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Having identified the early grades of schooling as critical for a solid foundation in the
basics of reading and mathematics, the Ontario government has been developing strategies
aimed at improving achievement in reading and mathematics among children from Junior
Kindergarten to Grade 3. In May 2002, the Ontario government announced that it would
spend $25 million both to expand the year-old Early Reading Strategy and to create an
Early Math Strategy that would help primary school students to improve their basic
mathematics understanding and to begin to develop the mathematical skills needed

in the twenty-first century.

Success in mathematics in the early grades is critical. Early mathematics
understanding has a profound effect on mathematical proficiency in the

later years. The Early Years Report by McCain and Mustard states: “We now know that
a substantial base of mathematical understanding is set in the first few years” (1999, p. 9).
A positive attitude towards mathematics, an understanding of key concepts, and
mathematical skills must be developed in the early grades. Hence, the primary teacher

plays an extremely influential and important role.

Research and experience have shown that the best way to raise student achievement is
through a combination of doing intensive subject-focused work with teachers and setting

improvement targets for student learning.

As part of the Ontario government’s new strategy, a panel of experts in the learning and
teaching of mathematics in the early grades was assembled to provide information and
guidance on how best to support teachers and students. This panel was composed of
practitioners and researchers from both the English-language and French-language
educational systems as well as from various regions across Ontario. The practitioners and
researchers on the panel assessed the current research-based knowledge of effective
mathematics instruction and identified key components of an effective mathematics
program and strategies for successful program implementation. There was much

consensus on these key components in mathematics education.



Panel members compiled research and discussed best practice in the area of early
mathematics education. Their meeting was an important opportunity to focus on early
mathematics, and it provided an essential first step in focusing on mathematics in the
early grades. This report summarizes the results of the panel meeting and the

recommendations made by the panel.
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0 Context

The Ontario Curriculum, Grades 1-8 provides a framework for learning for students in all
publicly funded English- and French-language elementary schools in Ontario. It outlines
the knowledge and skills that students are expected to acquire by the end of each grade.
Annual province-wide assessments of students’ performance in reading, writing, and
mathematics are conducted in Grades 3 and 6 as one measure of how well students

achieve the expectations.

The current mathematics curriculum (The Kindergarten Program, 1998; The Ontario
Curriculum, Grades 1-8: Mathematics, 1997) includes a broad range of knowledge and
skills. The Grades 1-8 curriculum gives descriptions of the knowledge and skills required
for each grade and links them with descriptions of achievement levels — different degrees
of achievement of the curriculum expectations. This ensures consistency of expectations
across the province and facilitates province-wide testing. Four levels of achievement are
represented in the achievement chart, with level 3 considered as the provincial standard
of achievement. The mathematics curriculum is divided into five strands: Number Sense
and Numeration, Measurement, Geometry and Spatial Sense, Patterning and Algebra,

and Data Management and Probability.

Yearly province-wide assessments are conducted by the Education Quality and Accountability
Office (EQAO). Results are reported by school, by school board, and by the overall system.
Over the five years from 1997-1998 to 2001-2002, system-wide results show that, while
overall trends are generally moving in the right direction, large percentages of students
are not achieving the provincial standard. Improving the mathematics education of all

students is worthwhile.

Provincial Grade 3 EQAO Results - Mathematics

Percentage of Students Achieving at Levels 3 and 4
on Grade 3 EQAO Assessments

1997-1998 1998-1999 1999-2000 2000-2001 2001-2002

English-language 43 56 57 61 58
boards




The Early Math Strategy - like the Early Reading Strategy - is being undertaken by the

Ministry of Education in response to this information. It has two complementary goals:

e to reinforce the accountability of school boards and schools for improving student

achievement through the setting of improvement targets, and

e to provide targeted supports to help elementary teachers, principals, and school
boards work together to achieve consistently effective classroom teaching and

assessment practices to support students’ learning

The supports being provided for the Early Math Strategy are founded on the belief, well
attested in research, that teachers’ knowledge of a subject and the skills that teachers can
apply in the classroom have the most impact on students’ learning. The Ministry of

Education is supporting this strategy with many initiatives:

An Expert Panel was established to share research and best practice of teaching and

learning mathematics in the early grades and to summarize its findings in this report.
e Learning resources in early math will be provided for students in the classroom.

e In-depth training of instructional leaders (“lead teachers’) will be provided to ensure

consistent implementation of the strategy across the province.

e Training materials will be provided for all elementary teachers to help them identify

and use effective instructional practices and assessment strategies.

e Guides will be provided to parents on how they can help their children learn to do

mathematics.

e Beginning in 2003-04, school boards will be required to establish targets for

improvement for students taking Grade 3 mathematics.

Target setting has been required since 2001 under the Early Reading Strategy and will be
required as part of the Early Math Strategy, beginning in 2003-04, as noted. Boards and
schools will set three-year targets for improvement, will develop plans to reach these
targets, and will report on the plans to their communities and the ministry. Boards and
schools will measure their success in reaching their targets and then adjust and refine
their plans on the basis of information from school-based data and the EQAO Grade 3

mathematics assessment.
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The early grades of schooling in mathematics are critical for the later success of all students.
There are special issues in French-language schools that need to be taken into consideration,
because in many regions such schools operate in a minority-language environment. The
lack of an adequate foundation in French on the part of a number of children attending
these schools has an impact on how mathematics is learned in the early grades and on
what teaching strategies are used. The net improvement in Grade 6 EQAO results for
French-language students seems to indicate that the acquiring of language skills by these
students has a positive effect on student performance in mathematics. In later sections of
this report, specifically those on the characteristics of the early math learner and on the

framework for teaching, this issue will be more fully addressed.
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Any discussion of the teaching and learning of mathematics in the early grades needs to
consider several significant elements. In this report, these elements have been organized
by considering two central components. These components are: the characteristics of
the early mathematics learner and the characteristics of an effective early grades
mathematics program. Within the discussion of an effective mathematics program,

the following elements will be elaborated: a sound learning environment for early
mathematics, a framework for teaching, the role of assessment, and approaches for

ensuring mathematics for all students.

Characteristics of the Early Mathematics Learner

Many elements must be acknowledged about the early learner of mathematics. These

include recognition of the developmental aspects of learning, the importance of building
on prior mathematical understanding, and the essential fact that children learn mathematics
primarily through *“... doing, talking, reflecting, discussing, observing, investigating,

listening, and reasoning” (Copley, 2000, p. 29).

Developmental Aspects of Learning

Research across cultures and across socio-economic groups indicates that children go
through stages of conceptual development that are identifiable (Clements, 1999). Several
researchers have established continuums that delineate some of the growth points that
children go through as they acquire various concepts in some areas of mathematics (Clarke
& Clarke, 2002; Clements & Sarama, 2000; Griffin, Case, & Siegler, 1994 ). There is currently
no agreed-upon continuum, because of the complexity and number of mathematical
concepts. However, researchers do agree that children go through different stages of
mathematical development. Also, there is considerable individual variation from child to
child, and recognition of this variation is key to establishing the most effective learning
environment. For the teaching and learning processes to be successful, it is important that
the child’s existing conceptual understanding of mathematics be recognized. Children
need to encounter concepts in an appropriate manner, at an appropriate time, and with

a developmentally appropriate approach.



Developmentally appropriate means challenging but attainable for most children
of a given age range, flexible enough to respond to inevitable individual
variation, and most important, consistent with children’s ways of thinking
and learning. (Clements, Sarama, & DiBiase, in press)

Consequently, teachers must recognize the child’s level of cognitive, linguistic, physical,
and social-emotional development. The most effective learning takes place when these
aspects of development are taken into consideration. This means that the child needs to
be cognitively capable of taking on the mathematical task at hand; able to comprehend
the language of instruction; have sufficient fine motor control to complete the task; and
be emotionally mature enough for the demands of the task so that frustration does not

hamper the learning situation (Sophian, in press).

French-language schools, in particular, have implemented two programs, called Actualisation
linguistique en francais and Perfectionnement du francais, that address the need for some
children to acquire the necessary language skills in French to pursue the curriculum
expectations. Teachers play an important role at this critical language-development stage,
in creating the classroom environment and using teaching strategies whereby children

learn the language while being positive about learning mathematics.

Teachers should take into consideration the conceptual and developmental levels of their
students in providing general guidelines for furthering children’s development of concepts
in mathematics. Teachers also need guidance in organizing the curriculum to allow for
more time to be spent on important concepts in mathematics and to link such concepts

with the developmental levels of their students.

Building on Children’s Prior and Intuitive Knowledge of Mathematics

Children arrive at school with a variety of backgrounds and experiences and with more
mathematical knowledge than was previously thought, regardless of different socio-
economic situations (Ginsburg & Seo, in press). Children may not immediately communicate
this understanding, but research on early stages of learning indicates that children begin
the process of making sense of their world at a very young age, and this includes making
mathematical sense (National Association for the Education of Young Children [NAEYC], 2002;
Wright, Martland, & Stafford, 2000). Young children have a natural inquisitiveness
about mathematics, and teachers can build on this inquisitiveness to help
students develop the positive attitudes that often occur when one understands

and makes sense of a topic. Research indicates that, when young children use
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mathematics to explore their world, their understanding can be quite complex and
sophisticated (Ginsburg & Seo, in press). These initial understandings have powerful
effects on how the child will assimilate and accommodate new knowledge (Bredekamp
& Rosegrant, 1995).

Children also bring diverse cultural or linguistic contexts to their mathematics understanding.
These linguistic, cultural, and community backgrounds, which result in distinctive approaches
to learning and lead to a variety of prior knowledges in children, need to be recognized
and valued. Research across cultures and across socio-economic groups indicates that all
children go through various stages of conceptual development. Although the ages at which
some children go through these stages is extremely variable, depending on their prior
experiences, the actual sequence has some consistency (Bredekamp, Bailey, & Sadler, 2000;
Clements, 1999; Ginsburg & Seo, 2000).

The mathematics that children bring to school should be valued and utilized in
the classroom. Research points out that one of the difficulties in trying to improve the
teaching of early mathematics is that teachers tend to underestimate the capabilities of
young children when it comes to mathematics and may not have the knowledge to focus
on important mathematical experiences (Sarama & DiBiase, in press; Sophian, in press).
For instance, teachers may not realize that developing a solid understanding of the
quantitative value of a number is as important as number identification and counting

features.

Children need to see mathematics as sensible, and they do so when the mathematics they
are learning in school connects with their intuitive sense of mathematics and with the
understanding of mathematics that they bring with them to the classroom. Quite often
students see school mathematics as different from the mathematics that they experience
outside of school.

Paul Cobb (as cited in Yackel, 2001) gives an example of such a situation.

He conducted mathematical interviews with Grade 1 and 2 children and
asked, “Do you have a way to figure out how much is 16 + 9?”

Children used a range of methods including counting to solve the problem.
Almost all of them were able to find the answer of 25. Later, students were
given the same problem embedded in a typical page from a school text with
a vertical format and instructions at the top for the standard North American
addition algorithm with carrying.
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This time many children attempted to use the standard school algorithm with
carrying. While they had originally given correct answers some now had errors.
The errors they made were ones that primary teachers would recognize, with
some answers such as 15 or 115. When Cobb discussed the answer of 15 with
one child and asked her whether both her original answer of 25 could be
right as well as her latter answer of 15, she said that if you were counting
cookies 25 would be right, but in school 15 would be the right answer.
(Lawson, 2002)

Children’s prior mathematical understanding needs to be recognized,
to be developed, and to be connected with school mathematics.

Learning by Doing and Talking

The child invents mathematical knowledge from her or his actions on objects,
so direct, concrete experiences with many objects at the child’s developmental
level are crucial to the formation of accurate concepts. (Maxim, 1989, p. 36)

Young children learn by doing, talking, and reflecting on their actions. They construct
their own knowledge of mathematics using concrete materials and natural situations
(Piaget, 1973). When students have opportunities to solve problems through doing,
they develop multiple sensing pathways in the brain (McCain & Mustard, 1999). In fact,
Ginsburg and Seo (in press) suggest that preschool children engage in a significant
amount of mathematically related play. This mathematical play would include exploring
patterns and shapes, comparing objects according to size, and developing a sense

of number.

As a child matures, mathematically related play becomes problem solving, and children
solve problems by creating models and using those models to communicate their
understanding. Carpenter, Ansell, Franke, Fennema, & Weisbeck (1993) state that:

if we could help children to build upon and extend the intuitive modeling

skills that they apply to basic problems as young children, we would have

accomplished a great deal by way of developing problem-solving abilities in

children in the primary grades. Furthermore, modeling provides a framework
in which problem solving becomes a sense making activity. (p. 440)
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Summary of Characteristics of the Early Learner

Children arrive at school with intuitive mathematical understandings. A teacher needs
to connect with and build on those understandings. This is done through the use of
mathematical experiences that allow students to explore mathematics and to
communicate their explorations in a meaningful dialogue with the teacher and their
peers. As well, the activities that teachers provide need to be appropriate to the

developmental stages of the students.

Characteristics of an Effective Early Grades Mathematics Program

An effective mathematics program has many elements that need to be well integrated.
This integration of elements makes it difficult to isolate them for the purpose of discussion.
However, a focus on the following elements — learning environment, framework for
teaching, assessment, and mathematics for all students — seems to be a comprehensive

way of discussing the complex issue of early mathematics education.

Overview of Learning Environment and Framework for Teaching

In order for the teaching of mathematics to be effective, there needs to be a sound
learning environment or “backdrop” as well as an effective program of instruction and
assessment. These two elements, however, must go hand in hand and are not necessarily
clearly distinguishable. This learning environment for mathematics has many elements
that will be discussed in detail in the next section. As shown in the graphic on page 12,
these elements fit together much like the pieces of a puzzle, resulting in an environment
that promotes student learning. The framework for effective teaching includes opportunities
for guided mathematics, shared mathematics, and independent mathematics. This balanced

framework will be discussed in detail later in the report.

The Learning Environment

An effective mathematics learning environment is an environment that:
e promotes positive beliefs and attitudes towards mathematics;
e values prior knowledge;

< makes connections between that knowledge, the world of the child, and the strands

and actions of mathematics;
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PROBLEM SOLVING

e encourages the establishment of a community of mathematics learners;
 focuses on important mathematical concepts or big ideas;

e explores concepts through problem solving;

e includes a variety of learning resources;

e issupported by the strong roles of teacher, principal, and senior administrator;
e issupported by the home.

The learning environment is a community of learners who feel that their knowledge and
thoughts are valued, who feel safe to take risks in trying to solve problems, and who are

comfortable talking about their understanding of mathematics.
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Establishing Positive Beliefs and Attitudes About Mathematics

In a discussion of beliefs and attitudes about mathematics, it is important to consider

the beliefs and attitudes of the child as well as the beliefs and attitudes of the teacher.
Of course, other stakeholders in the learning process, such as the principal and parents,
also influence children’s attitudes towards mathematics. However, children’s and teachers’
feelings and attitudes about themselves and mathematics have a direct impact on

teaching and learning.

Numerous studies provide data to indicate that there is a positive
correlation between attitude and achievement in mathematics
(Dossey, Mullis, Lindquist, & Chambers, 1998).

Children’s success with mathematics builds their positive attitudes and confidence.

Mason, Burton, and Stacey (1982) and Lawler (1981) have documented the positive attitudes
and responses that children have when they first make sense of a concept and build
new connections. Children who build such connections increase their self-confidence in
mathematics and develop positive attitudes towards the subject. Increased self-confidence
and positive attitudes encourage children to make further explorations and additional

discoveries.

Teachers are essential in influencing their students’ attitudes towards mathematics,

since those teachers who understand and enjoy mathematics generally provide positive
experiences for their students. Teachers can facilitate attributes such as curiosity, creativity,
enjoyment, flexibility, and perseverance. These characteristics are likely to lead to positive
attitudes towards mathematics, and contribute to the students’ continued enjoyment,
confidence, and success in the subject. However, teachers who have developed a distaste
for mathematics because it has eluded them or appeared abstract or confusing are likely to

convey these negative feelings about mathematics to their students (Clements et al., in press).
Valuing Prior Knowledge and Making Connections

An effective learning environment values the prior knowledge that students bring to the
classroom. The capabilities and knowledge of young children need to be recognized and
valued. Teachers need to connect their teaching of mathematics with students’ prior
knowledge and understanding. Ginsburg and Baron (1993) found that:

Young children come to school with a natural curiosity about quantitative

events and some informal, yet powerful, problem-solving skills. These children
have already constructed intuitive mathematical notions. We are challenged
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to make use of the child’s physical and social environment as motivating
arenas for further quantitative reasoning and problem-solving. The research
on children’s cognition reveals the innate ability for all children to learn
mathematics; it is up to us to guide their use of these informal skills to
construct meaningful beginning notions of mathematics. (p. xii)

Meaningful mathematics instruction begins by engaging children’s mathematical
thinking, allowing children sufficient time to solve problems, and focusing on
the use of incidental and integrated learning as well as programmed learning.
However, teachers need strategies to help to assess prior mathematical knowledge and
processes to guide further instruction. These assessment strategies include conferencing,
interviewing, and observing children as they work and talk. Teachers also need to be
aware of the curriculum that came before and comes after the current grade level.

The most important connection for early mathematics development is between

the intuitive, informal mathematics that students have learned through their

own experiences and the mathematics they are learning in school. All other

connections — between one mathematical concept and another, between

different mathematics topics, between mathematics and other fields of

knowledge, and between mathematics and everyday life — are supported

by the link between the students’ informal experiences and more formal
mathematics. (National Council of Teachers of Mathematics [NCTM], 2000, p. 132)

Students do not enter school seeing mathematics as an isolated subject. It is an integral
part of their world. From the perspective of young children, the world around them is
not sectioned into different subjects such as mathematics or literacy (Basile, 1999). Because
children’s experiences are much more global in their essence, children can experience
some mathematics concepts through problems and situations that people encounter in
everyday life (Brandt, 1991; Lataille-Démoré, 1996). Children will learn to value mathematics
through activities that help them build connections between mathematical concepts and
between mathematics and other fields (House, 1990; Pallascio, 1990). These mathematical
activities should have authentic mathematics content and depth, and must help the

children move forward mathematically.

Mathematics for young children should be an integrated whole. Connections —
between topics, between mathematics and other subjects, and between
mathematics and everyday life — should permeate children’s mathematical
experiences. (Clements et al., in press)

In summary, effective mathematics instruction in the early grades makes connections with prior

knowledge, between strands of mathematics, with the real world, and with other disciplines.
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Building a Community of Mathematics Learners

Social interaction is one of the most important aspects of being a mathematician.
A mathematics classroom, especially one that views students as young
mathematicians, should include opportunities for social interaction (Kamii, 1985).
A sense of mathematical community is fostered when teachers design classroom activities
and groupings that promote intellectual sharing and value different ways of solving
problems. Then, students can build on one another’s knowledge through demonstrations,
models, and questioning. When children have the freedom to talk, they can explore
concepts, have their concepts challenged, and then make their own decisions about their
learning. The community of the classroom must value these opportunities, and the teacher
promotes community building by providing guidance about how such interactions can
occur and by facilitating these interactions. As well, the environment for learning must

allow students to feel safe and willing to take risks.

In a classroom community of mathematics learners, students will:

see, hear, and feel mathematics;

learn mathematics through doing and talking about it;

have enough time to solve problems and share with others;

be active and enthusiastic about learning mathematics.

Focusing on Important Mathematical Concepts or “Big Ildeas”

Much research indicates that children from diverse backgrounds can learn
mathematics if it is organized into big coherent chunks and if children have
opportunity and time to understand each domain deeply.... Successful
countries select vital grade level topics and devote enough time so that
students can gain initial understandings and mastery of those topics. They do
not engage in repetitive review of those topics in the next year; they move on
to new topics. (Fuson, in press)

Effective mathematics programs provide children with opportunities to have
deep and sustained interaction with key mathematical ideas. A curriculum is more
than a collection of activities: it must be coherent, focused on important mathematics,
and well articulated across the grades. An effective program focuses on a number of key
content areas rather than on trying to cover every topic or skill with equal weight (NCTM,

2000). Children’s understanding is enhanced when they encounter concepts in depth and
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in a logical sequence. Such depth and coherence allow children to develop, construct,
test, and reflect on their mathematical understandings. Consequently, teachers must have
a good understanding of the key mathematical concepts and should themselves have
explored these concepts in depth. Students must be helped to see that mathematics is an
integrated whole, not a list of isolated bits and pieces (Van de Walle, 2001). Teaching that
uses big ideas or key concepts allows students to make connections instead of

seeing mathematics as disconnected ideas.
Teaching Through Problem Solving

Problem solving and reasoning are central to the learning of mathematics. Students learn
mathematics as a result of exploring problems that provide rich challenges, relevance,
and engagement. Problem solving helps to support core processes such as the use of
representation, communication, and connection between and among mathematical ideas
(Kilpatrick, Swafford, & Findell, 2001; NAEYC, 2002; National Research Council, 1989;
NCTM, 2000). Also, children acquire their understanding of mathematics and develop
problem-solving skills as a result of solving problems, rather than of being taught
something directly (Hiebert et al.,1997). The teacher’s role is to construct problems and
present situations that provide a forum in which problem solving can occur. Many major
international reports have confirmed that teachers need to use problem solving and
reasoning as the focus of their instructional practice (Bowman, Donovan, & Burns, 2001;
Bredekamp & Copple, 1997; Kilpatrick et al., 2001; NCTM, 2000; Pallascio, 1990).

Problem solving is more than the application of skills. Problem solving in a
classroom generally begins with the teacher presenting the problem, students
exploring and working on a solution to the problem, and then teacher and students
consolidating and reflecting. In the first phase, when the teacher presents the problem,
he or she may clarify the language or context, allow time for students to ask questions and
seek more information, or ask students to restate the problem in their own words. During
the exploring and solving phase, the teacher supports the students but avoids overassisting.
Students solve problems by connecting with their prior knowledge and exploring and
developing new knowledge and understanding. The teacher is available to respond to students’
questions and uses the opportunity to observe and assess. During the consolidating/reflecting
stage, the teacher facilitates the students’ sharing of solutions and strategies. This is also
an opportunity to stress communication, as students justify their solutions and explain their
strategies. Students are guided to look at ways in which the problem connects with other

problems or situations and to look at the specific mathematics concept that was explored.
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Teachers need to recognize that problem-solving processes develop over time
and can be significantly improved by effective teaching practices. Additionally,
teachers can learn a great deal about students while they are solving problems because
problem-solving opportunities provide teachers with insights into children’s mathematical
thinking. However, the problems need to be well constructed and challenging, so that
they are not closed, with only one right answer that is easily determined. Students truly
need to go through the process of solving a problem. This process may require that a
student struggle and demonstrate persistence, but it will also bring understanding and
confidence. Fennema et al. (1996) found that, when teachers used problem solving as
the basis of all instruction, they became more knowledgeable about the myriad of ways
in which children attempt to solve problems and students became more knowledgeable
and confident in their problem-solving ability. This knowledge helped to inform and

improve instruction.

The problem-solving process needs to be facilitated. This does not mean that particular
strategies need to be taught or that students need to categorize types of problems and
how they should be approached. Rather, it means that children’s solutions to problems
should be shared and discussed so that students can see a variety of approaches to solving
a problem. There is not necessarily one right way to solve a problem; however, some

strategies are more efficient than others.

Children do not need to be taught that a particular strategy goes with a
particular type of problem. With opportunity and encouragement, children
construct for themselves strategies that model the actions or relationships

in a problem. (Carpenter & Fennema, 1999, p. 3)

Of course, problems have to be meaningful to children. Research by Clements (2000, 2001)
indicates that the younger the child, the more important it is to ensure that mathematical
problem solving takes place in engaging contexts and within interesting projects. Problems

need to be meaningful mathematically and contextually. Also, problem solving should not

appear as an event but rather should be an integral process in a mathematics classroom.
Making Strong Home Connections

Parents, teachers, and children are all partners in the learning process. Countless
studies over the years have clearly shown that, when parents are actively involved in their
children’s education, children do better at school (Epstein, 1991; Henderson, 1988;

Henderson & Berla, 1994). For instance, children whose parents take an interest in their

THE REPORT OF THE EXPERT PANEL ON EARLY MATH IN ONTAR\OQ



learning are more likely to talk about what they learn at school (Clark, 1983), develop
positive attitudes towards mathematics (Glass, 1977; Hayes, Cunningham, & Robinson, 1977),

and seek their parents’ help.

Teachers and parents need to learn together and work together to support each child’s
educational journey. Home-school partnerships help parents connect with their children’s
learning. Teachers can discuss effective mathematics strategies with parents, who can then
better understand how their children learn and can gain confidence when interacting
with their children. Furthermore, parents who are helped to understand the content and
pedagogy of today’s mathematics teaching and learning are in a better position to assist
their children’s growth and development. The children will see a unified front between
parents and teacher, rather than a struggle, with seemingly different methods of doing
mathematics being communicated. Opening channels of communication with the
home sends the message to children that the mathematics at school is worthy

and important.

Teachers also benefit from strong home-school partnerships. They learn more about children’s
prior mathematical knowledge and experiences, and gain an increased understanding of
children’s cultural and linguistic backgrounds. Teachers who communicate with parents are
able to explain to them, in a way that makes sense, the current mathematics curriculum
and current teaching methods, and how these new strategies support their child’s

understanding of early mathematics concepts and skills.

Teachers and principals need to find ways to increase school-home partnerships and
increase parental involvement in the education of their children. Some suggestions to

strengthen the home-school partnership include:

determining the child’s prior home mathematical experiences

e suggesting activities for parents, such as games that encourage success and practise

mathematics

* helping parents understand the content and pedagogical processes of today’s
mathematics classroom (e.g., by sending home a brief description of the concepts and

ideas involved in each new mathematics unit)
e providing ongoing communication regarding student progress

e preparing take-home mathematics kits that may include activities, literature, software,

and manipulatives focused on a particular topic
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e hosting school/family mathematics sessions, emphasizing mathematics activities that

can be enjoyed by the whole family
e providing a calendar or a pamphlet outlining mathematics activities for families

e promoting the distribution and use of a parent guide on helping children learn

mathematics

e involving libraries and bookstores by asking them to promote mathematical literature

for young children
Using Resources That Aid Understanding

Resources to support early grades learning of mathematics are essential.
Resources take many forms. They include print resources for students, such as student
books and mathematics-related literature, and print resources for teachers, such as
professional development materials that provide support for the use of manipulatives,
problem-solving activities, information about how students learn, and samples of effective
teaching strategies. Resources also take the form of concrete materials or manipulatives
that aid student learning in problem solving. In the early grades, music is also an important
ingredient in an effective mathematics program, since children also learn through song.
Furthermore, time is a valuable resource, and how a teacher structures the time spent

on mathematics in a classroom is important. The organization or set-up of a classroom

can also be seen as a resource, for it sets the stage for student learning.

Concrete Materials (Manipulatives)

If we are to make mathematics experiential, we must present children with
tactile tools with which they can learn, opportunities to interact with each
other and the teacher, and diverse methods of arriving at the correct answer.
(Murray, 2001, p. 28)

Concrete materials provide students with tactile experiences to help them model,
describe, and explore mathematics. Manipulatives include such things as pattern blocks,
base ten blocks, interlocking cubes, and many others that will subsequently be listed.
Research suggests that manipulatives themselves do not magically carry mathematical
understanding. Rather, they provide concrete ways for students to give meaning to new
knowledge (Stein & Bovalino, 2001). Manipulatives also help the student to describe the
mathematics and make the dialogue between students and between teacher and student
more accessible. Children’s mathematical thinking becomes more transparent when teachers

observe children using manipulatives and listen to children’s conversations.
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As stated above, the use of manipulatives does not guarantee success (Baroody, 1989;
Fennema, 1972). Guidelines need to be established on how manipulatives should be
selected for classroom use, and teachers also need guidance on how to best use
manipulatives effectively in the early mathematics program. Sowell (1989) suggests that
attitudes towards mathematics are improved when students are instructed with concrete
materials by teachers who are knowledgeable in their use. Good lessons using

manipulatives do not just happen; they need to be thoughtfully prepared.
When selecting manipulatives, teachers should:

e Dbe certain that the manipulatives chosen support the selected mathematics concepts

and big idea;

< have enough of the manipulative available so that all students can become active

participants in the activity;
e provide initial opportunities for students to become familiar with the manipulative;

e communicate classroom procedures to students (e.g., refrain from using the manipulative

when someone is sharing with the class; put manipulatives away in containers).
When planning activities with manipulatives, teachers should:

e use a manipulative in such a way that students then use it as a “thinking tool”

enabling them to think about and reflect on new ideas;

e recognize that individual students may use the manipulative in different ways to

explore mathematics;
e avoid activities that simply ask children to copy the actions of the teacher;
< allow students to use manipulatives to justify their solution as well as solve the problem;
e take time to become familiar with the manipulative chosen;

e choose manipulatives that will allow students to represent the mathematics in a

meaningful way and to make connections from these representations;

e provide opportunities for students to explore the same concept with a variety of

manipulatives.

The following concrete materials should be part of an effective mathematics classroom.
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Materials In a Primary Mathematics Classroom

Manipulative

Abacus

Recommended Recommended

Grade/Division

Connections to Mathematical Concepts
and Skills

problem-solving/thinking skills, algebra/patterns,
counting/skip-counting/one-to-one correspondence,
relationships/connections, reasoning, place value,
number concepts/operations, estimation

Attribute blocks

classification/sorting/making sets, symmetry,
reasoning, patterns, data collection/management/
graphing/interpretation, number concepts/operations,
problem-solving/thinking skills

Balance and
weights

measurement/scale, money, counting/skip-counting/
one-to-one correspondence, reasoning, decimals,
estimation, data collection/management/graphing/
interpretation, reasoning, number concepts/number
sense/number systems/whole numbers, classification/
sorting/making sets, weight/mass

Base 10 materials

place value, money, measurement/scale, fractions,
patterns, area, similarity/congruence, classification/
sorting/making sets, number concepts/operations,
perimeter, relationships/connections, problem-solving/
thinking skills

Playing cards

counting, estimation, sorting, number
concepts/operations, mental math, problem-
solving/thinking skills

Connecting cubes
(L cm, 2 cm,

1.8 cm, and
2.5cm)

number concepts/operations, counting/skip-counting/
one-to-one correspondence, place valug, classification/
sorting/making sets, patterns, reasoning, symmetry,
weight/mass, spatial visualization, probability/chance,
area, perimeter, volume, quantity, transformational
geometry, fractions, estimation, mental math,
problem-solving/thinking skills, money,
measurement/scale, relationships/connections

Connecting plastic
shapes to build
2D shapes and

classification/sorting/making sets, number concepts/
operations, perimeter, counting/skip-counting,
angles, reasoning, data collection/management/

3D nets graphing/interpretation, one-to-one correspondence,
similarity/congruence, area, problem-solving/thinking
skills, spatial visualization, tessellations/tiling, fractions,
transformational geometry, measurement/scale
Clocks time, fractions, measurement/scale, number

Instructional
student use

concepts/operations, relationships/connections
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Manipulative

Coloured tiles

Recommended Recommended

for Every
Classroom

for Every
Grade/Division

X

Connections to Mathematical Concepts
and Skills

patterns, estimation, counting/skip-counting/one-to-one
correspondence, number concepts/operations,
reasoning, place value, classification/sorting/making
sets, fractions, problem-solving/thinking skills,
probability/chance, measurement/scale, area,
perimeter, odd/even numbers, data collection/
management/graphing/interpretation, spatial
visualization, similarity/congruence, relationships/
connections

Coloured
relational rods

classification/sorting/making sets, counting/skip-
counting/one-to-one correspondence, number
concepts/operations, similarity/congruence,
fractions, symmetry, place value, patterns, odd/even
numbers, reasoning, estimation, problem-solving/
thinking skills, relationships/connections,

Dice/Numbered
cubes

counting/skip-counting/one-to-one correspondence,
number concepts/operations, mental math, fractions,
probability/chance, decimals, problem-solving/thinking
skills, classification/sorting/making sets, reasoning,
data collection/management/graphing/interpretation

Geoboards (5 x 5,
and 11 x 11) and
geobands

X
(Grades 2
and 3)

X
(JK-Grade 1)

size, shape, counting, area, perimeter, symmetry,
fractions, coordinate geometry, angles, estimation,
similarity, congruence, rotations, reflections,
translations, classification, sorting, polygons, spatial
visualization, reasoning

Graduated beakers

measurement/scale, volume, estimation, fractions,
mental math, problem-solving/thinking skills,
number concepts/operations, counting/skip-counting/
one-to-one correspondence, spatial visualization,
data collection/management/graphing/interpretation,
similarity/congruence, reasoning

Hundreds chart,
hundreds board,
hundreds carpet

place value, counting/skip-counting/one-to-one
correspondence, estimation, patterns, number concepts/
operations, fractions, probability/chance, odd/even
numbers, spatial visualization, mental math, decimals,
money, measurement/scale, volume, problem solving,
relationships/connections, decimals, reasoning

Materials for
counting and
sorting

measurement/scale, patterns, estimation, relationships/
connections, place value, counting/skip-counting/
one-to-one correspondence, estimation, problem-
solving/thinking skills, volume, fractions, number
concepts/operations, classification/sorting/making
sets, probability/chance, spatial visualization,
odd/even numbers, data collection/management/
graphing/interpretation, reasoning




Manipulative Recommended Recommended Connections to Mathematical Concepts
for Every for Every and Skills
Classroom Grade/Division

Measuring spoons X measurement/scale, estimation, number concepts/
operations, counting/skip-counting/one-to-one
correspondence, data collection/management/
graphing/interpretation

Measuring tapes X measurement/scale, estimation, number concepts/
operations, counting/skip-counting/one-to-one
correspondence, data collection/management/
graphing/interpretation

Plastic transparent X symmetry, transformational geometry, angles, mental
tools math, problem-solving/thinking skills, spatial
visualization
Money X —1 set X —multiple  money, counting/skip-counting/one-to-one
sets correspondence, classification/sorting/making sets,

fractions, probability/chance, problem-solving/thinking
skills, estimation, mental math, place value,
relationships/connections, data collection/management/
graphing/interpretation, reasoning, measurement/scale,
decimals, number concepts/operations

Number lines X place value, counting/skip-counting/one-to-one
correspondence, estimation, patterns, number
concepts/operations, fractions, probability/chance,
odd/even numbers, spatial visualization, mental
math, decimals, money, measurement/scale,
problem solving, similarity/congruence

Pattern blocks X patterns, angles, counting/skip-counting/one-to-one
correspondence, classification/sorting/making sets,
tessellations/tiling, symmetry, area, perimeter,
transformational geometry, problem-solving/
thinking skills, reasoning, fractions, spatial
visualization, data collection/management/
graphing/interpretation, measurement/scale,
number concepts/operations

Pentominoes X geometry, spatial visualization, problem-solving/
thinking skills, patterns, reasoning, fractions, similarity/
congruence, perimeter, angles, classification/sorting/
making sets, symmetry, transformational geometry,
number concepts/operations, area, tessellations/tiling,
counting/skip-counting/one-to-one correspondence

Stackable blocks X number concepts/operations, counting/skip-counting/
one-to-one correspondence, classification/sorting/
making sets, patterns, symmetry, fractions, spatial
visualization, perimeter, volume, area, problem-
solving/thinking skills, estimation, transformational
geometry, reasoning, money, probability/chance,
measurement/scale




Manipulative Recommended Recommended Connections to Mathematical Concepts
for Every and Skills
Classroom Grade/Division

Stamps of various X

mathematical

manipulatives

(e.g., pattern

blocks, tangrams,

clocks, base 10)

Tangrams spatial visualization, problem-solving/thinking skills,
patterns, reasoning, fractions, similarity/congruence,
perimeter, angles, classification/sorting/making sets,
symmetry, transformational geometry, number
concepts/operations, area, symmetry, tessellations/tiling,
counting/skip-counting/one-to-one correspondence

Thermometers measurement/scale, estimation, number concepts/
operations, counting/skip-counting/one-to-one
correspondence, data collection/management/
graphing/interpretation,

Two-coloured X measurement/scale, patterns, estimation, similarity/

counters congruence, place value, counting/skip-counting/
one-to-one correspondence, estimation, problem
solving/thinking skills, fractions, number concepts/
operations, classification/sorting/making sets, spatial
visualization

3D solids X area, volume, classification/sorting/making sets,

angles, reasoning, measurement/scale, symmetry,
fractions, spatial visualization, perimeter, counting/
skip-counting/one-to-one correspondence, geometry,
area, problem-solving/thinking skills, number concepts/
operations, weight/mass, relationships/connections,
transformational geometry, tessellations/tiling

Trundle wheel

measurement/scale, estimation, number concepts/
operations, counting/skip-counting/one-to-one
correspondence, data collection/management/
graphing/interpretation

Note: From Supporting Leaders in Mathematics Education: A Source Book of Essential Information, by the
National Council of Supervisors of Mathematics, 2000. Adapted with permission.

Children’s Literature

Making connections between mathematics and other curriculum areas is important

in the early grades program. Using children’s literature as a starting point for a

mathematics activity gives students a sense of how mathematics is connected

with the world that they engage in when they read stories.
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Children’s literature that supports an effective early mathematics program should:

e connect with the Ontario curriculum (The Kindergarten Program, 1998; The Ontario

Curriculum, Grades 1-8: Mathematics, 1997);
e provide authentic links between literature and mathematical ideas;
e include and promote the use of correct mathematical terminology;
e act as a prompt that leads to a mathematical investigation or question;
e offer varying levels of complexity;
* be based on fictional and non-fictional content;
e contain illustrations that display some of the mathematical concepts being addressed;
e include books for teachers to read aloud, as well as for independent student reading.
Student Instructional Resources

A program requires a variety of resources to support student learning. The resources

should be carefully chosen, and consideration should be given to the following factors.
Effective student instructional resources should:

e connect with the Ontario curriculum (The Kindergarten Program, 1998; The Ontario

Curriculum, Grades 1-8: Mathematics, 1997);
e provide background knowledge related to mathematics;
e emphasize the key concepts or big ideas of the relevant mathematics;

e provide lesson plans that are described in detail and include pre-teaching and follow-up

suggestions;

< include activities that provide opportunities for students to demonstrate understanding,

procedures, problem solving, and communication;
e contain single-strand and/or cross-strand activities;
e present open-ended problem-solving opportunities;

e allow multiple entry points for students;
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e include suggestions for modifications and extensions;

e incorporate a range of instructional strategies;

e address multiple learning styles and intelligences;

e provide for a range of possible outcomes and/or student responses;

e include graphics and pictures that are recent and non-biased (e.g., in terms of gender,

race) to illustrate processes;
e include tasks that are motivating and challenging;

< include a variety of assessment strategies by which students can demonstrate their

learning.

There continue to be a limited number of French-language learning resources in
mathematics in Grades 1 to 3, as well as in Junior and Senior Kindergarten, both for print
and for computerized material. Thus, there is a need for continued financial support to

develop and to adapt and/or translate materials in the French language.
Calculators

Calculators should not replace paper-and-pencil tasks but should support them. When
calculators are used appropriately in a mathematics program, their use does not interfere
with students’ mastery of basic skills and understanding. To the contrary, their proper
use (e.g., for generating patterns, problem solving) can enhance conceptual
understanding, strategic competence, and attitudes towards mathematics
(Groves & Stacey, 1998).

Calculators that support an effective early mathematics program should:
e have large, easy-to-use keys;

e have a one- or two-line display;

e display at least two decimals;

e provide stored operations with constants.
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Computer Software

The use of computer technology in a mathematics classroom allows teachers to provide
students with visual representations to support dialogue about mathematics ideas. Good
mathematics software should engage students as active learners, pose meaningful
problems, and encourage collaboration with others (Ross, Hogaboam-Gray, McDougall,
& Bruce, 2002).

Computer software to support an effective early mathematics program should:

e connect with the Ontario curriculum (The Kindergarten Program, 1998; The Ontario

Curriculum, Grades 1-8: Mathematics, 1997);
e promote mathematical communication;
e reinforce the use of problem-solving strategies;
e offer varying levels of difficulty, interaction, and complexity;
e Dbe designed to meet the needs of early mathematics learners;
e be user-friendly;
e provide appropriate practice of isolated knowledge/skills.
Classroom Organization

The organization of the classroom is an essential ingredient in the building of a classroom
community of mathematics learners. To support an effective early mathematics program,

a classroom should have:
e avisible mathematics area in the room where core manipulatives are kept;

e manipulatives accessible to children throughout the day as needed, with routines

established for their distribution and collection;

e manipulative storage bins or containers that are labelled for easy identification and

clean-up;

e mathematical reference materials that are displayed around the room (e.g., calendar,

number lines, hundreds charts);
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e computers that are accessible to all children;
e areas for instructional groupings (whole group, small group, individuals).

There should also be supplementary manipulatives available in the school’s mathematical
resource center. These manipulatives would not be required on a daily basis and could be

shared among teachers in a primary division.
Time

The provision of sufficient blocks of time as well as the threading of mathematics
throughout the day play vital roles in student learning. In Junior and Senior
Kindergarten, there should be focused time (approximately 20 minutes) every day for
mathematics; this may take the form of a guided or shared experience, or of students
participating in a centre focused on mathematics. In addition to this time, students should
be engaged in consolidating their mathematical learning in centres within the classroom
(e.g., sand table centre, literacy centre, water table, and measuring centre). A minimum
of one hour per day should be allocated to mathematics for Grades 1 to 3. Mathematics
should also be integrated into other subject areas as appropriate. Mathematics concepts
will also arise throughout the day, as lining up tallest to shortest is done or the number
of minutes until recess is discussed, and teachers should make use of these teachable

mathematical moments.

Recognizing the Important Role of the Teacher

Effective mathematics teaching requires understanding what students
need to learn and then challenging and supporting them to learn it well.
(NCTM, 2000, p. 16)

Teachers have a profound impact on student learning. Having a positive impact

is not an effortless undertaking. Effective teachers:

e help students learn worthwhile and meaningful mathematical content;
 work effectively with a variety of students;

e provide meaningful mathematical activities;

e assess students’ prior knowledge and build on it;

e value and organize resources and materials so that they are easily accessible to

children when they are needed;
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e encourage mathematics risk taking, ownership of learning, and communication

between students;
- facilitate both cooperative strategies and individual practice, when appropriate;

e focus on building a sense of community, trust, personal sharing, and confidence;

engage and value children’s mathematical thinking.

The Conference on Standards for Preschool and Kindergarten Mathematics Education
suggests that:
Teachers’ most important role with respect to mathematics should be finding
frequent opportunities to help children reflect on and extend the mathematics
that arises in their everyday activities, conversations, and play, as well as
structuring environments that support such activities. Teachers should be

proactive as well in introducing mathematical concepts, methods, and
vocabulary. (Clements et al., in press)

In order to facilitate students’ mathematical understanding, teachers themselves
need to develop a sound understanding of mathematics. Teachers need to know
the mathematics that they teach as well as why they teach it. To a significant extent, good
mathematics teaching rests in the teacher’s ability to transform the mathematics content
into forms that are accessible to students. “Although some teachers have important
understandings of the content, they often do not know it in ways that help them hear

students, select good tasks, or help all their students learn” (Ball, 2000, p. 243).

Some elementary teachers come to teaching with the experience of in-depth study of the
subject area, while others develop knowledge through quality in-service and personal
professional development. Before a teacher can develop powerful pedagogical tools, he
or she must be familiar with the process of inquiry and the language of the subject and
must also understand the relationships between information and the concepts that help
organize that information in the discipline (National Research Council, 1998). Once teachers
have an understanding of the content and pedagogy of mathematics, they then need

to be able to use this knowledge in the practice of teaching. This means appraising and
adapting materials, planning and instructing, hearing, interpreting, assessing, and designing

appropriate ways to respond (Kilpatrick et al., 2001).
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Needing the Supportive Role of Principals and School Boards

Principals and senior administration play an important role in supporting a positive learning
environment for mathematics education. Principals and senior administrators need to
foster a mathematics community in schools and school boards, where, for example, new
teachers are mentored in mathematics instruction and all teachers are encouraged to
share their best practices. Principals and senior administrators can enhance the home and
school connections for mathematics. This includes collaborating with teachers, parents,
school trustees, and the community in a dialogue about mathematics education. Principals
and senior administrators may help secure the necessary resources for sound early
mathematics programs. These resources include, but are not limited to, mathematics
manipulatives, print materials, time, timetabling to encourage sharing among teachers of
the same grade, and supporting and drawing on the expertise both within and outside
the school community. Principals and senior administrators serve as instructional leaders
and as role models of the lifelong learner, continuing to learn about effective mathematics
education. Principals and senior administrators should become familiar with the
components of an effective mathematics program and should be able to recognize

and encourage the use of those components in the classroom and in schools.

Summary of the Learning Environment

Several factors come together to create an effective learning environment for early

mathematics education. An effective learning environment should:
- foster positive beliefs and attitudes about mathematics;

= value prior knowledge and make connections between important concepts in

mathematics, the child’s world, and other subjects;
e build a community of mathematics learners where mathematics is seen, heard, and felt;
e focus on important mathematical concepts or big ideas;
e encourage learning through problem solving;
< make strong links with the home and community;
e use resources that aid understanding;

e recognize and support the important role of the teacher;

be supported by principals, senior administrators, and school boards.
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An Effective Teaching Framework

An effective teaching framework provides a balance of teaching strategies, a balance of
student groupings, and a balance of types of activities. In this section, the importance of
balance is discussed and an outline of a suggested teaching framework is provided to assist

the teacher in maintaining that balance.
The Importance of Balance

Teachers have different styles and strategies for helping students learn mathematical
ideas, and there is no one right way to teach mathematics (NCTM, 2000). Yet children
benefit from a thoughtful combination of carefully planned sequences of activities and
of integrated approaches that occur throughout the day (Clements et al., in press). These
mathematical experiences vary from the incidental and informal to the systematic and

planned (Kamii & Housman, 1999).

In an effective mathematics program, balance is the essential factor. In a discussion
of balance, many things need to be considered. In particular, there needs to be a balance

of the following:

e skill development and problem solving

Carpenter, Fennema, Penelope, Chiang, and Loef (1989) found that, when instruction
focused on problem solving, children not only became better problem solvers but also
had better mastery of computations than did children whose instruction focused solely
on drill and the practice of basic facts. Children need time to practise and consolidate

skills, balanced with time to put those skills to use in a problem-solving context.

e conceptual understanding and technical proficiency

A balanced program balances content and process and conceptual understanding
and skill development. Research indicates that, if children memorize mathematical
procedures without understanding, they find it difficult to go back later and build
understanding (Resnick & Omanson, 1987; Wearne & Hiebert, 1988). Children may
forget steps and confuse methods when they memorize without understanding.
While developing fluency with basic facts is important, children need instructional
strategies and approaches that allow them to develop meaningful and efficient

methods for addition, subtraction, multiplication, and division.
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e teaching strategies

In an effective primary mathematics program, the teacher uses a balance of strategies,
including play, exploration, investigation, direct instruction, and practice in a stimulating

environment.

e investigation and guided learning

Children need guided experiences to help them access mathematical knowledge. These
guided experiences are most effective when they include active, concrete activities.
Investigations provide students with opportunities to explore mathematical concepts

using a variety of strategies.

e individual activities and group activities

A variety of different groupings are effective. Students need time to communicate

with their peers about mathematics and time to work independently.

e activities to address different learning styles

Students learn in different ways; for instance, there are visual, auditory, and kinesthetic
learners. It is important to use many different representations to address the needs of
particular types of learners and to help to develop a broad range of learning styles in
each child.

e strands

A balanced program provides learning opportunities in all five strands. However,
Number Sense and Numeration is a foundational strand for primary mathematics.
Because number sense pervades the other strands of mathematics, it may be connected
with mathematical activities in all strands and with mathematical teaching moments

throughout the school day.

e actions of mathematics or categories of the achievement chart

The categories of the achievement chart suggest that students should be engaged
in developing knowledge and conceptual understanding, applying that knowledge,
problem solving, and communicating. These categories of the achievement chart

should be evident in instructional practices as well as in assessment.
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e assessment strategies

A variety of assessment strategies should be used so that all children have the

opportunity to show what they know and can do in ways that best suit them.

In Adding It Up (Kilpatrick et al., 2001) a mathematically proficient child is defined

as one who has balanced development in the following areas:

— conceptual understanding — comprehension of mathematical concepts,
operations, and relations

— procedural fluency - skill in carrying out procedures flexibly, accurately,
efficiently, and appropriately

— strategic competence — ability to formulate, represent, and solve
mathematical problems

— adaptive reasoning — capacity for logical thought, reflection, explanation,
and justification

— productive disposition — habitual inclination to see mathematics as sensible,
useful, and worthwhile, coupled with a belief in diligence and one’s own
efficacy. (p. 116)

The integrated and balanced development of all five strands of mathematical
proficiency should guide the teaching and learning of school mathematics.
Instruction should not be based on extreme positions that students learn, on
the one hand, solely by internalizing what a teacher or book says or, on the
other hand, solely by inventing mathematics on their own. (Kilpatrick et al.,
2001, p. 11)

Components of a Balanced Program

In the building of a balanced program, three components are suggested. These include
guided mathematics, shared mathematics, and independent mathematics. Although these
components are listed and diagrammed in a specific order, that order does not reflect a
sequence that must occur in a mathematics classroom. For instance, in the development of
a concept, a teacher may use shared mathematics to allow students to explore the problem
and discuss possible solutions; he or she may then use the technique of guided mathematics
to help students with a new strategy that would be helpful in solving the problem at
hand; the class may then engage in more shared mathematics; and then students could
solidify the concept with an independent mathematical activity, such as using a manipulative
to demonstrate their understanding of the concept. In each of these components, assessment
and instruction are intrinsically linked. In other words, during the initial shared mathematics,

the teacher may be listening and observing as a form of informal diagnostic assessment to
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see what prior knowledge the students bring to the situation. Demonstration with the
manipulative may be viewed as an assessment activity that shows the teacher what the

student has learned.

Fuson (in press) suggests that superior learning can take place using an effective method
that has three phases. She suggests that, in the initial phase, teachers involve the students
in introducing the concept through discussion and explanations. This phase also includes
eliciting the student’s prior knowledge about the concept. In the second phase, the student
work is supported with help from the teacher and peers. As well, scaffolding (e.g., helping
students break down a problem or providing steps and hints) would be added when deemed
appropriate. Fuson suggests that this second phase helps students move from a dependent
phase to an independent phase. The third phase is an independent phase in which students
consolidate their understanding. Fuson’s phases correlate with the components of guided

mathematics, shared mathematics, and independent mathematics.

A description of each of the components of learning in a balanced mathematics
program — shared mathematics, guided mathematics, and independent mathematics —

follows. A discussion of linking instruction and assessment appears subsequently.
Shared Mathematics

Previous discussions have emphasized the importance of problem solving and communication
in developing a mathematics community. This community can only come about through
opportunities for