need to “work to make sense of the problem in their own way. They (should) look

for patterns and for connections with other problems” (Teaching and Learning Mathematics:
The Report of the Expert Panel on Mathematics in Grades 4 to 6 in Ontario, 2004). After this

exploration stage, you can then help students move towards more efficient methods.

TIERED INSTRUCTION

Supports and extensions can be beneficial for all students. For any given activity, there will
always be some students who require more or less support, or for whom extensions will

increase interest and deepen understanding.

SUPPORTS FOR STUDENT LEARNING

® Some students may need to use a calculator to help them discover patterns such as the

difference or sum of different colours of tiles.
* Some students may complete the growth sequence but not identify the pattern of coloured

tiles. They would benefit from deconstructing the pattern and assembling the tiles into

arrays.

EXTENSIONS !
* The 20th stage. Ask students who finish early to use their rule to find the number of tiles E
in the 20th stage without having to extend the chart. Solving this new problem will help to ,:
deepen their understanding of the pattern. i

e A variation on the design growth pattern. A variation of the activity can be
found in PA.BLM5a.2. Provide students with tiles of a third colour and ask 31
them to add tiles in this colour to the existing weave patterns to create
squares. Ask them to model the first three stages, just as they did in the
original design growth activity. They should record their results in the table of PA.BLM5a.2,

then look for patterns and develop rules for sequences. A completed table is shown on the

following page. Students may find the following patterns:
— The number of Colour 3 tiles is a multiple of 4 (0, 4, 12, 24, ...).

— The total area is always the square of an odd number.
The perimeter begins at 4 and increases by 8 for each stage (4, 12, 20, 28, ...).

The total area is given by (number of Colour 3 tiles used) X 2 + 1. For example, for

stage 3, total area = (12 Colour 3 tiles) X 2 + 1 = 25.
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Number of Colour

3 Tiles used Total Area Perimeter
1 0 i 1 | 4
2 4 9 12
3 12 25 20
4 24 49 28
5 40 81 36
10 180 361 76

* Graphing the patterns. For this extension, students will need a completed PA.BLM5a.1,
PA.BLM5a.3, and a calculator to help them identify pattern rules represented by graphs. Ask
them to choose from a variety of given graphs and to match the appropriate graphs to the
patterns discovered for Colour 1, Colour 2, and the Total Area patterns (PA.BLM5a.1). Ask
students to justify their choices. [Solutions: Colour 1 — Graph A; Colour 2 — Graph F; Total
Area - Graph D.] Challenge students who finish early to work out a pattern rule for one of
the incorrect graphs. Only Graph B has a pattern rule. The pattern increases as follows: 1, 3,

6, 10, 15, 21. The terms are increased by adding consecutive numbers; for example:
1+2=3,1+2+3=6,1+2+3+4=10.

See PA.BLM5a.4: Home Connection:
Investigating Square Numbers.

Reviewing the home connectionresults. . ... ...
Students should have noticed that multiply- L. T -----
ing a square number by another square T o
number will always result in a square. To

. L. 1x4=4 4x4=16 9x4=36
reinforce this point, reproduce on the board

the diagram on the right. Explain that the rule can also be seen by looking at the factors

for the numbers involved. For example, 9 X 4 can be written as 3 X 3 X 2 X 2. To be able to
create a square number, we have to be able to regroup the factors so that they result in the
product of two identical numbers, suchas:3 X3 X 2X2=3X2 X 3X2=6X6.This
type of result is never possible when multiplying a square number by a non-square number. For

example, 9 X 6 can be expressed as 3 X 3 X 3 X 2. We cannot regroup these factors to form
a product of two identical numbers.

ASSESSMENT

The completed home connection task can be used to assess the student’s thinking process. A
brief conversation with each student will reveal his or her level of understanding. The written
paragraphs requested in PA.BLM5a.2 and PA.BLM5a.4 can be used to judge the student’s
communication skills and ability to use appropriate mathematical language.

 HOME CONNECTION
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THE DESIGN GROWTH PATTERN

An art teacher asked Grade 5 students to explore different ways to cut and weave paper
together. When they showed their weaves to their homeroom teacher, the teacher noticed
patterns in their work. He wondered if the students could represent the patterns in their

V7
@
0
=
0
Q
&

weaves with tiles.

Your task is to model the growth of the design, using tiles or interlocking cubes, and then to
record your results in a diagram and chart. You will need 2 different colours of tiles or cubes.

The first three stages of growth are shown below.

. -

Stage 1 Stage 2 Stage 3

Use your tiles or cubes to extend the growth pattern to stage 7, and record your results in the

chart. Draw a diagram on graph paper to show the growth.

Number of Colour 1 Number of Colour 2 Total Number of

Stage Tiles Used Tiles Used Tiles Used

1

2
3
4
5
6
7

What different patterns can you see? How can you use those patterns to help you predict:

¢ the number of Colour 1 tiles at stage 10?
e the number of Colour 2 tiles at stage 10?

e the total number of tiles at stage 10?
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A VARIATION ON THE DESIGN GROWTH PATTERN

Here, you will use the design patterns generated in the previous activity to extend your under-
standing of patterns and to explore the concept of area.

¢eswia’vd

Begin by adding another set of colour tiles (light blue in these diagrams) to the existing weave

patterns to create squares. You may use the diagrams you created in the previous activity to
help you.

m " m e

After you have modelled the stages, complete the following chart. Record your results, look for
patterns, and develop rules for the patterns.

Number of Colour 3 Tiles

Stage Used Total Area Perimeter

1

2
3
4
5

Develop pattern rules for:

e the number of Colour 3 tiles used;
e the total area;

* the perimeter.
Are there any relationships between the columns?

Using the pattern rules you've discovered, determine the number of Colour 3 tiles, the total

area, and the perimeter for stage 10. Think about how you could do this without extending the
chart.

Write a brief paragraph explaining how you found the area of each of the squares at each
stage.
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GRAPHING THE DESIGN PATTERNS

Match the graphs (on p. 75) that represent the data from the Design Pattern activity
(PA.BLM5a.1).

o
®
0
=
0
Q
&

The graph that represents the growth pattern for Colour 1 is:

| believe that | am right because:

The graph that represents the growth pattern for Colour 2 is:

| believe that | am right because:

The graph that represents the growth pattern for the Total is:

| believe that | am right because:
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HOME CONNECTION: SQUARE NUMBER
INVESTIGATION

Dear Parent/Guardian:

<
©
0
=
0
Q
&

In math we are exploring many types of patterns. Square numbers are formed by multiplying a

number by itself. They are called square numbers because they can form a square when drawn

as an array of dots (see below).

The square-number pattern is:

1x1=1 2x2=4 3x3=9 4x4=16 etc

This home connection activity builds on the work we have just completed in class. Please ask
your child to demonstrate his or her understanding by writing a paragraph on each of the

statements below. The paragraphs may include diagrams and/or numbers to help illustrate

the reasoning behind the responses.

e If a square number is multiplied by another square number, the result is always a square

e If a square number is multiplied by a non-square number, the result is sometimes a square

number. Do you agree or disagree? Explain your thinking.

i
1
i
i
i
1
i
1
i
1
i
i
i
1
i
1
i
i
i
1
i
1
i
1
|
number. Do you agree or disagree? Explain your thinking. !
1
|
In class, students will be sharing their paragraphs with their classmates. i
i

i

i

1

i

1

i

1

i

i

1

i

1

i

1

i

i

i

1

i

1

i
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Grade 5 Learning Activity
Balancing Act

OVERVIEW

In this learning activity, students explore

the concept of equality and variables. In Y

the context of a literature connection, m = A + A + A + A
students use symbols and letters to repre-
sent the masses of different animals and to B+ B - 3’* y n y

investigate relationships and express them

algebraically. Students identify relationships

between the masses of the animals and write equations that represent balanced tug-of-war

1OV bupuejeg :Ajanoy buiuiean G apeay)

teams. This lesson will employ the Bansho technique of interpreting and analysing peer solu-
tions to deepen understanding. In a Bansho, each group of students shows their work to the
class. The solutions are hung on the board for all the class to see, and comparisons are made
between solutions. Similar solutions are hung together, and the samples are annotated by
the teacher. The teacher may choose to organize the student samples by strategy, number of
solutions, chosen representations, or communication. The Bansho is used not to level the work,
but to analyse the work to make math concepts explicit. Prior to this learning activity, students

should have had some experience in using variables (symbols or letters) in expressions, and in
modelling with concrete materials.

BIG IDEA

Variables, expressions, and equations

CURRICULUM EXPECTATIONS

This learning activity addresses the following specific expectations.

Students will:

e demonstrate, through investigation, an understanding of variables as changing quantities,
given equations with letters or other symbols that describe relationships involving simple
rates (e.g., the equations C = 3 X nand 3 X n = C both represent the relationship between
the total cost (C), in dollars, and the number of sandwiches purchased (n), when each sand-
wich costs $3);

demonstrate, through investigation, an understanding of variables as unknown quantities
represented by a letter or other symbol (e.g., 12 =5 + O or 12 =5 + s can be used to rep-

resent the following situation: “I have 12 stamps altogether and 5 of them are from Canada.
How many are from other countries?”);




_____________________

L]

____________________________

* determine the missing number in equations involving addition, subtraction, multiplication, or
division and one- or two-digit numbers, using a variety of tools and strategies (e.g., model-
ling with concrete materials, using guess and check with and without the aid of a calculator).

These expectations contribute to the development of the following overall expectation.

Students will:

e demonstrate, through investigation, an understanding of the use of variables in equations.

____________________________________

ABOUT THE LEARNING ACTIVITY

MATERIALS

¢ PA.BLM5b.1: Fair Tug-of-War Teams (1 per pair)
* PA.BLM5b.2: Teeter-Totter Equations (1 per pair)
* PA.BLM5b.3: Home Connection: A Massive Puzzle (1 per student)

TIME:

2 hours

e chart paper
® markers
* manipulatives such as base ten blocks, interlocking cubes, coloured tiles

MATH LANGUAGE

e equation
e variable
e identity
e infinite

INSTRUCTIONAL ABOUT THE MATH

GROUPING:

whole group, VARIABLE
small group
A quantity, represented by a letter or symbol, that can take on

. Teacher note: When
one or more values. For example, in P = 4s (the formula for the

perimeter of a square), P and s are variables and 4 is a constant.
Variables can be placeholders for missing numbers (as in O + O
= 14 and 2x = 8) or they can represent quantities that vary (as
inP=4sandy = 2x + 1).

working with equations,

it is important to put
variables on both sides of
some of the equations, so
that students will come to

recognize that equations

ALGEBRAIC EQUATION

A mathematical sentence that contains a variable or variables
and an equal sign (e.g., 4 X O = 12, x + y = 15). Solving an
equation means finding values for the variable that make the

are a balancing across
the equal sign of both
numbers and variables.

equation true.

_____________________________
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GETTING STARTED

(Part 1 of the Three-Part Lesson)

WARM UP: EQUAL SIGNS

Students often have a fragile understanding of the meaning of the equal sign. Begin the
lesson with a series of equations. Write each equation one at a time on the board and ask the
students to decide what number should go in the box. The box activity offers an opportunity

to discuss variables as a representation of unknown quantities.

5+7=]

5+[]=12

O+7=12

O+O=12

5+0=0
As students work through the solutions, ask students to represent or prove their answers using
concrete materials. Many students misunderstand that the equal sign is a symbol between two
equal values and, instead, think it means the answer is next (sum, product, quotient), regardless
of where the variable occurs. On the last two equations list possible solutions that the students
provide and ask students to look for patterns in the results:

O+0=12 5+[1=[]
1 11 1 6
2 10 2 7
3 9 3 8
4 8 4 9
5 9 5 10

Students benefit from ongoing opportunities to explore equations with different operations
using variables in different parts of the equation.

WORKING ON IT

(Part 2 of the Three-Part Lesson)

Read the book Equal Shmequal (by Virginia Kroll, 2005; ISBN 1-570-91892-9). Pause to discuss
with students the mathematics that emerges. Use letters to represent the animals in the story and,
with help from the students, write equations to represent the balancing of their masses. If you do
not have access to the book, read the following premise to the class:

“A little brown squirrel sits on a branch of a tree in a park,

. . . Teeter-totter note:
watching children play. He hears one of the children say that o
Students will likely know

teams have to be equal for the tug-of-war game they are about

. . . . that the balance can be
to play. The children are called away, leaving their rope behind.

. . thrown off if you sit closer

The squirrel is joined by a fox, four turtles, and two more squir-

. to the centre (fulcrum) of
rels. They decide to use the rope to play a tug-of war game.
The first squirrel insists that the teams have to be equal. They the teeter-totter. For the
decide that the teams should have equal mass. They use a andils o el el
teeter-totter as a balance scale to test their weights. After masses accurately, they
various trials, they manage to make the teeter-totter balance. will need to be standing
Using the teeter-totter, they discover the following relationships | ©" toP of one another.

between their masses:
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Teacher note: Although
mass is considered directly
proportional to strength

for the purposes of this

A + B - WJ’ ” + y activity, such a relationship

is not always the case in

real life.

“The two balanced teams then compete in a very even contest

that neither side can win.”

............................ - WRITING THE EQUATIONS

Scaffolding suggestion: ) ) )
To model the relationship, Tell students to work with their elbow partner to draw a diagram or an equa-
tion showing how the masses of the animals in the story are balanced. Ask the

students may use

manipulatives such as class to brainstorm ways they could represent each animal without having to
paper cut-outs of the
animals, or the letters F, T,
and S written on square

tiles.

draw each animal. Students may suggest using letters, shapes, or graphics.

Students’ anticipated responses may include:

--------- | F for fox, T for turtle, and OR [J=Fox e =Turtle A =Squirrel
------- S for squirrel. [=e+e+e+e
Fe T4 T+T4T o+te=A+A+A

T+T=S+S+S

Students will select symbols or variables that make sense to them.

Pose the problem for students:

How many different ways can the animals combine on either side of the teeter totter to make

the teeter totter balance if you have a fox, 4 turtles, and 6 squirrels?

UNDERSTANDING THE PROBLEM

Ask the students to turn to a classmate and explain what they think the problem is asking them
to do. Ask students to place their hand on the top of their head if they feel sure they understand
the problem, and ask students who are still wondering to put their fist under their chin as if they
are still thinking (“hmmm”). Observe the class to see if students feel they fully understand the
problem. Ask a student with hand on head to explain the problem. Ask a student who was not
sure to reiterate what the first student said and to ask any questions for clarification. Survey the

class again; organize students into groups of 3 or 4 once the class understands the problem.
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MAKE A PLAN: CREATING NEW EQUATIONS

Observe the groups as they begin their work. Ask students at each group to articulate their
strategy for creating their balance equations. Use a sticky note to record the strategies students
are able to articulate, and also note those strategies that students are employing but are not able

to describe. If some groups have trouble beginning, ask a few groups to share the strategy they
have chosen with the whole class.

CARRY OUT THE PLAN

As students begin to record their equations, ask students to explain their solutions. Resist

the urge to direct students to specific equations. Deeper learning can be achieved by asking

questions such as:

® How is this side of the equal sign balanced with the other side?

* I'm still not sure | understand your thinking, can you think of another way to show me?

* | see you have drawn manipulatives to show your equations; is there another way to record
your thinking?

* How do you know the equation is true?

Continue to observe the students as they work, and call the group back together when you
feel the groups have exhausted the solutions they are able to create.

LOOKING BACK

Reconvene the whole group and ask the groups to hang their charts on the board. Ask the

groups to look at the charts and note how the solutions are the same or different. Possible
student responses may include:

* “That group used the same symbols to represent the animals.”
* “These two groups both made the same number of equations.”

* “This group showed the same idea in a different way.”

For example, if the group decided to organize by strategies, the Bansho could be organized as

below:

f=t+t+t+t f=t+t+t+t f=t+t+t+t f=t+t+t+t f=t+t+t+t f=t+t+t+t (1/4)

t+t=s+s+s t+t=s+s+s t+t=s+s+s t+t=s+s+s t+t=s+s+s t+t=s+s+s (1/3)

trtrtrt=f onefox—dturtes \[\| f—| T | S |||f= N ||F=1ecienas
2 Turtles = 3 Squirrels _

t+t+s+s+s=f 3 Squirrels — 2 Turtles 1 4 4= [T F=1/2+1/2

s+s+s+s+s+s=f 4Turt!es I: one Fo>: 1 2 3 o + 3s= I:I:- 1/2+1/2=1/3+1/3+1/3

f=t+t+s+s+s 6 Squirrels = 4 Turtles _ 1/2+1/2+1/3+1/3+1/3
6 Squirrels = one Fox 6s= _

f=s+s+s+s+s+s 1 6 —1/a+1/a41/441/4

f=t+t+t 4 so f=t+t+s+s+s

S+s+s+s+s+s=f f=s+st+sts+sts

s+s+s+t+t=g
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The teacher would listen to the groups describe their work and annotate on slips of paper the

strategy the students used:

Organized List | | Guess and Test || Matching Values | | Make a Chart || Concrete Division || Making Fractions

f=t+t+t+t f=t+t+t+t f=t+t+t+t f=t+t+t+t f=t+t+t+t f=t+t+t+t (1/4)

t+t=s+s+s t+t=s+s+s t+t=s+s+s t+t=s+s+s t+t=s+s+s t+t=s+s+s (1/3)

t+t+t+t=f >s+s one F‘[”‘:“”’ﬂ'_es | F=| T | S f= ] F=1/4+1/4+1/4+1/4
1 2 Turtles = 3 Squirrels _

t+t+s+s+s=f + 3 Squirrels — 2 Turtles 1 4 4= [ F=12+1/2

s+s+s+s+s+s=f| | f= 5+s+s 4Turtles = one Fox : > | 3 2t + 35— (NI 1/2+1/2=1/3+1/3+1/3

f=t+t+s+s+s 6 Squirrels = 4 Turtles 65— 1/2+1/2+1/3+1/3+1/3

6 Squirrels = one Fox N _

f=s+s+s+s+s+s 1 6 =1/4+1/8+1/4+1/4

f=t+t+t P so f=t+t+s+s+s

S+s+s+s+s+s=f f=s+s+s+s+s+s

st+s+s+t+t=g

As the class discusses the Bansho, opportunities may arise to discuss other math concepts.

REARRANGING THE ANIMALS

Write the following equation on the board.

-

F+S=T+T+T+T+S
Rearranging the order of the
masses that are added together
does not change their sum. For
example, 3 + 5 =5 + 3. This is the
commutative property of addition.
Does the commutative property
also hold true for other operations?
(It does for multiplication but not
for subtraction or division.)

We know this equation is true
because we are given that F = T +
T+ T+ T. Adding a squirrel (S) to
both sides maintains the balance.

Now rearrange the letters on each

side of the equation, as follows:
S+F=T+T+T+T+S$S

F+S=T+T+S+T+T

/

Ask students to consider whether

the new equations are true. Have
them work in pairs to rearrange the letters to create other equations. Share and discuss the

new equations in a whole-class setting.
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REFLECTING AND CONNECTING

(Part 3 of the Three-Part Lesson)

Create a word web wall with “Algebra” at the centre during the unit. Ask students to add con-

nections after each lesson to the web. Below is a sample word web created using Smart Ideas™.

Can be a letter
Can or symbol
sometimes
change

_

\ Variables
\ 4+2=2N PGS D)
\

Bl Teeter-totter

Equations Tug-of-war

Cannot
divide by 0

Identities
\
Infinite
“ solutions
\
Variable can be
any number

BALANCING EQUATIONS WITH NUMBERS
Write the number 14 on the board. Then ask: “What numbers

could | add to get 14?" Write students’ suggestions on the
board.

6 more
than a
number

Their suggestions will include 1 + 13,2 + 12,3 + 11, and so

on. Draw a balance scale on the board and write 1 + 13 on one

side. Then ask, “What could | put on the other side to create a balance?” Students may want
to answer 14. While the answer is correct, ask for other possibilities (e.g., 3 + 11). Discuss how
1 + 13 is equal to 3 + 11. Have students brainstorm further responses. Encourage them to see
that they can use more than two addends (e.g., 1 + 3 + 10) and that they can use multiplica-
tion, division, or subtraction to create an infinite number of possibilities.

Solutions:
FINDING MISSING NUMBERS

5+u=8u=3
Write the following equations on the board:

Ix7=tt=21
36 +-r=6,r=6

2Xt—1=5

3xn+1=10,n=3

Ask students to work in pairs to find the unknown quantity in each equation.

54+u=8 3x7=t %b<r=6 3xn+1=10 ':
I: 2xt-1=51t=3
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Discuss the solutions and strategies with the class. Students may have used some of the following

strategies:

* Guess and test. Example: For 3 X n + 1 = 10, | guessed that n = 4 and tried it in the math
sentence. It didn't work. So | tried a value of 3 for n and put it in the sentence.

3 X3+ 1=10is correct.
* Inverse operations. Example: In 5 + u = 8, we can take 5 away from both sides to get u = 3.

This type of reasoning (adding or subtracting something from both sides of an equation) was

used in the tug-of-war equations.

e Counting up. Example: In 5 + u = 8, | counted 3 from 5 to 8.

e Working backwards. Example: In the question 2 X t — 1 = 5, | worked backwards. First |
added 1 to 5 to get 6. Then | divided 6 by 2 and got 3. | then checked to see if | was right by

substituting 3 for t and trying the math sentence. 2 X 3 — 1 = 5 is correct.
® Rephrasing the question. Example: | said 36 “divided by what” = 6.

TIERED INSTRUCTION

Supports and extensions can be beneficial for all students. For any given activity, there will
always be some students who require more or less support, or for whom extensions will

increase interest and deepen understanding.

e Students will benefit from being able to use concrete materials to model the relationships
explored. For example, in the tug-of-war scenarios it would be helpful to use cut-outs of

pictures of the animals, or else square tiles with letters (such as F for fox), to represent each

of the animals.
* The summative activity described in the Assessment section is open-ended and can help

meet the needs of all children.

HOME CONNECTION

See PA.BLM5b.3: Home Connection: A Massive Puzzle.

ASSESSMENT

* Choose 1 or 2 equations prepared by students and ask students to explain their equation(s)
in a mini interview.

e Ask students to give an example of an identity and to write an explanation of why it is an

identity.

e Summative activity. Ask students to create their own tug-of-war scenario by picking the
type of animals to include, deciding how many there should be of each animal, and making
up relationships for their masses. Then ask students to pose two questions that may be
answered based on their tug-of-war scenario.

SUPPORTS FOR STUDENT LEARNING E
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FAIR TUG-OF-WAR TEAMS

One fox, 6 squirrels, and 4 turtles go to the park to participate in a tug-of-war game. The
animals aren't sure who should participate in the tug-of-war in order for the teams to be fair.
A fox has the same mass as 4 turtles, and 2 turtles have the same mass as 3 squirrels. They use

a teeter totter to check if the two groups’ masses are balancing equally.

’!FC=A+A+A+A
A, + A = ny nyy

How many different ways can each side of the tug-of-war teams be organized?

LI'ASN19'vd
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TEETER-TOTTER EQUATIONS

EXTENSIONS

A similar problem introduces a new set of animals, whose mass relationships are shown below:

N
Q
)
=
-
Q
<
(%

+m}+ -l@}+ m}=ﬁ+’€+&'+&'+&'%@'

Students are asked: “If the wolf, being a loner, wants to play on one side of the tug-of-war

rope, how many bobcats and mice will be needed on the other side to make the game fair?

Explain your reasoning.”

Teacher Notes:

For students to find a solution, they need to find a way of relating the two new equations:

W=R+R+R

They need to notice the following relationship:

W=R+R+R
W+R+R+R=B+B+M+M+M+M

Since 3 rabbits have the same mass as a wolf, we can regroup the right side to also be in two
groups of equal masses:

W+R+R+R=B+M+M + B+M+M

This may result in students discovering that:

W=B+M+M

Many students will not use the formal reasoning described above. They will point and gesture,
or might use diagrams or concrete materials, to communicate their ideas. Let the students
express their thinking in their own words and in their own way but, where appropriate, model
complementary strategies. For example, using equations made of letters that are coloured

and circled or underlined to make relationships visually apparent is a strategy that all students

W+R+R+R=B+B+M+M+M+M .
should learn to use. .:
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HOME CONNECTION: A MASSIVE PUZZLE

Dear Parent/Guardian,

Your child has been working on the concept of “equality” in math sentences, and on the use of
variables (letters and symbols) to represent a value. The class has explored the idea of a balance
scale (teeter totter) to determine whether or not the two sides of a math sentence are equal (4 + 5
= 9). Using strategies such as logic, “guess and test”, and “make a model”, they solved a number
of balance scale problems. Encourage your child to experiment with different strategies to solve
the similar problem posed below and to check through substitution of values.

FIND THE MASS OF EACH OBJECT

This problem deals with 1 bag of oranges (represented by O), 4 pineapples (P), and 1 water-
melon (W). Use the clues in the table to find the mass of each object. For example, using the
first row we know that the combined mass of the oranges, pineapples, and watermelon is

17 kg. Use the other rows and columns to get more clues. Write an algebraic sentence to

represent each relationship (e.g., O + P + W = 17). Explain how you solved the problem.

17 kg

14 kg

21 kg

13 kg

19 kg 22 kg 24 kg

Your child can practise solving similar problems at www.mathplayground.com. Click on “Weigh
the Wangdoodles”.

Grade 5 Learning Activity: Balancing Act
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Grade 6 Learning Activity
You’re a Winner!

OVERVIEW

In this learning activity, students inves- X X% X% X%
tigate growing patterns that result in * % * * * %
triangular numbers (numbers such as 1, * ¥ ¥ * ¥ ¥

3, 6, and 10, which can be expressed as ¥ ¥ ¥ ¥

triangular patterns of dots). They also

investigate the patterns in finding the
sums of triangular numbers. The activity involves the analysis of a highly unusual method

of delivering a collection of miniature toys to the first-prize winner at a fun fair:

Day 1 -1 chipmunk

-
(]
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e
o
>
2
2
e
Q
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=
1
o
-
©
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©
o
)

Day 2 — 1 chipmunk and 2 blue jays
Day 3 — 1 chipmunk, 2 blue jays, 3 puppies

The delivery would continue each day in the same manner until the 10th day.

flies, 6 ducklings, 7 rabbits, 8 goldfish, 9 ladybugs, 10 caterpillars 11

The mathematical context is the list of triangular numbers found 121

in Pascal’s Triangle (shown on the right). 1331
14641

Prior to this learning activity, students should have had some 1510 10 5 1

experience with representing patterns and using tables, 16 1520 156 1

17 21 35 35 21 7 1

diagrams, and manipulatives.

The students will be challenged to choose to receive 25 toys

immediately or to accept the unusual delivery method.

BIG IDEA

Day 10 - 1 chipmunk, 2 blue jays, 3 puppies, 4 kittens, 5 butter- 1 :I
Patterns and relationships i




_____________________________

This learning activity addresses the following specific expectations.
Students will:

* make tables of values for growing patterns, given pattern rules in words (e.g., start with 3,
then double each term and add 1 to get the next term), then list the ordered pairs (with the
first coordinate representing the term number and the second coordinate representing the
term) and plot the points in the first quadrant, using a variety of tools (e.g., graph paper,
calculators, dynamic statistical software);

* determine the term number of a given term in a growing pattern that is represented by a
pattern rule in words, a table of values, or a graph;

* describe pattern rules (in words) that generate patterns by adding or subtracting a constant,
or multiplying or dividing by a constant, to get the next term (e.g., for 1, 3,5, 7,9, ..., the
pattern rule is “start with 1 and add 2 to each term to get the next term”), then distinguish
such pattern rules from pattern rules, given in words, that describe the general term by
referring to the term number (e.g., for 2, 4, 6, 8, ..., the pattern rule for the general term is
"double the term number”);

* determine a term, given its term number, by extending growing and shrinking patterns that

are generated by adding or subtracting a constant, or multiplying or dividing by a constant,
to get the next term.

These expectations contribute to the development of the following overall expectation.

Students will:

* describe and represent relationships in growing and shrinking patterns (where the terms are

____________________________________

ABOUT THE LEARNING ACTIVITY

TIME

2 hours
MATERIALS

¢ PA.BLMéa.1: Anticipation Guide (1 per group)
* PA.BLMéa.2: Pascal’s Triangle (1 per student)
* PA.BLMéa.3: Problems Carousel (1 per class)

¢ PA.BLMé6a.4: Home Connection: Beyond Triangular Numbers (1 per student)
e chart paper

® markers

e coloured tiles, interlocking cubes, relational rods, pattern blocks, and/or beads/buttons
e calculators

MATH LANGUAGE

INSTRUCTIONAL
GROUPING:
e triangular numbers e consecutive numbers
table groups
e Pascal’s Triangle * spatial (approximately
4 students)
® sequence * temporal

_____________________________________
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ABOUT THE MATH

HOW TO GENERATE TRIANGULAR NUMBERS

e Start with 1, add 2 to get the second
number, add 3 to get the third, add 4 to - ; : ; zz
get the fourth, and so on.

e Start with 1 dot, add 2 dots below it to % x *% *
form a triangle of 3 dots, then add 3 dots ¥ ¥ * ¥ * ¥
* K * * % %

below that to form a triangle of 6 dots,
then add 4 dots below that to form a
triangle of 10 dots, and so on.

HOW TO FIND THE VALUE OF A TRIANGULAR NUMBER

If we are asked, for example, “What is the 20th triangular ¥ K K ¥ ¥
number?”, we can find its value without first determining the ¥ X ¥ X ¥
triangular numbers that precede it. From the patterns above XX ¥ X ¥
we can see that the 20th triangular number is the sum of % % X ¥ ¥
1+2+3+4+ ...+ 18+ 19 + 20. How can we find this

The 4th triangular number

sum without adding all these numbers together? One way S4x5+2=10.

isto noticethat 1 +20=21,2+ 19 =21,3+ 18 = 21,and  The 20th triangular number
so on. There are 10 such pairs, so the 20th triangular number is 20 x 21 2 = 210.
is 10 X 21 = 210. Another way is to notice that a triangular

number and its copy can fit together to form a rectangle.

HOW TO FIND THE SUM OF THE FIRST 20 TRIANGULAR NUMBERS

The first 10 triangular numbers have 10 ones, 9 twos, 8 threes, 1
and so on. So the sum of the first 10 triangular numbers is equal 11
to1T0OX1+9X2+8X3+7X4+...+3X8+2X9+

1 X 10. The sum is also found in Pascal’s Triangle (see descrip-
tion below). The diagram shows that the sum of the first five
triangular numbers (1 + 3 + 6 + 10 + 15) is 35 (see http://www.

mathematische-basteleien.de/triangularnumber.htm).

PASCALS TRIANGLE

Pascal’s Triangle is named after Blaise Pascal, the French mathematician who studied it.

Interestingly, this pattern was known in China long before Pascal’s time. Notice how Pascal’s

Triangle grows:

e the numbers on the outer diagonals have a value of 1;
e each of the other numbers is the sum of the two numbers directly above it (for example, the

6 in the 5th row is the sum of the two 3's above it).
Pascal’s Triangle has many applications in mathematics and contains within itself many interest-

ing patterns, such as triangular numbers.
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GETTING STARTED

(Part 1 of the Three-Part Lesson)

ACTIVATING PRIOR KNOWLEDGE

Divide the class into groups of up to four students each. Tell students that they are going to be
exploring and generating patterns. Have them complete the “Before” side of the Anticipation
Guide (PA.BLMéa.1) as a way of activating prior knowledge and identifying common mis-
conceptions. Then have them brainstorm applications of patterns in the real world. Patterns

may be categorized as sequential (playing cards), spatial (buildings), temporal (calendars), and
linguistic (spelling rules).

WORKING ON IT

(Part 2 of the Three-Part Lesson)

Introduce this scenario to the whole class:

“At a community fair, a student wins first prize — a collection of miniature toys. He has a choice
to have 25 toys immediately or have toys delivered every day to his home for the next 10 days.
For the next ten days the toys would be delivered to the student’s home in a most unusual way.
On the first day the winner’s package contains 1 chipmunk; on the second day the package
contains 2 blue jays and 1 chipmunk; on the third day the package contains 3 puppies, 2 blue
jays, and 1 chipmunk; on the fourth day the package contains 4 kittens, 3 puppies, 2 blue jays,
and 1 chipmunk. The same pattern continues until, on the tenth day, the package contains
10 caterpillars, 9 ladybugs, 8 goldfish, 7 rabbits, 6 ducklings, 5 butterflies, 4 kittens, 3 puppies,

2 blue jays, and 1 chipmunk. The question is: Which way of receiving the prizes is the best
choice for the winner?”

UNDERSTANDING THE PROBLEM

Have students think about what the solution(s) might look like and have them rephrase the
question. Ensure that manipulatives are available and invite students to use them to model
the problem. Tell students that their groups will be required to display their solutions on chart
paper and explain their processes to other groups and eventually to the class.

MAKE A PLAN

Circulate and ensure that each group understands the task and has a plan of action. If groups
are having trouble developing strategies, allow one member to “phone a friend” (i.e., visit
another group to observe other strategies). Understanding the question and developing

an appropriate strategy will be challenging for some students. You might prompt students’
thinking by asking:

® What could you use in the classroom to model the problem?
* What strategies have you considered?

* How might you organize the information?
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LOOKING BACK
After students have solved the problem and decided what choice the winner should make,

gather the students together for a whole class discussion. Each group of students should share

their findings with one other group before presenting to the whole class.

Select three or four students who have different representations or strategies to explain their

chart and their thinking. Some anticipated student responses might include:

Create a table of values. The problem can be clarified for some students if they create a table

of values such as the one below.

Day Toys
1 : chipmunk
2 . chipmunk, blue jay, blue jay,
3 chipmunk, blue jay, blue jay, puppy, puppy, puppy

Model using concrete materials. Students may choose
to use beads, tiles, cubes, and so on, to build a day-by-
day model on their desks. They might also use the
letters A through J to represent the 10 types of toys.
Thus, the toys received on the fifth day would be
ABBCCCDDDDEEEEE.

Use numerical representation. Some students might

develop an algorithm, such as:

Teacher Note: Students

animal 1 + animal 1 + 2 X animal 2 + animal 1 + 2 X animal 2 +
are unlikely to use brack-

3Xanimal3+...=1+(1+2)+(1+2+3)+...0r
ets in the first algorithm.
total day 1 + total day 2 + totalday 3+ ... =1+3+6 + 10 +
..or

The first 10 triangular numbers have 10 ones, 9 twos, 8 threes, and so on. Therefore, the sum
of the first 10 triangular numbersisequalto 10 X 1 + 9 X2 +8 X3 +7 X4+ ... +3 X 8 +
2 X9+ 1Xx10, as shown below.

: . ... ..:.. I.:::.. ..g.. ..I I.. 0000 0000

Teacher note: Recognizingthat 10 X 1 + 9 X2 + 8 X 3 + ... + 2 X 9 + 1 X 10 is an equivalent
representation of adding together the total number of toys each day to get the sum of the first

10 days indicates a developmental leap in a student’s understanding of patterning concepts.

Draw a diagram. Some students may draw symbols to represent their solution. Other students
may use graph paper to draw their representation. Encourage groups to clearly explain their

thought processes on chart paper. They should use numbers, pictures, and words.
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Day 1 Day 2 Day 3

@@@ ]Dayl[ Day 2 Day 3

Day 4

REFLECTING AND CONNECTING

(Part 3 of the Three-Part Lesson)

During students’ presentations, avoid implying that some strategies are better than others.

Encourage students to consider the range of strategies and to try and make sense of each
representation. Ask:

® How easy is your strategy to explain?

® What other strategies did you try?

e If you were to increase the number of days, would your strategy still work?
* What would you do differently if you were to solve a similar problem?

After the groups have presented their work, illustrate the pattern by saying: “I've noticed

that many of your solutions are similar. Many of you recorded the number of toys per day and
added up the results. Let's look at the pattern on the board.”

would give the winner the most toys?” (Solution: The winner received 120 toys in the 10 days.
It was a better choice for the winner.)

lllustrate the pattern by drawing dots on the board in the shape of triangles for the first 5
numbers in the sequence. Ask the students: “What do the shapes look like?”

Explain to students that these numbers are called triangular numbers and were studied
by mathematicians in ancient Greece and in China. Give students time to extend the pattern
to the 20th day. Encourage them to brainstorm the uses of triangular numbers in real-life

applications. Examples might include the set-up for 10-pin bowling, cheerleaders’ pyramids,
or displays of soup cans.

Ask the students to complete the second part of the anticipation guide and think about how
their thinking about patterns and numbers has changed.

Correct Anticipation Guide Responses

1. Agree. Pattern increases by 4, 6, 8, 10.

2. Disagree. Pattern doubles, then increases by 1, so correct response is 15.
3. Disagree. Some do and some don't (for example: 1, 2, 4, 8, 16, ...)

4. Agree. All patterns, by definition, have rules.

5. Agree.

6. Disagree. There is no rule. (Students may argue that there is a pattern that has not repeated yet.

| Write the following numbers: 1, 3, 6, 10, 15, 21, 28, 36, 45, 55. Ask the students: “Which choice
E However, no pattern is evident in the sequence given.)
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TIERED INSTRUCTION

Supports and extensions can be beneficial for all students. For any given activity, there will
always be some students who require more or less support, or for whom extensions will

increase interest and deepen understanding.

SUPPORTS FOR STUDENT LEARNING
Understanding the question and developing an appropriate strategy will be benefit students.

You may support students by asking:

* What materials could you use in the classroom to model the problem?
* What strategies have you considered for starting to solve the problem?
* How might you organize the information you have been given?

EXTENSIONS
Some groups may complete the activity early. Challenge early finishers to determine how many

toys the student would receive in 15 days if the same pattern were followed. Encourage

students to develop an algebraic pattern rule.

Finding Values Of Triangular Numbers. Have students create

a model of the 3rd triangular number. Have them put their h

model together with a partner’s model to form a rectangle. 3rd triangular rectangle formed
number from 2 triangles

Pose the following questions:

e What is the length of the rectangle? What is the width of the Teacher note: The alge-

rectangle? What is the area of the rectangle? braic expression for the
* How do the length and width of the rectangle relate to the nth triangular number is:

stage number? Can you use numbers or symbols to describe n(r + 1)

the pattern? — -

* Repeat the experiment with the 4th and 5th triangular
numbers. Is there a pattern?
* How could you use the pattern to find the 20th triangular

number? Any other triangular number?

Finding Patterns In Pascal’s Triangle. Give each student a copy of PA.BLMéa.2. Tell the
students that they are looking at a partly completed example of Pascal’s Triangle, which is a
pyramid of numbers. Explain that, while the Chinese investigated properties of the triangle in
the 12th century, it was Blaise Pascal, a French mathematician, who in the 16th century was the
first to document this “arithmetical triangle”. When presenting Pascal’s Triangle to the class,
start with the top two rows and ask students to consider how the third row in PA.BLMé6a.2
might be determined from the first two rows. Then ask a similar question about the fourth row.
Let students arrive at their own ideas and give them opportunities to explain their reasoning.

Ask: “Can you find any triangular numbers in Pascal’s Triangle?”
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Highlight examples on the overhead transparency as students point them out. Have students
highlight the same examples in yellow on their own copies. Once they have highlighted all

the triangular numbers they can find, have them check the accuracy of their findings using a
solution transparency.

Next, instruct students: “Find as many patterns as you can. Indicate each pattern by using a
different colour. Create a legend to explain each pattern that you find.”

Have students share the patterns they have found, and add the patterns, using different
colours, to the image on the overhead transparency.

Some patterns that students might notice in Pascal’s Triangle:

1

1+1=2
1+2+1=4
1+3+3+1=8
1+4+6+4+1=16
1+5+104+10+5+1=32

e triangular numbers - light
blue line of 10

e consecutive numbers — medium
blue line of 3

¢ two adjacent numbers having
the sum of the number below
- dark blue triangle

* a hockey stick pattern (e.g.
14+ 5+ 15 = 21) - shaded
light blue (the hockey stick
pattern can be any length)

¢ horizontal sums (shown
beside the main triangle)

e sums of triangular numbers

(e.g., 1+ 3 =4,4+ 6 =10) — medium blue line of 8

Ask students to solve the problems on the activity cards in PA.BLMéa.3: Problems Carousel.
The solutions to the six problems are:

1.Person one shakes 6 hands, person two shakes 5 hands, person three shakes 4 hands, and so

on.6 +5+ 4+ 3+ 2+ 1is21. There are 21 handshakes. The éth triangular number is 21.
2.The 12th triangular number is 78.

3.The 10th triangular number is 55.

4.He could make a stack 13 cans high and would have 9 cans left over. The 13th triangular
number is 91 and the 14th is 105.

5.Two consecutive triangular numbers make a square number.

6.Sums of consecutive odd numbers create square numbers: 1 +3=4,1+3+5=9,
1+3+5+7=16
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HOME CONNECTION

PA.BLMé6a.4 extends the problem explored so far by asking, “Which toy was received in the

greatest numbers?”

REVIEWING THE HOME CONNECTION RESULTS
When students return the next day, have them work in pairs to share solutions. Encourage
pairs to reach a consensus. Ask for students to volunteer strategies and solutions. Record the

strategies and solutions on the board and discuss them. In addition, you might also see the

following algorithm:

1 chipmunk X 10 days = 10 chipmunks 6 ducklings x 5 days = 30 ducklings

2 blue jays X 9 days = 18 blue jays 7 rabbits x 4 days = 28 rabbits

3 puppies X 8 days = 24 puppies 8 goldfish x 3 days = 24 goldfish

4 kittens X 7 days = 28 kittens 9 ladybugs x 2 days = 18 ladybugs

5 butterflies x 6 days = 30 butterflies 10 caterpillars X 1 day = 10 caterpillars

Students may be surprised to learn that there are two solutions to the problem.

ASSESSMENT

ANTICIPATION GUIDE

Reconvene the class to discuss the reasons for students’ choices on the “after” section of
the Anticipation Guide, and come to a class consensus. Take note of incorrect answers from

individual students or large groups. Use this information to determine student understanding

and to identify areas of need.
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ANTICIPATION GUIDE

Before

>
(o)
C
S
o
o
-

Disagree Statement

Disagree

{ 1. The next number in the
! sequence
2,6,12,20, ... is 30.

{ 2. The next number in the
! sequence
1,2,3,6,7 14, ... is 28.

| 3. Growing patterns always
! increase by the same
number.

4. All patterns have rules.

| 5. You can create patterns
i by using any of the four
operations:
+, =, X, +.

| 6. The following is a pattern:
3,7, 10, 22, 24, 30, 29.
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PASCALS TRIANGLE

Examine the patterns in Pascal’s Triangle. How does Pascal’s Triangle grow? How can we use
the top two rows to get the third row? How can we use the top three rows to get the fourth

row? Fill in the rest of the triangle using the patterns that you notice. Please use pencil.
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PROBLEMS CAROUSEL

>
Cut out the question cards and set them out at carousel centres. Have “table groups” of 2
students move in a clockwise direction around the room, solving each problem. Provide oppor- g
tunities for students to display and explain their solutions to the problems. The solutions are :,
under Tiered Instruction: Extensions on page 95.
Problem 1: There are 7 people in a group. Each Problem 2: The bell known as Big Ben in London,
i person in the group shakes hands with everyone | England chimes the hour every hour. At one

 else exactly once. How many handshakes are there? | o’clock it chimes once, at two o’clock it chimes

twice, at three o'clock it chimes three times, and

i so on. How many times does it chime from 12:01
i a.am. to 12:01 p.m.?

' Problem 3: You are making flash cards for a . Problem 4: A grocery store wants to stack cans in

Kindergarten child. You have 10 cards to make. On | a triangular display just like the one in the picture.
| the first card you write the number 1 and put 1 | There are 100 cans to put on display. How many

| sticker on the back. On the second card you write | rows high can the cans be stacked? Will there be
 the number 2 and put 2 stickers on the back. On any cans left over?

: the third card you write the number 3 and put 3 1

i stickers on the back. You will continue in this way
- until you have put 10 stickers on the back of the

: 10th card. How many stickers will you need to

- make the cards?

Problem 5: In an experiment Jamal learned that he | Problem 6: Toni noticed a pattern when she
i could make rectangles when he added two of the added consecutive odd numbers together (startlng

i same triangular numbers together. He wondered W|th 1). What was the pattern?

' what shape he might get if he added together ;

 consecutive triangular numbers. Model the problem |

- and discuss the pattern. E[ EE m

1+3 1+3+5

Teacher Note: The cards for each group should be cut out of PA.BLMéa.3 ahead of time. All
but the last card in each set should be paper-clipped together or placed in a sealable plastic
baggie. Retain the sixth card for groups that have trouble getting started with the task.
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HOME CONNECTION: BEYOND TRIANGULAR
NUMBERS

Dear Parent/Guardian:

<
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&

In math we are exploring many types of patterns. Today we focused on triangular numbers.

Triangular numbers are numbers that can form a triangle when represented by dots. This is the

triangular pattern:

° ° ° °
o o o o o o
e o o e o o etc.
e o 0 o
1 3 6 10

The home activity builds on an activity we have just completed in class:

At a fun fair, a student wins first prize — a collection of miniature toys. For the next ten days the
toys are delivered to the student’s classroom in a most unusual way.

On the first day the winner’s package contains 1 chipmunk; on the second day the package
contains 2 blue jays and 1 chipmunk; on the third day the package contains 3 puppies, 2 blue
jays, and 1 chipmunk; on the fourth day the package contains 4 kittens, 3 puppies, 2 blue jays,

and 1 chipmunk. The same pattern continues until, on the tenth day, the package contains
10 caterpillars, 9 ladybugs, 8 goldfish, 7 rabbits, 6 ducklings, 5 butterflies, 4 kittens, 3 puppies,

Your child needs to answer these two questions:

1. Which toy do you predict will be received in the greatest numbers during those 10 days?

than any

Answer: | predict that the student will have received more

other miniature toy.
2. Which toy really was delivered in the greatest numbers during those 10 days?

Encourage your child to create a chart or a diagram, or both, to represent his or her solu-

tions. Ask for an explanation of how the answer was found.

i
1
i
i
i
1
i
1
i
1
i
i
d
1
i
1
i
i
i
1
i
1
i
1
!
2 blue jays, and 1 chipmunk. '
1
d
1
i
1
i
i
i
1
i
1
E
Back in class, students will share these solutions with their classmates. '
1

i

1

d

1

i

1

i

i

i

1

i

1

i

1
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Grade 6 Learning Activity
Bowling Dilemma

OVERVIEW

In this learning activity students use graphs, tables of values,
and equations to compare costs at two different bowling

sites, and to determine which site offers the better deal.

Aiaoy 6uiusean 9 apeay)

They also explore the similarities between this problem and
one that asks them to compare the top speeds of various

animals and to determine which animal would win a race in

which the slower animal was given a head start. Students

have opportunities to use technology to model the

relationships.
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Prior to this learning activity students should have had some experience with using variables
(symbols or letters), and they should understand the concept of balance in an equation.

BIG IDEA

Variables, expressions, and equations

CURRICULUM EXPECTATIONS

This learning activity addresses the following specific expectations.

Students will:

¢ demonstrate an understanding of different ways in which variables are used (e.g., variable as
an unknown quantity; variable as a changing quantity);

e identify, through investigation, the quantities in an equation that vary and those that remain
constant (e.g., in the formula for the area of a triangle A = %2 b X h, the number Yz is a
constant, whereas b and h can vary and may change the value of A);

* solve problems that use two or three symbols or letters as variables to represent different
unknown quantities;

e determine the solution to a simple equation with one variable, through investigation using
a variety of tools and strategies (e.g., modelling with concrete materials, using guess and
check with and without the aid of a calculator) (Sample problem: Use the method of your
choice to determine the value of the variable in the equation 2 X n + 3 = 11. Is there more
than one possible solution? Explain your reasoning.).

These expectations contribute to the development of the following overall expectation.

Students will:

e use variables in simple algebraic expressions and equations to describe relationships.

____________________________________

_____________________________________




TIME:

ABOUT THE LEARNING ACTIVITY

minutes MATERIALS

e graph or chart grid paper
* PA.BLM6b.1: Bowling Dilemma (1 per group)
* PA.BLM6b.2: Home Connection: Constants and Variables (1 per student)

MATH LANGUAGE

¢ variable e intersection
e constant
® equation

INSTRUCTIONAL ABOUT THE MATH

GROUPING:

table groups VARIABLE
(4-6 students)

and pairs

A quantity, represented by a letter or symbol, that can have one or more values. For example,
in P = 4s (the formula for the perimeter of a square), P and s are variables and 4 is a constant.
Variables can be placeholders for missing numbers (as in O + O = 14 and 2x = 8), or they can

represent quantities that vary (as in P = 4sand y = 2x + 1).

CONSTANT
A quantity that stays the same.

ALGEBRAIC EQUATION

A mathematical sentence that contains variables, constants, and an equal sign

(e.g., 4x =12, x + y = 15).

Note: Solving an equation means finding values for the variable(s) that make the equation true.

Teacher note: For the top

GETT' NG STARTED speeds of various animals,

(Part 1 of the Three-Part Lesson) do an Internet search
using the key words
WARM UP: THE SPEED OF ANIMALS “animal speeds”. Here
Ask students: “Predict which animal runs the fastest.” are the (approximate) top
speeds of the animals in
* Pronghorn antelope this problem:

e Garden snail
* pronghorn antelope:

® House mouse 28 m/
m/s
¢ Reindeer
. . * kangaroo: 14 m/s
e Giant tortoise e reindeer: 4 m/s
* Kangaroo ® house mouse: 2 m/s

e giant tortoise: 3 m/min
e garden snail: 0.5 m/min
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Allow students time to share their prediction with their elbow partner. Reveal the relation-
ships between the running speeds of the animals and ask students to compare it to their
prediction. “A pronghorn antelope can run twice as fast as a kangaroo. A reindeer can run
4 times as fast as a house mouse. A giant tortoise can move 6 times as fast as a garden

snail.” Ask: “Suppose that an antelope and kangaroo had a race, and the kangaroo had a
head start of 100 m. Who would win the race?”

Ask students to work in pairs on the problem, then discuss solution ideas as a whole class.
Draw attention to the various methods that students use to analyse the problem, such as
drawing a diagram, making a T-chart, or acting out the situation. Students will notice that

the length of the race has not been specified. Ask them to consider different race lengths
to see if length makes a difference.

WORKING ON IT

(Part 2 of the Three-Part Lesson)

BOWLING DILEMMA
Distribute PA.BLM6b.1 to students and do a shared reading of the scenario with the class:

You want to invite your friends to a bowling competition. You haven't yet decided how
many games will be played in the competition, but you are confident that you will play at
least 2 games and at most 5 games. There are two bowling sites quite near by, and you are
trying to decide which site offers the better deal. At site 1 each person would pay a rate of
$3.50 per game plus a one-time $3.00 fee for shoe rental. At site 2 each person would pay

a rate of $4.50 per game, but there is no shoe rental fee. Which site is the better value?

CREATING ALGEBRAIC EQUATIONS TO SOLVE THE PROBLEM

Using a think-aloud method, pose the following statements to the class before the stu-
dents begin working on the problem:

“I think":

* | need an equation for the cost of playing bowling at site 2.

® The cost itself is one of the variables. I'll call this variable C. My equation so faris: C = ...
“l wonder":

* What other variables are there? What letters could | use to represent them?
* What constants are there?
® How can | write the equation?

¢ How | will test the equation?

Have students work in pairs to solve the problem. After students have worked for a while
and have developed some methods of representing the different sites, create a chart and
record the students’ ideas on how to represent each site.
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' C=350xG+3 ' C=450xG
* C represents the cost

* C represents the cost

* $3.50 is the cost per game « $4.50 is the cost per game
* G represents the number of games that will be | + G represents the number of games that will be
played played

|+ $3.00 is the equipment rental fee

""""""""""""""""""""" Once most pairs of students have developed their second

Scaffolding suggestion: . . . .

. : equation, discuss the equation as a whole class, retracing the steps
Provide the headings for 4 4 9 P
each column.

.': modelled above.

CREATING A TABLE OF VALUES

Explain to students that they will now be Number Site 1
calculating the costs at each site using the of

equations they have just developed. With Games (%)

student assistance, model how to use the 1 . 350(1) +3 | 4.50(1)

equations to calculate the cost of one game ! - 650 | — 450

at each site, and enter the data in a table of
values such as the one at right. Complete a row

as a whole class, and then send students back

UilbhJWIN

to their small groups or pairs to continue their

work. Ask them to include a table of values in

their solutions.

LOOKING BACK

Review students’ solutions and select two or three to show how students used the table

of values. Explain that another way to represent this information is by using a graph. See

PA.BLM6b.1.

Instruct students to plot both costs on the same Number Site 1 Site 2
graph so that they can see where the costs of Games (%) (%)
intersect. Students could use graph or chart § 1 6.50 4.50
grid paper or spreadsheet software to create : 2 10.00 9.00
line graphs based on the data in the table. Ask 3 13.50 13.50
students to compare their table of values and 4 17.00 § 18.00
their graph to see if the table and graph support 5 20.50 22.50

their answer to the original problem. Ask them

to explain their thinking to another group.
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(The table and the graph shown 30

here and on the previous page 28
compare the costs of playing 26
up to 5 games. Site 2 offers the 24
better deal until it intersects 2
with site 1 at the 3rd game. 0 /, G x 350 + § = Corst of Playing
After this, site 1 becomes the 8 /
better choice. The cost is the //
. . Total 16
same for both sites at the point Cost /
. i 14
where the two graph lines in’$ /'
. 12
intersect.) /
10

REFLECTINGAND  °[ 7/
CONNECTING 6

(Part 3 of the Three-Part N
Lesson) 2

= Cost jof Playing

Facilitate a class discussion of the
bowling problem. Ask:

0 1 2 3 4 5 6 7 8

Number of Games

E e Is there just one solution?
i * Which site would you pick? Why?

* What does the intersection point on the graph represent?

TIERED INSTRUCTION

Supports and extensions can be beneficial for all students. For any given activity, there will

always be some students who require more or less support, or for whom extensions will
increase interest and deepen understanding.

SUPPORTS FOR STUDENT LEARNING

¢ Bowling dilemma. Give students separate charts to generate ordered pairs.
¢ Equations. Use different colours for the variable(s) and the constant.

EXTENSIONS

Revisiting The Speed Of Animals Problem. Present to students the (approximate) top
speeds of the animals used in the Speed of Animals problem:

* pronghorn antelope: 28 m/s
e kangaroo: 14 m/s

e reindeer: 4 m/s

® house mouse: 2 m/s

e giant tortoise: 3 m/min

e garden snail: 0.5 m/min
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Pose the following problem:
“Suppose that an antelope and a kangaroo had a race, and the kangaroo had a head start of

100 m. Who would win the race?”
Ask them to work in pairs to do the following:

e Create algebraic equations to model the speed of each animal.
* Create a chart showing the distance travelled by each animal over a period of 10 seconds.

e |dentify the constants and variables in the expressions.

Contrast the equations and the graphs for the two problems. What similarities do you notice?

What differences are there?
Facilitate a class discussion of the ideas that emerge.

Bowling dilemma extension. Challenge students to create an equation for a third site, whose

costs will fall between the costs of the other two.

HOME CONNECTION

See PA.BLM6b.2: Home Connection: Constants and Variables.
Assessment opportunities might include:

e paragraphs in a reflective journal, completed at school, which explain the Home Connection

poster activity;
e informal discussions with students during the activity.
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BOWLING DILEMMA

You want to invite your friends to a bowling competition. You haven't yet decided how many
games will be played in the competition, but you are confident that you will play at least 2

games and at most 5 games. There are two bowling sites quite near by, and you have to decide
which site offers the better deal. At site 1 each person would pay a rate of $3.50 per game plus
a one-time $3.00 fee for shoe rental. At site 2 each person would pay a rate of $4.50 per game
but there is no shoe rental fee. Which site is the better value?

L'A9N19'vd

e Create algebraic equations to model the cost at each site.

e Create a chart showing the cost of the first 5 games for both sites.

e |dentify the constants and variables in the expressions.

* Plot both sets of data on a line graph. Use a different colour for each line. Where do the lines
intersect (cross)? Explain what the graph shows.

e Which site is the better value? What assumptions have you made?

e If you played 20 games at site 1, how much money would you have to pay? Explain your
reasoning.
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HOME CONNECTION: CONSTANTS AND VARIABLES

Dear Parent/Guardian:

In class we have been studying constants and variables in equations. We have explored rela-

tionships between constants and variables and have shown them in the form of charts, graphs,
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and algebraic equations.

Please ask your child to create a poster using numbers, pictures, and words to illustrate the

concept of constants and variables. For example:

A constant

I've never moved. | stay in the same spot,
year after year.

A variable
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APPENDIX: GUIDELINES FOR
ASSESSMENT

There are three types of assessment: assessment for learning, assessment as learning, and

assessment of learning.

Assessment for learning involves teachers observing the knowledge, skills, experience, and
interests their students demonstrate, and using those observations to tailor instruction to
meet identified student needs and to provide detailed feedback to students to help them

improve their learning.

Assessment as learning is a process of developing and supporting students’ metacognitive
skills. Students develop these skills as they monitor their own learning, adapt their thinking,
and let the ideas of others (peers and teachers) influence their learning. Assessment as learn-

ing helps students achieve deeper understanding.

Assessment of learning is summative. It includes cumulative observations of learning and
involves the use of the achievement chart to make judgements about how the student has
done with respect to the standards. Assessment of learning confirms what students know

and are able to do, and involves reporting on whether and how well they have achieved the

curriculum expectations.

Teachers use assessment data, gathered throughout the instruction-assessment-instruction
cycle, to monitor students’ progress, inform teaching, and provide feedback to improve student
learning. Effective teachers view instruction and assessment as integrated and simultaneous
processes. Successful assessment strategies — those that help to improve student learning — are

thought out and defined ahead of time in an assessment plan.

An assessment profile, developed by the teacher for each student, can be an effective way
of organizing assessment data to track student progress. Students can also maintain their

own portfolios, in which they collect samples of their work that show growth over time.

Creating an Assessment Plan

To ensure fair and consistent assessment throughout the learning process, teachers should
work collaboratively with colleagues to create assessment and instructional plans. Ideally,
such planning should start with learning goals and work backwards to identify the assess-

ment and instructional strategies that will help students achieve those goals.
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Guiding Questions

Planning Activities

i "What do | want students | Teachers begin planning by identifying the overall and specific expecta-

 to learn?” | tions from the Ontario curriculum that will be the focus of learning in a

i | given period. The expectations may need to be broken down into specific,
i incremental learning goals. These goals need to be shared with students,
i before and during instruction, in clear, age-appropriate language.

: “How will | know they | Teachers determine how students’ learning will be assessed and evaluated.
i have learned it?” i Both the methods of assessment and the criteria for judging the level of
‘ i performance need to be shared with students.

! “How will I structure the | Teachers identify scaffolded instructional strategies that will help students
 learning?” i achieve the learning goals and that integrate instruction with ongoing
' i assessment and feedback.

An assessment plan should include:

clear learning goals and criteria for success;

ideas for incorporating both assessment for learning and assessment as learning into each

series of lessons, before, during, and after teaching and learning;

a variety of assessment strategies and tools linked carefully to each instructional activity;
e information about how the assessment profiles will be organized;

e information about how the students’ assessment portfolios will be maintained.

Feedback

When conducting assessment for learning, teachers continuously provide timely, descriptive,

and specific feedback to students to help them improve their learning. At the outset of instruction,
the teacher shares and clarifies the learning goals and assessment criteria with the students.

Effective feedback focuses the student on his or her progress towards the learning goals. When

providing effective feedback, teachers indicate:

e what good work looks like and what the student is doing well;
e what the student needs to do to improve the work;

e what specific strategies the student can use to make those improvements.

Feedback is provided during the learning process in a variety of ways — for example, through
written comments, oral feedback, and modelling. A record of such feedback can be main-

tained in an assessment profile.

110 Patterning and Algebra, Grades 4 to 6




Assessment Profile

An assessment profile is a collection of key assessment evidence, gathered by the teacher
over time, about a student’s progress and levels of achievement. The information contained
in the profile helps the teacher plan instruction to meet the student’s specific needs. An
extensive collection of student work and assessment information helps the teacher docu-
ment the student’s progress and evaluate and report on his or her achievement at a specific

point in time.

The assessment profile also informs the teacher’s conversations with students and parents
about the students’ progress. Maintaining an assessment profile facilitates a planned, systematic

approach to the management of assessment information.

Assessment profiles may include:

e assessments conducted after teaching, and significant assessments made during teaching;
e samples of student work done in the classroom;

e samples of student work that demonstrates the achievement of expectations;

e teacher observation and assessment notes, conference notes;

¢ EQAO results;

¢ results from board-level assessments;

e interest inventories;

e notes on instructional strategies that worked well for the student.

Student Assessment Portfolio

A portfolio is a collection of work selected by the student that represents his or her improvement
in learning. It is maintained by the student, with the teacher’s support. Assembling the port-
folio enables students to engage actively in assessment as learning, as they reflect on their
progress. At times, the teacher may guide students in the selection of samples that show how
well they have accomplished a task, that illustrate their improvement over a period of time,
or that provide a rationale for the teacher’s assessment decisions. Selections are made on the

basis of previously agreed assessment criteria.

Student assessment portfolios can also be useful during student/teacher and parent/teacher

conferences. A portfolio may contain:

e work samples that the student feels reflect growth;
e the student’s personal reflections;

¢ self-assessment checklists;

information from peer assessments;

tracking sheets of completed tasks.

Appendix: Guidelines for Assessment
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Students should not be required to assign marks, either to their own work or to the work of
their peers. Marking is part of the evaluation of student work (i.e., judging the quality of the

work and assigning a mark) and is the responsibility of the teacher.

Assessment Before, ])uring, and After Learning

Teachers assess students’ achievement at all stages of the instructional and assessment cycle.

Assessment before new instruction identifies students’ prior knowledge, skills, strengths, and

needs and helps teachers plan instruction.

Effective assessment during new instruction determines how well students are progressing and
helps teachers plan required additional instruction. The teacher uses a variety of assessment
strategies, such as focused observations, student performance tasks, and student self- and
peer assessment, all based on shared learning goals and assessment criteria. As noted earlier,

the teacher provides students with feedback on an ongoing basis during learning to help

them improve.

During an instructional period, the teacher often spends part of the time working with small
groups to provide additional support, as needed. The rest of the time can be used to monitor
and assess students’ work as they practise the strategies being learned. The teacher’s notes
from his or her observations of students as they practise the new learning can be used to
provide timely feedback, to develop students’ assessment profiles, and to plan future lessons.

Students can also take the opportunity during this time to get feedback from other students.

Assessment after new learning has a summative purpose. As assessment of learning, it involves
collecting evidence on which to base the evaluation of student achievement, develop teach-
ing practice, and report progress to parents and students. After new learning, teachers assess
students’ understanding, observing whether and how the students incorporate feedback into
their performance of an existing task or how they complete a new task related to the same
learning goals. The assessment information gathered at this point, based on the identified
curriculum expectations and the criteria and descriptors in the achievement chart, contrib-
utes to the evaluation that will be shared with students and their parents during conferences

and by means of the grade assigned and the comments provided on the report card.
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Glossary

array A rectangular organization of objects.
For example, the 9 dots that represent the

number 9 can be shown in a 3 X 3 array.

bar graph  See under graph

calculus The algebraic study of rates of

change.

Cartesian coordinate grid or Cartesian

plane See coordinate plane

constant A part of an expression that does
not change. For example, in the expression
m + 1, the number 1 is a constant, while m

is a variable.
coordinate graph See under graph

coordinate plane A plane that contains

an x-axis (horizontal) and a y-axis (vertical),
which are used to describe the location of a
point. Also called Cartesian coordinate grid

or Cartesian plane.

coordinates An ordered pair used to
describe location on a grid or plane. For
example, the coordinates (3, 5) describe a
location found by moving 3 units to the
right and 5 units up from the origin (0, 0).

See also ordered pair

diagonal A line segment that joins two

non-adjacent vertices of a polygon.

double bar graph See under graph

double line graph See under graph

equation A mathematical statement that
has equivalent expressions on either side of

an equal sign.
exponent See under exponential form

exponential form A representation of a
product in which a number called the base
is multiplied by itself. The exponent is the
number of times the base appears in the
product. For example, 5* is in exponential
form, where 5 is the base and 4 is the expo-
nent; 5* means 5 X 5 X 5 X 5.

expression A numeric or algebraic repre-
sentation of a quantity. An expression may
include numbers, variables, and operations;

for example, 3 + 7, 2x — 1.

general term of a sequence An algebraic
expression that represents the rule for
determining the terms of a sequence. For
example, 2 X n + 1 is the general term of

the sequence 3, 5,7, 9, ....

graph A visual representation of data.

Some types of graphs are:

—bar graph A graph consisting of hori-
zontal or vertical bars that represent the
frequency of an event or outcome. There are
gaps between the bars to reflect the categori-

cal or discrete nature of the data.

- coordinate graph A graph that has data
points represented as ordered pairs on a grid;

for example, (4, 3). See also ordered pair
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— double bar graph A graph that combines
two bar graphs to compare two aspects of
the data in related contexts; for example,
comparing the populations of males and
females in a school in different years. Also

called comparative bar graph.

— double line graph A graph that com-
bines two line graphs to compare two
aspects of the data in related contexts; for
example, comparing the distance travelled

by two cars moving at different speeds.

- line graph A graph formed by (a) straight

line(s).

grid A network of regularly spaced lines
that cross one another at right angles to

form squares or rectangles.

growth pattern A pattern whose terms

represent growing quantities.

identity A mathematical statement that is
always true. For example, 3 + 5 = 8 and x +

y =y + x are identities.

infinite Having no limit; larger than any

(finite) number.

intersection point The point, or coordi-
nates, where two lines meet on a coordinate

grid.
line graph See under graph

linear pattern A numeric pattern in
which numbers grow at a constant rate. For

example, 3,5,7,9, 11, ....

Patterning and Algebra, Grades 4 to 6

missing numbers The numbers needed to
solve an equation, suchas 3 + O = 8 and 5

+n=12.

natural numbers The numbers 1, 2, 3, 4,

nth term of a sequence See general term of

a sequence

ordered pair Two numbers, in order, that
are used to describe the location of a point
on a plane, relative to a point of origin

(0, 0); for example, (2, 6). On a coordinate
plane, the first number is the horizontal
coordinate of a point, and the second is
the vertical coordinate of the point. See also

coordinates

Pascal’s Triangle Pascal’s Triangle is named
after Blaise Pascal, the French mathemati-
cian who studied it. The pattern was known
in China long before Pascal’s time. Notice

how Pascal’s Triangle grows:

1
11
121
1331
14641
1510 10 5 1
161520156 1
172135352171
e the numbers on the outer diagonals have a

value of 1;

¢ each of the other numbers is the sum of
the two numbers directly above it (for
example, the 6 in the Sth row is the sum

of the two 3’s above it).

Pascal’s Triangle has many applications in
mathematics and contains within itself
many interesting patterns, such as triangular

numbers.



quadratic function A function of the form
f(x) = ax* + bx + c. The shape of its graph is
a parabola (like the path of a thrown object).
The graph of the vertical distance travelled
by a falling object is (approximately)

parabolic.

square numbers Square numbers are
formed by multiplying a number by itself: 1,
4,9, 16, 25, 36,49, ....

T-chart A table of values with two columns

(input and output or term number and term).

tally chart A chart that uses tally marks to

count data and record frequencies.

temporal Having to do with time.

term Each of the quantities constituting

a ratio, a sum or difference, or an algebraic
expression. For example, in the ratio 3:5, 3
and 5 are both terms; in the algebraic expres-

sion 3x + 2y, 3x and 2y are both terms.

triangular numbers The numbers 1, 3 (=
1+2),6=1+2+3),10=1+2+3+
4), ...; they appear in the 3rd diagonal of

Pascal’s Triangle.

variable A letter or symbol used to rep-
resent an unknown quantity, a changing
value, or an unspecified number (e.g., a X b
=b X a).

x-axis The horizontal number line on a

coordinate plane.

y-axis The vertical number line on a

coordinate plane.

Glossary
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