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continuum X with cohomological dimension dimg X = n is a generalized V"-space

MSC: with respect to the cohomological dimension dimg. In particular, every strongly
55M10 locally homogeneous continuum of covering dimension n is a V"-continuum in the
54F45 sense of Alexandroff. This provides a partial answer to a question raised in [12].
An analog of the Mazurkiewicz theorem that no subset of covering dimension <
Keywords: n — 2 cuts any region of the Euclidean n-space is also obtained for strongly locally
Cohomological dimension homogeneous generalized continua X of cohomological dimension dimg X = n.
Strongly locally homogeneous space © 2024 Elsevier B.V. All rights reserved.

V" -continuum

1. Introduction

By a space we mean a locally compact separable metric space, unless otherwise stated, and each of its
connected open subsets is called a region or a generalized continuum. Maps are continuous mappings. The
covering dimension of a space X is denoted by dim X. Cech cohomology groups H" (X; G) with coefficients
in an Abelian group G are considered everywhere below.

The cohomological dimension dimg X of a space X is the largest number n such that there exists a closed
subset A C X with

H"(X, A;G) #0.
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Equivalently, dimg X < n if and only if for any closed pair A C B in X the homomorphism j% , :
H™(B;G) — H"(A;G), generated by the inclusion A < B, is surjective, see [5].

If X is a finite-dimensional space, then for every G we have dimg X < dimz X = dim X [11].

The notion of a V™-continuum was introduced by Alexandroff [1] as a generalization of the concept of
n-manifold. A continuum X is a V"™-continuum if for every two closed disjoint subsets P and @ of X, both
having non-empty interiors int P, int ), there exists an open cover w of X such that no partition C' C X
between P and @) admits an w-map into a space ¥ with dimY < n — 2 (by an w-map on C' we mean an
w|C-map, where w|C = {UNC : U € w}). We extend the notion of V"-continua as follows.

Definition 1.1. A space X is a V"™(G)-space if for any two closed disjoint sets P, @ in X with int P # & #
int ) there exists an open cover w of X such that no partition in X between P and ) admits an w-map
into a space Y of cohomological dimension dimgY <n — 2.

Compact V"(G)-spaces were defined in [7] under the name of V™-continua with respect to the class
of all spaces with dimg < n — 2 and studied in [12] as Alexandroff manifolds with respect to the class.
Trivially, any connected space is V!(G). One can easily observe that each V"(G)-space is connected, so it
is a generalized continuum.

Recall that a space X is homogeneous if for every x,y € X there is a homeomorphism h : X — X
such that h(x) = y. A space X is strongly locally homogeneous if every point € X has a basis of open
neighborhoods U such that for every y, z € U there is a homeomorphism h on X such that h(y) = z and h
is the identity on X \ U.

Basic examples of strongly locally homogeneous spaces are the Euclidean space R™ and the Menger
universal n-dimensional continuum M,, [3, Theorem 3.2.2].

Every region of a strongly locally homogeneous space is homogeneous, strongly locally homogeneous, and
it is also known to be locally connected [2].

The question whether every homogeneous AN R-continuum X of dimension dim X = n is a V"-continuum
was raised in [12, Question 1.2]. In this note we prove the following theorem which provides a partial answer
to that question.

Theorem 1.1. Fvery strongly locally homogeneous generalized continuum X with dimg X = n is a V*(G)-
space.

Since dimg R™ = dimg M,, = n for any Abelian group G, and both Euclidean n-manifolds and Menger
M ,-manifolds are strongly locally homogeneous, we get the following corollary.

Corollary 1.2. Connected Euclidean n-manifolds and Menger M, -manifolds are V"(G)-spaces for any
Abelian group G.

It was established in [9, Theorem 4] that every region A of a homogeneous and locally connected space
X with dimg A = n cannot be cut by an F,-set M of dimension dimg M < n — 2. For strongly locally
homogeneous spaces we get the following theorem.

Theorem 1.3. Let X be a strongly locally homogeneous generalized continuum with dimg X = n. Then for
every pair U,V C X of disjoint, nonempty, open sets, and every set M C X with dimg M < n — 2, there is
a continuum K C X\M joining U and V.

It is well known that finite-dimensional homogeneous AN R-continua share many properties with Eu-
clidean manifolds, see [13]. This fact and Theorem 1.1 suggest the following question, the positive solution
of which would answer [12, Question 1.2].
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Question 1.4. Let X be a homogeneous AN R-continuum with dim X = n. Is it true that X is strongly
locally homogeneous?

2. Proofs of Theorems 1.1 and 1.3

If w is an open cover of X and F C X is closed, for every closed C' C X we consider a canonical map
Kuwe + (C,CNF) = (Nyjo; Nujcnr)), where Ny and N, cnr) are the nerves of the covers w|C and
w|(C' N F), respectively (see, e.g., [6, §11]). The following notion was introduced in [12].

Let P and @ be disjoint, nonempty, open subsets of a continuum X, and F C X be closed. We say
that the pair (X, F') is K@-connected between P and () if there exists an open cover w of X such that the
following condition holds for every partition C in X between P and Q:

the map k. : (C,CNF) = (Nyjo, Nujcnr)) generates a non-trivial homomorphism

Ko t H" N (Nyjoy Nojonr); G) — H*HC,C N F;G).
If, in addition, there is e € H" (N, N(ynr)) such that

Foo(iGe(€)) # 0

for every partition C' in X between P and @, the pair (X, F) is called strongly K{-connected between P
and Q. Here, Y = X\(PUQ) and

iwe  (Nojo Nujenry) = (Nuws Nojvar))

is the inclusion.

Further, (X, F) is said to be a K%-manifold (strong K-manifold) if it is Ki-connected (resp., strongly
K-connected) between any two nonempty open disjoint sets P, Q C X.

The notion of a (strong) KZ-manifold is justified by the following result which was actually established
in [10, Theorem 1].

Proposition 2.1. Every compactum X (not necessarily metrizable) with dimg X = n contains a pair (Y, F)
of closed sets with dimg Y = n such that F' is nowhere dense in'Y and (Y, F) is a strong K@-manifold.

We need an analogous statement for locally compact spaces.

Lemma 2.2. Every space X with dimg X = n contains a strong K&-manifold (®, F'), where ® is a compactum
with dimg ® = n and F is a closed nowhere dense subset of ®. In particular, ® is a V" (G)-space.

Proof. Since X is a countable union of compact sets, there exists a compactum Y C X with dimgV =n
(otherwise, by the countable sum theorem for dimg, dimg X < n — 1). Then, by Proposition 2.1, there is a
pair F' C ® of compact sets in Y with dimg ® = n such that F is nowhere dense in ® and (®, F) is a strong
KJ-manifold. Finally, according to [12, Proposition 2.2], ® is a V"(G)-space. 0O

Remark 2.3. According to [7, Theorem 2.6], every compactum Y with dimgY = n contains a compact
V™ (G)-space ® such that dimg ® = n. Lemma 2.2 is a stronger statement which will allow us to prove
Theorem 1.3.

Lemma 2.4. Let X be a strongly locally homogeneous generalized continuum with dim X > 2 and let ® C X
be a compactum containing at least two points. Suppose that U and V are nonempty open subsets of X with
UNV =a. Then there exists a homeomorphism h : X — X such that h(®)NU # & #h(®)NV.
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Proof. For every = € X, let B, be a basis at x consisting of open sets W C X such that for all y,z € W
there is a homeomorphism h on X with h(y) = z and such that h is the identity outside W.

Since X is homogeneous, we can assume that ® NU # @ and choose zy € PN U. Let T" be the set of all
x € X such that  # zy and there is a homeomorphism h, : X — X with € h,(®) and h,(xy) = xy.
Take x € ®\{zy}. Obviously, the identity homeomorphism on X witnesses that z € T, so '\ {zp} # 2.

Claim 1. T'\ {xy} is open in X\{zy}.

Indeed, let z € T'\ {zy}. So, there exists a homeomorphism h, on X such that x € h,(®) and h,(zy) =
zy. Choose W, € B, with zy ¢ W,. Then for every y € W, there is a homeomorphism h,, on X with
hay(x) =y and hyy(z) = z for all z € W,. The composition hy = hyy o h, is a homeomorphism such that
y € hy(®) and hy(zy) = zy. This shows that W, C '\ {zy}, hence I' \ {zy} is open in X\{zy}.

Claim 2. T'\ {ay} is closed in X\{zy}.

To show Claim 2, let {zx}72, be a sequence in I' \ {zy} converging to a point zo € X\{zy}. Take
Wao € By, with zy & Wy, and let o, € W,,. There exist homeomorphisms h,, and hy,,, on X such that

and hg, z, is the identity outside W,,. Evidently, the homeomorphism h,, = hy, 4, © hsy, satisfies the
conditions z¢ € hy,(®) and hy, (zy) = zy. Hence, zp € T'\ {zy}, which completes the proof of Claim 2.

Since X\{zy} is a connected set [8], I'\ {zv} = X\{zv} by Claims 1 and 2. So, every « € V belongs to
I'. This means that there is a homeomorphism s on X such that h(®) meets both sets U and V. 0O

Remark 2.5. Another proof of Lemma 2.4 follows from the fact that every strongly locally homogeneous
space without separating points is 2-homogeneous [2]. This means that if A, B are 2-point sets in X, then
there is a homeomorphism h on X with h(A) = B. To apply this fact, choose A, B any 2-point sets such
that A C ® and B meets both U and V.

Proof of Theorem 1.1. Assume dimg X = n > 2 (the case dimg X = 1 is trivial). Then dim X > 2. Suppose
X is not a V™(G)-space. Hence, there are closed disjoint sets P,Q C X, both having nonempty interiors,
such that for every open cover w of X there exists a partition C,, in X between P and () admitting an
w-map into a space Y, with dimg Y, <n — 2.

According to Lemma 2.2, X contains a compact V"(G)-space ® of dimension dimg X = n > 2. In
particular, ® is nondegenerate. By Lemma 2.4, there is a homeomorphism h : X — X such that h(®P) meets
both int P and int Q.

Since h(®) is a V" (G)-space, there is an open cover wg of h(®P) such that no partition in h(®) between
the sets h(®) N P and h(P) N Q admits an wy-map into a space of dimension dimg < n — 2. Extend wy to
an open cover w; of X and observe that, for the partition C,z, the set C,: N h(®) is a partition in h(P)
between h(®) N P and h(®) N Q which admits an we-map into the space Y,; with dimgY,s < n —2, a
contradiction. 0O

Proof of Theorem 1.3. Suppose U and V are nonempty, disjoint, open subsets of X, and let M C X be a
set of dimension dimg M < n — 2. Considering smaller subsets if necessary, we can assume that the closures
U and V are also disjoint. By Lemma 2.2, there is a compact pair (®, F) in X with dimg ® = n such that
F is nowhere dense in ® and (@, F') is a strong KZ-manifold. By Lemma 2.4, there is a homeomorphism h
on X such that h(®)NU # & # h(®)NV. Then h(®P) is a continuum joining U and V. So, if M Nh(P) = @,
we are done. If M N h(P) # &, we can apply [12, Theorem 3.1] (see Theorem 3.2 in the Appendix) to find
a continuum K C h(®)\M joining U N h(P) and V NA(P). O
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3. Appendix

In this section we relax the assumption that spaces are locally compact separable metric.
In our paper [7] we considered the dimension Dy which unifies the covering and the cohomological
dimensions.

Definition 3.1. [/] A sequence K = { Ky, K1, ..} of CW-complexes is called a stratum for a dimension theory
if for each (paracompact) space X admitting a perfect map onto a metrizable space, K,, € AE(X) implies
both K11 € AE(X x [0,1]) and K,,4; € AE(X) for all j > 0 (here, K,, € AE(X) means that K, is an
absolute extensor for X).

Given a stratum /X, the dimension function Dy for a space X as above is defined in the following way:

IC(X) =—-1iff X :(D;
(X)) <nif K, € AE(X) forn > 0; if Dic(X) < nand K,,, € AE(X) for all m < n, then Di(X) = n;

1.
2.
3. Dk(X) = o0 if Di(X) < n is not satisfied for any n.

Do

We proved in [7, Theorem 2.6] that any compact space X (not necessarily metrizable) of dimension
Dy X = n contains a continuum V" with respect to Dx. The definition of continuum V™ with respect to
Dy is the same as that one of a V"(G)-space; the only difference is that we consider the dimension Dy
instead of dimg. So, in order to prove Theorem 1.1 in a more general version for the dimension Dy, we can
use Theorem 2.6 from [7] instead of Proposition 2.1.

There is one claim from the proof of [7, Theorem 2.6], see Claim 2.7, which was left without proof in
that paper. Below, we provide a detailed proof of the claim for completeness.

Lemma 3.1. [7, Claim 2.7] Let F : Z — K be a map, where Z is a nonempty compact space and K is a
nonempty metrizable AN R. Then for every open cover v of K there exists an open cover v of Z satisfying
the following condition: for any closed set B C Z and any v-map ¢ : B — Y, where Y is a paracompact
space, there is a map g : (B) — K such that g o ¢ is y-close to the restriction F|B.

Proof. We embed K as a closed subset of a normed space L and find a retraction r : W — K, where
W is open in L. For every x € K, choose U, € v containing z, and a convex open subset U, of L such
that z € U, and r(ﬁL) C U,. Next, take an open cover v of K which is a star-refinement of the cover
¥={U,NK:z¢cK}.

Let us show that the cover v = F~1(y') is as required. Suppose B C Z is closed and ¢ : B — Y is a
v-map. We can assume that ¢(B) = Y, so there is a finite open cover 8 of Y such that ¢ =1(83) refines v.
For every V € 8 fix Ay € v and a point ay € F(Ay) with =*(V) C Ay. Let Ng be the nerve of 3 and
kg 1Y — Ng the canonical map assigning to each y € Y the point > 5 fv(y)V, where y € Ny eV and
{fv : V € B} is a partition of unity subordinated to 8 (here the elements V € [ are considered also as
vertices of Ng).

We define a map h: N3 = K by

h(z tyV) = T(Z tyay), where Z ty =1,ty >0,

vep vep vep

and let g = h o k. To check that g o ¢ is y-close to F|B, we fix z € B. Then

ra(p(2)) = D frlp()V and  h(xs(p(2))) = (D fr(p(x))av),

vep vep

where ¢(2) € NyegV.
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Since +' is a star-refinement of 7, there is U, € ~ such that U, N K contains all points ay. So,

dvep fvig(z))ay € U, because U, is convex. Consequently, h(kg(p(z))) € Ug. On the other hand,
F(z) € NyepF(Ay) C U,. Therefore, F|B and g o ¢ are y-close. O

The proof of Theorem 1.3 is based on Theorem 3.1 from [12]. Here is the formulation of that theorem
which was actually established in [12]:

Theorem 3.2. [12, Theorem 3.1] Let (X, F') be a strong Kg-manifold and M be a Lindeldf, normally placed
subset of X with dimg M < n — 2. Then for every disjoint, nonempty, open subsets U and V of X there
exists a continuum K C X\M such that UNK # @ #V NK.

Recall that a set M C X is normally placed if every two closed disjoint sets in M have disjoint open in
X neighborhoods. For example, every F,-subset of a normal space is normally placed. The same is true if
X is a metric space and M C X is arbitrary.

References

[1] P.S. Alexandroff, Die Kontinua (V?) - eine Verschirfung der Cantorschen Mannigfaltigkeiten, Monatshefte Math. 61 (1957)
67-76 (German).

[2] J.W. Bales, Representable and strongly locally homogeneous spaces and strongly n-homogeneous spaces, Houst. J. Math.
2 (1976) 315-327.
[3] M. Bestvina, Characterizing k-dimensional universal Menger compacta, Mem. Am. Math. Soc. 380 (1988).
[4] T. Dobrowolski, L. Rubin, The hyperspaces of infinite-dimensional compacta for covering and cohomological dimension
are homeomorphic, Pac. J. Math. 164 (1994) 15-39.
[5] J. Dydak, Cohomological dimension and metrizable spaces, Trans. Am. Math. Soc. 337 (1993) 219-234.
[6] S. Eilenberg, N. Steenrod, Foundations of Algebraic Topology, Princeton University Press, 1952.
[7] A. Karassev, P. Krupski, V. Todorov, V. Valov, Generalized Cantor manifods and homogeneity, Houst. J. Math. 38 (2012)
583-609.
[8] P. Krupski, Homogeneity and Cantor manifolds, Proc. Am. Math. Soc. 109 (1990) 1135-1142.
[9] P. Krupski, V. Valov, Mazurkiewicz manifolds and homogeneity, Rocky Mt. J. Math. 41 (6) (2011) 1-6.
] V. Kuz’'minov, On continua V", Dokl. Akad. Nauk SSSR 139 (1) (1961) 24-27 (in Russian).
] V. Kuz’'minov, Homological dimension theory, Russ. Math. Surv. 23 (1968) 1-45.
] V. Todorov, V. Valov, Alexandroff type manifolds and homology manifolds, Houst. J. Math. 40 (2014) 1325-1346.
]

[10
11
[12
[13] V. Valov, Local structure of homogeneous AN R-spaces, arXiv:2303.10205v1 [math.GN].


http://refhub.elsevier.com/S0166-8641(24)00073-7/bib8812C36AA5AE336C2A77BF63211D899As1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bib8812C36AA5AE336C2A77BF63211D899As1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bib07159C47EE1B19AE4FB9C40D480856C4s1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bib07159C47EE1B19AE4FB9C40D480856C4s1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bib910955A907E739B81EC8855763108A29s1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bibB4688AAAAF17FAD03225929FE56AD458s1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bibB4688AAAAF17FAD03225929FE56AD458s1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bib8E7DD5D3E76AA952E21999A5537DCFFBs1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bib12470FE406D44017D96EAB37DD65FC14s1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bib6A37219524AA998294B3312EB0E81722s1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bib6A37219524AA998294B3312EB0E81722s1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bibDCF0D7D2CD120BF42580D43F29785DD3s1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bib82D09147453D572BC287F74AAD062CFAs1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bib89E3F2BDEC46CE09E954B4CDE93BA62Cs1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bib19E2ADC1D3D62258A2E756CC95311B79s1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bibC9A1FDAC6E082DD89E7173244F34D7B3s1
http://refhub.elsevier.com/S0166-8641(24)00073-7/bibC4055E3A20B6B3AF3D10590EA446EF6Cs1

	Strongly locally homogeneous generalized continua of finite cohomological dimension
	1 Introduction
	2 Proofs of Theorems 1.1 and 1.3
	3 Appendix
	References


