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1 Introduction and preliminaries

The goal of this paper is to provide an overview of some results about ranks and
approximate root properties of C*-algebras obtained by the author and his coau-
thors, see [7], [8], [9]. We did not aim at the full coverage of all achievement in this
very broad field. Instead, we included here the formulation and proofs of certain
theorems, thus hoping to convey the key ideas to the reader.

The concept of the real rank plays an important role in a variety of problems
related to general classification problems of C*-algebras. Despite of this widely rec-
ognized fact we still see continuing attempts of defining “right dimension" (such as
stable [18], analytic [14], tracial [13], exponential [17], completely positive [19] ranks)
for unital C*-algebras. Definition of the real rank [3] (as well as of its prototype —
topological stable rank) of unital C*-algebras is based on a well known characteri-
zation of the covering dimension of compact spaces. But still it is not known if the
real rank of any product of unital C*-algebras each of real rank < n is also < n.
At the same time the corresponding topological fact is true. The main advantage of
the bounded rank, introduced in [8], is that the analog of the above question has a
positive answer. This fact is used in the construction of a separable unital universal
C*-algebra in the class of all separable unital C*-algebras of bounded rank < n (see
Theorem 14). A motivation for such a result lies, once again, in dimension theory.
It is well known that the Menger cube p™ contains a topological copy of any at
most n-dimensional compact metric space. The definition and the main properties
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of the bounded rank, as well as, the relation between the real and bounded rank,
are discussed in Section 2.

Section 3 is devoted to the definition and some properties of infinite real and
bounded ranks defined in [9]. It is clear that some C*-algebras of infinite real rank
have infinite rank in a very strong sense. Distinguishing these types of infinite ranks
is the main reason to introduce the weakly(strongly) infinite real and bounded ranks.
As expected, every C*-algebra of finite real rank has weakly infinite rank. On the
other hand there exists non-commutative C'*-algebras of weakly infinite but not finite
real rank (Corollary 8). The commutative case is completely settle by establishing
(Theorem 19) that the function algebra C(X), where X is compact, has weakly
infinite real rank if and only if X is a weakly infinite-dimensional.

In the last Section 4 we consider the so called approximate n-root property of
C*-algebras. This property was introduced in [7] by modifying a similar property
of the function spaces C(X) with X a compactum. The commutative and non-
commutative cases are considered. One of the main results is that the class of all
unital separable C*-algebras with the approximate n-th root property has universal
elements which are non-commutative.

All C*-algebras below are assumed to be unital. When we refer to a unital
C*-subalgebra of a unital C*-algebra we implicitly assume that the inclusion is a
unital *-homomorphism. The set of all self-adjoint elements of a C*-algebra X is
denoted by Xs,. The product in the category of (unital) C*-algebras, i.e. the £°°-
direct sum, is denoted by [[{X;: ¢t € T'}. For a given set ¥ and a cardinal number
7 the symbol exp. Y denotes the partially ordered (by inclusion) set of all subsets
of Y of cardinality not exceeding 7.

Recall that a direct system S = {Xa,ig, A} of unital C*-algebras consists of
a partially ordered directed indexing set A, unital C*-algebras X,, a € A, and
unital *-homomorphisms zg Xo — Xg, defined for each pair of indexes o, 3 € A
with a < B, and satisfying the condition i} = zg, o i for each triple of indexes
a, B,y € A with a < 8 < . The (inductive) limit of the above direct system is a
unital C*-algebra which is denoted by li_r>n5 . For each o € A there exists a unital *-
homomorphism i,: X, — liﬂS which will be called the a-th limit homomorphism
of S.

If A’ is a directed subset of the indexing set A, then the subsystem {X,, ig, A’}
of § is denoted S|A’.

Definition 1. Let 7 > w be a cardinal number. A direct system S = {Xa, ig, A} of
unital C*-algebras X, and unital x-homomorphisms zg Xo — Xg is called a direct
C*-system [4] if the following conditions are satisfied:

(a) A is a T-complete set (this means that for each chain C of elements of the
directed set A with |C| < 7, there exists an element supC in A; see [6] for
details).

(b) Density of X is at most T (i.e. d(Xo) < 7), a € A.
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(c) The a-th limit homomorphism iq: Xo — ligS s an injective x-homomorphism
for each a € A.

(d) If B={ay:t € T} is a chain of elements of A with |T| < T and o = sup B, then
the limit homomorphism hgn{zgt :teT}: lim (S|B) = X4 is an isomorphism.

We recall the concept of a C-invertibility introduced in [5]. For a given class C of
unital C*-algebras the C-invertibility of a unital x-homomorphism p: Y — Z means
that for any unital *-homomorphism g: ¥ — X, with X € C, there exists a unital
*-homomorphism h: Z — X such that g = h o p. It is easy to see that if C consists
of separable C*-algebras and there exists a C-invertible unital x-homomorphism
p: C* (Fso) = Zc such that Z¢ € C, where C* (F) denotes the group C*-algebra
of the free group on countable number of generators, then Z¢ is an universal element
in the class C. Indeed, since every element X of C can be represented as the image of
C* (F) under a surjective x-homomorphism g: C* (Fo,) — X, the C-invertibility
of p guarantees that there exists a surjective *-homomorphism h: Zo — X such
that g = hop.

2 Bounded and real ranks

2.1 Real rank - simple characterizations

The definition of the real rank [3] (as well as of its prototype — topological stable rank
[18]) of unital C*-algebras is based on the following standard result from classical
dimension theory (see [11], [15], [16], [10]) characterizing the Lebesgue dimension
dim of compact spaces: The Lebesgue dimension dim X of a compact space X is the
least integer n such that the set {f: C(X,R"*1): 0 ¢ f(X)} is dense in the space'
C(X,R"*1) of all continuous maps of X in to the Euclidean space R"+1.

A map f € CO(X,R"!) may be identified with the (n + 1)-tuple (71 o

fy-osTna1 o f), where m: R?™1 — R is a projection onto the k-th coordinate,
k=1,...,n+1. The condition 0 = (0,...,0) € f(X) may be equivalently expressed
as the condition ZZI% f,? () # 0 for any x € X. This, in turn, can be equivalently

rephrased as the invertibility of the element ZZI% f,f These two observations lead

us to the definition of the real rank:

Definition 2. [3] The real rank rr(X) of a unital C*-algebra is the least integer n
such that each (n + 1)-tuple (x1,...,2n+1) of elements from Xqq can be arbitrarily
closely approzimated by another (n+ 1)-tuple (y1,...,Yn+1) of self-adjoint elements
so that the element 22211 y2 is invertible.

1 Compact-open topology is being considered.
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We have the following description of the real rank:

Proposition 4. [8] The following conditions are equivalent for a unital C*-algebra

X;

(1) rr(X) < n;

(2) for each (n + 1)-tuple (x1,...,2n+1) in Xeq and for each € > 0, there ez-
ists an (n + 1)-tuple (Y1, ..., Ynt+1) in Xsq such that 521 y? is invertible and
lzx — ykll < € for each k =1,2,...,n+ 1.

(8) for each (n + 1)-tuple (x1,...,2n+1) in Xsq, with ||zk|| = 1 for each k =
1,...,n+1, and for each € > 0, there exists an (n + 1)-tuple (y1,...,Ynt1) in
Xsq such that ZZ;F% y2 is invertible and ||z, — yi|| < € for eachk =1,...,n+1.

Let IL(C™) denote the collection of compact subsets of C™ and M € N U {oo}. A

generalized joint M-spectrum (or simply spectrum) on an unital C*-algebra X is a

collection {7y, : m < M} of maps 7., : X™ — K(C™) satisfying conditions (I)—(III)

below:

(1) om(z1,...,2m) is a non-empty compact subset of C™.

(II) If € X, then o1(z) = o(x), where o(x) denotes the usual spectrum of the
element z.

(II)p(om(z1, ..., Tm)) = on(p(z1,...,2m)) for every polynomial mapping p =
(p1y---ypn): C™ — C™.

We also consider the following two properties:

(IV)There exists a constant K > 0 (called a polynomial spectral constant) such that
for any rational 6 > 0, for any m-tuple (z1,...,2m) in X (resp., in Xg,) and
for any polynomial mapping p = (p1,...,pm): C™ — C™ (resp., having real
coefficients) with ||p —idcm || < K - §, there exists an m-tuple (y1,...,%m) in X
(resp., in Xgq) such that o(y1,...,ym) = p(Om(T1,...,Tm)) and ||z —yi| < 6
foreach k =1,...,m.

(V) There exists K > 0 (called a general spectral constant) such that for any

rational 6 > 0, for any m-tuple (z1,...,2m,) in X (resp., in Xsq) and for
any map f from op(z1,...,2Zm) into C™ (resp., into R™ C C™) with
| f —id~ || < K -4, there exists an m-tuple (y1,...,Ym) in X (resp., in

Om(T1, s Tm)

Xsq) such that o(y1,...,ym) = f(Gm(z1,...,2m)) and ||zr — yr|| < 6 for each
k=1,...,m.

Few observations are in order:

(A) Concerning property (I), it is not usually requested (in a much general setting
though) the spectrum of every tuple of non-commuting elements to be non-
empty.
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(B) Properties (I)—(III) are standard axioms [20] of joint spectra (for commuting
tuples) in Banach algebras. Property (III) is known as the spectral mapping
property of o.

(C) It is easy to see [20] that properties (II) and (III) imply the inclusion

Om (21, xm) C [[{o(zk): k = 1,...,m} for any m-tuple (z1,...,2y) in
X.

(D) Note that if, in property (IIT), the m-tuple (z1,...,2,,) consists of self-adjoint
elements and the polynomials p, & = 1,...,m, have real coefficients, then the
m-tuple

p(x17~~-,mm) = (pl(xlw"7xm),"'7pm($l7"'7$m))

also consists of self-adjoint elements.

(E) We do not specify whether the m-~tuple (y1, ...,y ) in property (IV) is obtained
as the image of the m-tuple (21, ..., 2, ) under the polynomial p. Nevertheless,
in light of (D), we require that all y;’s are self-adjoint provided that all ;;’s are
self-adjoint and all the coefficients of the polynomials p; are real.

(F) Similar comment with respect to property (V). If all z;’s are self-adjoint and
fom(z1,...,zm)) € R™ C C™, then all yi’s are also assumed to be self-
adjoint.

(G)If T is a compact space and (z1,...,Z;) is an m-tuple in C(T), let define
om(T1, .. xm) = Mok k=1,...,m}(T), where ANz k=1,...,m}(t) =
(z1(t),...,zm(t)) for each t € T. So obtained generalized joint spectrum has all
the properties (I)=(V) with K = 1.

(H) For any C*-algebra X the usual spectrum o(z), © € X, provides an example of
a generalized joint 1-spectrum. This follows from spectral mapping theorem and
considerations related to the functional calculus.

The real rank can be characterized in terms of generalized joint spectra:

Proposition 5. [8] If there exists a generalized joint (n + 1)-spectrum on a unital

C*-algebra X, then the following conditions are equivalent:

(a) rr(X) <n;

(b) For every (n+1)-tuple (x1,...,Tny1) of self-adjoint elements in X and for every
€ > 0 there exists an (n + 1)-tuple (y1,...,Yn+1) of self-adjoint elements such
that
(i) llzg —ykll <€ foreachk=1,....,.n+1;

(i1) O & Tni1(y1s- - -, Ynt1)-

2.2 Bounded rank

The analogy between the definition of the dimension dim and the real rank is quite
formal and does not go far beyond the obvious observation that rr(X) = dim Q(X),
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where Q(X) is the spectrum of the commutative unital C*-algebra X, and a
few other straightforward extensions of certain basic facts from classical dimen-
sion theory to a non-commutative situation. But there are difficulties in finding
proper algebraic interpretations in terms of the concept of the real rank of a non-
commutative unital C*-algebra X of such an immediate geometric consequence of
the condition dim 2(X) < n as the possibility not only to remove the image of any
f: Q(X) = R™! from 0, but even to push this image by an e-move outside the
open ball O(0,€) of radius ¢ > 0. As it turns out in the presence of some form of
functional calculus (as in the commutative or the real rank zero cases — see Corollar-
ies 3 and 4) there exists a satisfactory analog of the above mentioned geometric fact.
As for the general case, the situation remains unclear and we, as a consequence, are
unable to answer the question:

Question 6. Is it true that rr ([[{X:: t € T) < n for any collection of unital C*-
algebras X; such that rr(Xy) <n for each t € T?

The corresponding topological fact — dim 8 (&{Q(X:):t€T}) < n — is easy to
establish?. Perhaps the easiest way of proving the desired inequality in terms of the
above given characterization of dim is first to approximate (as close as we wish)
each of the restrictions f;: Q(X;) — R"1, ¢t € T, of an arbitrarily given map
f:B(@{Q(Xy):teT}) — R by maps g¢: Q(X¢) — R\ {0} and then to
move each of the images g; (2(X})) outside of the open ball O (centered at 0) of
the appropriate radius by small moves (independent of ¢ € T') . This way we get a
map g: ® {Q(X;):t € T} — R\ O. Since the image g(®{Q(X¢): t € T}) has a
compact closure, g can be extended to a map g: B (®{Q(X¢): t € T}) — R"F1\ O
which would be the required approximation of f whose image misses 0.

Analysis of this elementary reasoning leads us to the concept of the bounded
rank (to be more specific — bounded rank with respect to a given positive constant).

Definition 3. [8] Let K > 0. We say that an m-tuple (y1,...,ym) of self-adjoint
elements of a unital C*-algebra X is K -unessential if for every rational § > 0 there
exists an m-tuple (z1,...,zm) of self-adjoint elements of X satisfying the following
conditions:

(a) lyx — zk|| < 0 for each k=1,...,m,

(b) The element Y | 2% is invertible and || (>, zz)ilu < 53

1-unessential tuples are referred as unessential.

Remark 2.1. Obviously if K1 < Ks, then every Ks-unessential m-tuple is K-
unessential.

2 K stands for the Stone-Cech compactification of a space K.
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Definition 4. [8] Let K > 0. We say that the bounded rank of a unital C*-algebra
X with respect to K does not exceed n (notation: br(X) < n) if for any (n +1)-
tuple (x1,...,Tn+1) of self-adjoint elements of X and for any € > 0 there exists a
K -unessential (n + 1)-tuple (y1,...,Yns1) in X such that ||z — yi|| < € for each
k= 1,...,n+ 1. For simplicity, br1(X) is denoted by br(X) and it is called a
bounded rank.

We record the following statement for future references.

Proposition 7. [8] rr(X) < brg(X) for any unital C*-algebra X and for any
K > 0.

Proof. Let brg(X) = n and (21,...,2,+1) be an (n + 1)-tuple of self-adjoint el-
ements in X. Let also ¢ > 0. Since brg(X) = n, there exists a K-unessential
(n + 1)-tuple (y1,...,yns1) such that ||z —yxl| < § for each & = 1,...,n + 1.
This in turn means that for a rational number ¢ with § < § there is an (n4-1)-tuple
(21, .., 2ny1) of self-adjoint elements such that

(a) lyx — 2kl <0 foreach k=1,...,n+1,

-1
(b) The element S7F1 22 is invertible and H ( s z,%)

K62

Clearly ||z — 2kl < |2k — vkl + lyr — 26l < §+0 < e, k=1,...,n+ 1. According
to (b), ZZ:; 2% is invertible which shows that rr(X) < n. O

The next two propositions provide a relation between the real and bounded ranks
in the presence of a generalized joint spectrum.

Proposition 8. [8] If there exists a generalized joint (n + 1)-spectrum on a unital
C*-algebra X satisfying conditions (IV'), then the following are equivalent:

(a) rr(X) < n;

(b) brKTz (X) <mn, where K is a polynomial spectral constant of the joint spectrum.

Proposition 9. [8] If there exists a generalized joint (n+ 1)-spectrum on the unital
C*-algebra X satisfying condition (V), then the following are equivalent:

(a) rr(X) < n;

(b) brg=2(X) <n, where K is a general spectral constant of the joint spectrum.

Proposition 10. [8] Let (y1,...,ym) be a commuting m-tuple of self-adjoint ele-
ments of the unital C*-algebra X. Then (y1,...,ym) is K-unessential for any posi-
tive K <1 provided Z:il yf is invertible.

Corollary 3. [8] Let X be a commutative unital C*-algebra and 0 < K < 1. Then
br(X) =rr(X) = dim Q(X), where Q(X) is the spectrum of X.
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Proof. By Proposition 7, rr(X) < brg(X). The opposite inequality brg(X) <
rr(X) follows from Proposition 10. The remaining part is well known (see [3, Propo-
sition 1.1]. O

Corollary 4. [8] Let X be a unital C*-algebra and 0 < K < 1. Then brg(X) =0
if and only if rr(X) = 0.

Proof. According to Proposition 7, brg(X) = 0 yields rr(X) = 0. Conversely, if
rr(X) = 0, then, by Proposition 10, brx (X) = 0. O

We also have the following property of the bounded rank:

Proposition 11. [8]/ Let K > 0 and p: X — Y be a surjective x-homomorphism of
unital C*-algebras. Then bri(Y) < brg(X).

Comparing to the real rank, the bounded rank has the advantage that the corre-
sponding analog of Question 6 has a positive answer. This is actually one of the
main reasons of introducing the concept of bounded rank.

Proposition 12. [8] Let {X;: ¢t € T} be a family of unital C*-algebras such that
bric(X:) <n for each t € T. Then for every K > 0 we have brg ([[{X¢: t € T}) <
n.

Proof. Let (x1,...,Zn+1) be an (n+ 1)-tuple of self-adjoint elements of the product
X =T[{X:: t € T}, where z, = {af:t € T} for each k = 1,...,n+ 1, and let
€ > 0. Our goal is to find a K-unessential (n+1)-tuple (y1,...,yn+1) in X such that
lzr — ykll < €. For a given ¢ € T consider the (n + 1)-tuple (24,... 2% ) of self-
adjoint elements in X;. Since brg (X;) < n, there exists a K-unessential (n+1)-tuple
(i, .., yhy 1) in Xy such that |2}, — yf|x, < § for each k =1,...,n + 1. Consider
the (n + 1)-tuple (y1,...,Yn+1), where yp, = {yL: t € T} for each k =1,...,n+ 1.
Note that y;, € X foreach k =1,...,n+1. Indeed ||y} || x, < |lyt —t] x, +|zkllx, <
s +sup{||zt||x,: t € T} and sup{||y}||x,: t € T} < § +sup{||at||x,: t € T} < oo.
Also note that ||z — yg|| = sup{||lz} — yL|lx,: t € T} < § < e. It only remains to
show that the (n+1)-tuple (y1,...,yn+1) is K-unessential in X. Indeed, let § > 0 be
rational. Since the (n + 1)-tuple (y,...,y% ;) is K-unessential in X;, there exists
an (n + 1)-tuple (21,..., 2} ;) in X; such that

(a)¢ lyk — 2zk|lx, < d foreach k=1,...,n+ 1.

on(zit )7)”

1
< we

Next, consider the (n + 1)-tuple (21,...,2p41), where z, = {z}: ¢t € T} for each
k=1,...,n+ 1. As above, z; € X and obviously

lyx — zill :sup{||yzfz};||xt:teT}Sé,k:l,...7n+l.
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) e -

i te T} < ﬁg as required. O

Finally, note that

-1
n+1l 92
’( k:12k> H
1 2\ !
e 0]

Xt

2.3 Spectral decompositions of unital C*-algebras of bounded
rank n

In this subsection we investigate the behaviour of the bounded rank with respect
to direct systems and prove the existence of universal elements in BRE, where
BRX denotes the class of all separable unital C*-algebras of bounded rank with
respect to K at most m. A motivation for such a result lies, once again, in the
classical dimension theory. It is a well-known observation (see, for instance, [10,
Theorem 1.3.15]) that the Menger cube u™ contains a topological copy of any at
most n-dimensional metrizable compact space. This means that every commutative
separable unital C*-algebra of real rank at most n is a quotient of the C*-algebra
C (1™). We extend this result to the non-commutative case.

The following decomposition theorem was initially established for n = 0 in [5].

Proposition 13. [8] Let K > 0. The following conditions are equivalent for any
unital C*-algebra X :
(a) brg(X) <n.
(b) X can be represented as the direct limit of a direct C-system {Xq,i0, A} sat-
isfying the following properties:
(a) The indexing set A is cofinal and w-closed in the w-complete set exp,, Y for
some (any) countable dense subset Y of X.
(b) Xo is a C*-subalgebra of X such that bri(Xa) <n, a € A.

The proof of Proposition 13 provided in [8] works for the real rank as well.

Corollary 5. [8] Let K > 0. Every countable subset of a unital C*-algebra X
with brg(X) < n is contained in a unital separable C*-subalgebra Xo such that
brg(Xo) <n.

Next, for any K > 0, we construct a universal separable unital C*-algebra ZX of
bounded rank n. Universal in the sense that any other separable unital C*-algebra
with bounded rank < n is its quotient. Recall that C* (F) denotes the group
C*-algebra of the free group on countable number of generators.

Theorem 14. [§] Let K > 0. The class BRE of all separable unital C*-algebras
with brye < n contains an universal element ZX. More precisely, there is a BRE -
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invertible unital x-homomorphism p: C* (F) — Z,,}f, where fo is a separable uni-

tal C*-algebra such that bry (Z,If) =n.

Proof. Let A= {f:: C* (Fso) = Xt,t € T} denote the set of all unital *-homomor-
phisms, defined on C* (F), such that bri(X:) < n. Next, consider the product
[1{X¢: t € T}. Since bri(X;) < n for each t € T, it follows from Proposition 12
that bri ([[{X:: t € T}) < n. The *-homomorphisms f;, t € T, define the unital
x-homomorphism f: C* (Fo) — [[{X:: t € T} such that 7,0 f = f; for each t € T
(here m¢: [[{X¢: ¢t € T} — X; denotes the corresponding canonical projection -
homomorphism). By Proposition 13, [[{X¢: t € T} can be represented as the limit
of the Cf-system § = {Ca,ig,A} such that C, is a separable unital C*-algebra
with brg (Cy) < n for each @ € A. Suppressing injective unital x-homomorphisms
zg Co — Cpg, we can, for notational simplicity, assume that C,’s are unital C*-
subalgebras of [[{X;:t € T}. Let {ax: k € w} be a countable dense subset of
C* (Fso). It is easily seen that for each k € w there exists an index aj € A such
that f(ar) € Ca,. By [6, Corollary 1.1.28], there exists an index ag € A such
that ag > ay for each k € w. Then f(ar) € Cqu, C Cy, for each k € w (see
also Corollary 5). This observation coupled with the continuity of f guarantees that
f(C*(Foo)) = fcd{ar: ke w}) Cel{f ({ar: k € w})} C clCqy = Cay-

Let ZX = C,, and p denote the unital *-homomorphism f considered as the
homomorphism of C* (Fu.) into ZX. Note that f = i o p, where i: ZE = C,, —
[1{X¢: t € T} stands for the inclusion.

By construction, brx (ZX) < n. Let us show that p: C* (Foo) — ZK is BRE-
invertible in the sense of Introduction. In our situation, for any unital *-homomor-
phism g: C* (Fo) — X, where X is a separable unital C*-algebra with brg (X) < n,
we need to establish the existence of a unital *-homomorphism h: ZK — X such
that g = h o p. Indeed, by definition of the set A, we conclude that g = f; for some
index ¢t € T (in particular, X = X for the same index t € T'). Next observe that
g = ft =m0 f=myoiop. This allows us to define the required unital *-homomor-
phism h: ZX — X as the composition h = m; oi. Hence, p is BRE -invertible which
yields the universality of ZX. O

It is interesting to note that not only ZX is universal in the above sense, but for
every unital *-homomorphism g: C*(Fo) — C the pushout ZX xc C, generated
by p and g, is also BRE -universal. To see this take any separable unital C*-algebra
X such that brg(X) < n and consider the unital *-homomorphism h: C — X.
Since p is BRE -invertible, there exists a unital *-homomorphism h: ZE — X such
that h o p = hog. The homomorphisms h and h uniquely determine the unital
*-homomorphism ¢: ZXK o C — X as required.
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3 Infinite ranks

As is dimension theory, some C*-algebras of infinite real rank have infinite rank in
a very strong sense of this word, while others do not. In order to distinguish these
types of infinite ranks we introduce the concept of weakly (strongly) infinite real
rank. First, let us provide an alternative characterization of real rank in terms of
infinite sequences.

Proposition 15. [9] Let X be a unital C*-algebra. Then the following conditions

are equivalent:

(i) rr(X) < n.

(ii) for each (n + 1)-tuple (x1,...,Tn+1) in Xsq and for each € > 0, there ex-
ists an (n+ 1)-tuple (y1,...,Yn+1) in Xsq such that ZZ:; y2 is invertible and
|z — yr|l < € for each k=1,2,....,n+ 1.

(iii)for any sequence of self-adjoint elements {x;: i € N} C Xgo and for any se-
quence of positive real numbers {e;: i € N} there exists a sequence {y;: i €
N} C Xsq such that
(a) ||zi — yil| < €i, for each i € N,

(b) for any subset D C N, with |D| =n+1, the element )., y? is invertible.

(iv) for any sequence of self-adjoint elements {x;: i € N} C X4, and for any e > 0
there exists a sequence {y;: i € N} C Xq, such that
(a) ||x; — yill <€, for eachi € N,

(b) for any subset D C N, with |D| = n+1, the element )., y? is invertible.

(v) for any sequence of self-adjoint elements {x;: i € N} C Xy, such that ||z;|| =1
for each i € N and for any € > 0 there exists a sequence {y;: i € N} C Xgq
such that
(a) ||lzi — yi|| <€, for each i € N,

(b) for any subset D C N, with |D| = n+1, the element >, ., y? is invertible.

Proposition 15 provides a basis for the next definition.

Definition 5. [9] We say that a unital C* algebra X has a weakly infinite real rank
if for any sequence of self-adjoint elements {x;: i € N} C Xgsq and any € > 0 there
is a sequence {y;: i € N} C Xgq such that ||z; — yi|| < € for every i € N and the
element Y, p y? is invertible for some finite set D of indices. If X does not have
weakly infinite real rank, then we say that X has strongly infinite real rank.

The bounded version can be defined similarly. If K > 0, we say that a sequence of
self-adjoint elements of a unital C*-algebra is K-unessential provided it contains a
finite K-unessential (in the sense of Definition 3) subset.
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Definition 6. [9] Let K > 0. We say that a unital C* algebra X has a weakly
infinite bounded rank with respect to K if for any sequence of self-adjoint elements
{z;: 1 € N} C X5q and any € > 0 there is a K-unessential sequence {y;: i € N} C
Xsa such that ||z, — yi|| < € for every i € N. If X does not have weakly infinite
bounded rank, then we say that X has strongly infinite bounded rank.

Here are some properties of infinite ranks:

Proposition 16. [9] Every unital C*-algebra of a finite real rank has weakly infinite
real rank.

We will see below that there exists a C*-algebra of infinite real rank, but not finite
real rank.

Proposition 17. [9] Let f: X — Y be a surjective x-homomorphism of unital C*-

algebras.

— If X has weakly infinite real rank, then so does Y ;

— If X has weakly infinite bounded rank with respect to some K > 0, then so does
Y.

The next proposition provides a relation between both infinite ranks.

Proposition 18. [9] Let K > 0. If the unital C*-algebra X has weakly infinite
bounded rank with respect to K, then it has weakly infinite real rank.

Corollary 6. [9] If a unital C*-algebra has strongly infinite real rank, then it has
strongly infinite bounded rank with respect to any positive constant.

We are going to characterize the infinite ranks of C'(X), where X is a compact
Hausdorff space, in terms of the dimension of X. We already observed that if X
is a finite-dimensional compact space, then, according to Corollary 3, rr(C(X)) =
br1(C(X)) = dim X for any positive K < 1. Our next goal is to extend this result
to the infinite-dimensional situation.

First, recall that a compact Hausdorff space X is called weakly infinite-dimen-
sional [1] if for any sequence {(F;, H;): i € N} of pairs of closed disjoint subsets of
X there are partitions L; between F; and H; such that ﬂfil L;=0. Here, L; C X
is called a partition between F; and H; if L; is closed in X and X\ L; is decomposed
as the union U; U V; of disjoint open sets with F; C U; and H; C V;. Since X is
compact, ();=; Li = 0 is equivalent to ﬂle L; = () for some k € N. If X is not
weakly infinite-dimensional, then it is strongly infinite-dimensional.

A standard example of a weakly infinite dimensional, but not finite-dimensional,
metrizable compactum can be obtained by taking the one-point compactification
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a (&{I": n € N}) of the discrete union of increasing dimensional cubes. The Hilbert
cube Q is, of course, strongly infinite-dimensional.

Theorem 19. [9] Let X be a compact Hausdorff space and 0 < K < 1. Then the
following conditions are equivalent:

(a) C(X) has weakly infinite bounded rank with respect to K;

(b) C(X) has weakly infinite real rank;

(¢) X is weakly infinite-dimensional.

Proof. (a)=(b). This implication follows from Proposition 18 (which is valid for
any — not necessarily commutative — unital C*-algebras).

(b)==(c). Suppose that C'(X) has a weakly infinite real rank. Take an arbitrary
sequence {(B;, K;): ¢ € N} of pairs of disjoint closed subsets of X and define func-
tions f;: X — [—1,1] such that f;(B;) = —1 and f;(K;) =1 for every ¢ € N. Then,
according to our hypothesis, there is a sequence {g;: ¢ € N} C C(X) of real-valued
functions and an integer k with || f; — g;|| < 1, ¢ € N, and Zle g%(z) > 0 for each
x € X. If C; denotes the set g; '(0), the last inequality means that ﬂle C; = 0.
Therefore, in order to prove that X is weakly infinite-dimensional, it only remains
to show each C; is a separator between B; and K;. To this end, we fix i € N
and observe that ||f; — ¢i]| < 1 implies the following inclusions: ¢;(B;) C [—2,0),
9i(K;) C (0,2] and g;(X) C [~2,2]. So, X\C; = U; UV;, where U; = g; *([-2,0))
and V; = g{l((0,2]). Moreover, B; C U; and K; C V;, i.e. C; separates B; and K.

(¢)==(a). Let us show that the weak infinite-dimensionality of X forces C(X)
to have a weakly infinite bounded rank with respect to K. To this end, take any
sequence {f;: i € N} C C(X) of real-valued functions and any positive number €. It
suffices to find another sequence {g;: i € N} of real-valued functions in C'(X) such
that || f; — gi|| < € for every i€ Nand Y.!", g?(z) > 0 for every z € X and some
m € N. Indeed, if >_1", g?(z) > 0 for every x € X, then the function Y /", g2 i
invertible. This, according to Proposition 10, is equivalent to the K-unessentiality of
the m-tuple (gl7 ..., 9m)- On the other hand, /", g?(z) > 0 for each z € X if and
only if ﬂl 19; O) (). Further, since X is compact, the existence of m € N with
N, g; 1(0) = 0 is equivalent to ()5, g; '(0) = 0. Therefore, our proof is reduced
to constructing, for each ¢ € N, a function g; which is e-close to f; and such that
the intersection of all gi_l(())’s, 1 € N, is empty.

For every i € N let ¢; = inf{f;(z) : z € X} and d; = sup{fi(z) : ¢ € X}. We
can suppose, without loss of generality, that each interval (c;,d;) is not empty and
contains 0. For every i we choose n; > 0 such that n; < 3 and L; = [—n;,n] C
(ciydi), i € N. Let Q = [[;2,[ci-ds], Qo = [[;=, Li be the topological products
of all [¢;,d;]’s and L;’s, respectively. Consider the diagonal product f = A{f;: i €
N}: X — Q and note that H = (.2, H;, where H = f~1(Qo) and H; = fi_l(Li)

for each ¢ € N. We also consider the sets



298 —— Vesko Valov

F = fiil([ci, —n;]) and Fi+ = fifl([niadi})v i€ N.

Since H is weakly infinite-dimensional (as a closed subset of X), by [1, Theorem 19,
§10.4], there is a continuous map p = (p1,p2,...): H — Qo and a pseudointerior
point b = {b;: i € N} € Qo (i.e. each b; lies in the interior of the interval L;) such
that

b p(H), F, NHCp;'({-n}), and F;* 0N H Cp; ' ({m:}), i € N.

Since each b; is an interior point of L; = [—n;,n;], there exists homeomorphisms
8;: Ly — L; which leaves the endpoints —n; and n; fixed and such that s;(b;) = 0.
Let s = A{s;: i € N}: Qo — Qo and ¢ = s o p. Obviously s(b) = 0 and 0 & ¢(H),
where 0 denotes the point of Qg having all coordinates 0. Further observe that
if ¢ = m oq, where ¢;: Qo — L; denotes the natural projection onto the i-th
coordinate, then

FonHCq '({-m}) and F"nH c ¢ '({n:}), i €N.
Therefore, each ¢;, i € N, is a function from H into L; satisfying the following
condition: ¢;(F;” N H) = f;(F, N H;) = —n; and ¢;(F;f N H) = fi(F;" N H;) = ;.
Let h;: H; — L; be an extension of ¢;, ¢ € N. Note that the restrictions of h; and
fi onto the sets F,” N H; and F;r N H, coincide. Finally, define g;: X — [c;, d;] by
letting

hi(l‘), if z € Hy;
g9i(z) = ,
fi(z), if z € X — H;.

To finish the proof of the "if" part, we need to show that g;(z) is e-close to f;(x)
for each i € N and 2 € X, and that (-, g[l(O) = (). Since g; and f; are identical
outside H;, the first condition is satisfied for z ¢ H;. If x € H;, then both f;(x)
and g;(z) belong to L;, so again |f;(z) — gi(x)| < e. To prove the second condition,
observe first that = ¢ H implies ¢ H; for some j. Hence, g;(z) = fj(z) & L;, so
gj(x) #0.If z € H, then g;(z) = ¢;(x) for all i and, because 0 & q(H), at least one
gi(z) must be different from 0. Thus, 5, g; ' (0) = 0. O

It follows from Theorem 14 that rr (C* (Fs)) > n for each n. Our results imply
much stronger observation.

Corollary 7. [9] The group C*-algebra C* (Fo) of the free group on countable
number of generators has strongly infinite real rank.

Proof. Tt is well known that every separable unital C*-algebra is an image of
C* (Fo) under a surjective s-homomorphism. In particular, there exists a surjec-
tive x-homomorphism f: C* (F) — C(Q), where @ denotes the Hilbert cube. It is
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well known (see, for instance, [1, §10.5]) that the Hilbert cube @ is strongly infinite
dimensional. By Proposition 19, C'(Q) has strongly infinite real rank. Finally, by
Proposition 17, real rank of C* (Fo) must also be strongly infinite. O

Next statement provides a formal example of a unital C*-algebra of weakly infinite,
but not finite real rank.

Proposition 20. [9] Let X = a(®{I™: n € N}) be the one-point compactifica-
tion of the discrete topological sum of increasing-dimensional cubes. In other words,
C(X)=TI[{C(I™): n € N} (here [] stands for the direct product of indicated C*-
algebras). Then C(X) has weakly infinite, but not finite real rank.

Proof. Obviously X is countably dimensional and hence, by [1, Corollary 1, §10.5],
it is weakly infinite dimensional. By Proposition 19, C'(X) has weakly infinite real
rank. It only remains to note that rr(X) > n for any n € N. O

In conclusion let us note that there exist non-commutative C*-algebras with similar
properties (compare with Corollary 7).

Corollary 8. [9] There exist non-commutative unital C*-algebras of weakly infinite,
but not finite real rank.

Proof. Let X be as in Proposition 20 and A be a non-commutative unital C*-algebra
of a finite real rank. Then the product C(X) @ A has weakly infinite real rank. It is
clear that C'(X) @ A is non-commutative and does not have a finite real rank. [

4 (*-algebras with the approximate n-th root
property

All topological spaces in this section are assumed to be (at least) completely regular.
For a space X and an integer n > 2, we consider the following conditions (]|-|| denotes

the supremum norm):

() For each bounded continuous function f: X — C and each ¢ > 0, there exists
a continuous function g: X — C such that ||f — ¢"|| < e.

(%), For each bounded continuous function f: X — C and each € > 0, there exist
bounded continuous functions g¢i,..,g,: X — C such that f = HZ? g; and
llgi — 95| < € for each i, j.

Definition 7. We say that the space C*(X) of all bounded complez-valued functions
on X has the approzimate n-th root property if X satisfies condition ().
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We have the following result established in [12] (see [2] for another characterization
of function algebras with the approximate n-th root property):

Theorem 21. Let X be a compactum with dim X < 1 and n a positive integer.

Then the following conditions are equivalent:

(1) C(X) has the approxzimate n-th root property.

(2) X satisfies condition (s%)p,.

(3) the first Cech cohomology H'(X;Z) is n-divisible, that is, each element of
HY(X;2Z) is divided by n.

Let A(n) denote the class of all completely regular spaces satisfying condition (x),,
and Aj(n) is the subclass of A(n) consisting of spaces X with dim X < 1.

4.1 Properties of the classes .A(n) and A4;(n)

Everywhere in this subsection ), will denote one of the classes A(n) and A4;(n),
n > 2.

Proposition 22. [7] A compactum X belongs to K, if and only if X can be rep-
resented as the limit space of an inverse system {Xa,pg s a, B € A} of metrizable
compacta with each X, € ICyy.

We say that a class of spaces P is factorizable if, for every map f: X — Y of a
compactum X € P, there exists a compactum Z € P of weight w(Z) < w(Y) and
maps m: X — Z and p: Z — Y such that f =pom.

Proposition 23. [7] Any one of the classes A(n) and Aj(n), n > 2, is factorizable.

Corollary 9. [7] Every space X € ICy, has a compactification Z € IC,, with w(Z) =
w(X).

Proof. Obviously, X € IC,, implies S X € K,,. Let Y be an arbitrary compactification
of X with w(Y) =w(X) and let f: X — Y be the extension of the identity on X.
Then, by Proposition 23, there exists a compactum Z € IC,, and maps g: fX — Z
and h: Z — Y with hog = f and w(Z) = w(X). It remains only to observe that Z
is a compactification of X. O

The final result in this subsection implies that each I, n > 2, has an universal
element. Recall that a map h: X — Y is said to be invertible for a given class P
(or simply, P-invertible) if for every map g: Z — Y with Z € P there exists a map
g: Z — X such that g=hog.
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Theorem 24. [7] Let n be a positive integer and let IC,, denote one of the classes
A(n) and Ay (n). Then for every cardinal T > w there exists a compactum X, € KC,,
of weight < 1 and a K, -invertible map frc: X — 1I7.

Proof. We consider the family of all maps {hs: Yo — I" }4en such that each Y, is
a closed subset of I” with Y, € K,. Let Y be the disjoint sum of all Y,, and the
map h: Y — I7 coincides with ke on every Y. We extend h to a map h: 3Y — I7.
Since BY € K,,, by Proposition 23, there exists a compactum X of weight < 7 and
maps p: BY = X and f: X — I" such that X € K,, and fop = h.

Let us show that f is IC,-invertible. Take a space Z € K,, and amap g: Z — I".
Considering fZ and the extension g: 5Z — I of g, we can assume that Z is
compact. We also can assume that the weight of Z is < 7 ( otherwise we apply
again Proposition 23 to find a compact space T' € K, of weight < 7 and maps
g1: Z — T and go: T — I" with g3 0 g1 = g, and then consider the space T' and
the map go instead, respectively, of Z and g). Therefore, without loss of generality,
we can assume that Z is a closed subset of I”. According to the definition of ¥ and
the map h, there is an index o € A such that Z =Y, and g = h,. The restriction
p|Z: Z — X is a lifting of g, i.e. fo(p|Z)=g. O

Corollary 10. [7] Let K,, be one of the classes A(n) and Ay (n). Then for every
T > w there exists a compactum X € KC,, of weight T which contains every space
from K., of weight < 7.

4.2 The approximate n-root property of C*-algebras

It is easily seen that the modification of condition (x),,, obtained by requiring both f
and ¢ to be of norm < 1, is equivalent to (x),. This observation leads us to consider
the following classes of general (non-commutative) C*-algebras.

Definition 8. [7] We say that a C*-algebra X satisfies the approzimation n-th root
property if for every a € X with ||a|| < 1 and every € > 0 there exists b € X such
that ||b|| <1 and ||a —b"|| < e.

The class of all C*-algebras with the approximate n-th root property is denoted by
AP(n). Let AP1(n) be the subclass of AP(n) consisting of C*-algebras of bounded
rank < 1 (see Definition 4). We also consider the class HP(n) of C*-algebras X with
the following property: for every invertible element a € X with ||a|| < 1 and every
e > 0 there exists b € X such that [|b]| < 1 and |la — b"|| < e. In the sequel, AP(n)s
denotes the class of all separable C*-algebras from AP(n). The notations AP1(n)s
and HP(n)s have the same meaning.
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In this subsection we investigate the behavior of the classes AP(n), AP1(n)
and HP(n) with respect to direct systems and then use the result to prove the
existence of universal elements in the classes AP(n)s, AP1(n)s and HP(n)s. The
results from the present subsection are actually a non-commutative analogues of the
corresponding result from the previous subsection.

Proposition 25. [7] Let K be one of the classes AP(n), AP1(n) and HP(n). If X
is the limit of a direct system S = {Xa,z'g, A} consisting of unital C*-algebras and
unital x-inclusions with X € IC for each «, then X € K.

As in the commutative case (see Proposition 22), we can establish a decomposition

theorem for the classes AP(n), AP1(n) and HP(n).

Proposition 26. [7] Let K be one of the classes AP(n), AP1(n) and HP(n). The
following conditions are equivalent for any unital C*-algebra X :
(1) X e K.
(2) X can be represented as the direct limit of a direct C}-system {Xa,ig,A} sat-
isfying the following properties:
(a) The indexing set A is cofinal and w-closed in the w-complete set exp,, Y for
some (any) dense subset Y of X such that |Y| = d(X).
(b) Xq is a (separable) C*-subalgebra of X with X, € K, a € A.

Finally, we can establish the existence of universal elements in the classes AP(n)s,

AP1(n)s and HP(n)s.

Theorem 27. [7] Let n > 2 be a positive integer and let K be one of the
classes AP(n), AP1(n) and HP(n). Then there exists a K-invertible unital *-
homomorphism p: C* (Foo) — Zx of C*(Fs) to a separable unital C*- algebra
Zi e K.

Proof. Let B={f;: C* (F) — X;: t € T} denote the set of all unital *-homomor-
phisms on C* (Fs) such that X; € K. We claim that the product [[{X:: t € T}
belongs to K. This is obviously true if K is either AP(n) or HP(n). Since the
bounded rank of this product is < 1 provided each X; is of bounded rank < 1 (see
Proposition 12), the claim holds for the class AP1(n) as well. The x-homomorphisms
ft, t € T, define the unital *-homomorphism f: C* (Foo) — [[{X:: t € T} such
that m o f = fi for each ¢t € T, where m: [[{X::t € T} — X denotes the
canonical projection #-homomorphism onto X;. By Proposition 26, [[{X;:: ¢t € T}
can be represented as the limit of the C-system S = {Ca,ig,A} such that Cg,
is a separable unital C*-algebra with C, € K for each a € A. Suppressing the
injective unital *-homomorphisms zg Co — Cg, we may assume, for notational
simplicity, that Cy’s are unital C*-subalgebras of [[{X:: t € T}. Let {ax: k € w}
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be a countable dense subset of C* (F). For each k € w there exists an index ay, € A
such that f(ax) € Cy, . Since A is w-complete, there exists an index ap € A such that
ag > ay, for each k € w. Then f(ag) € Cq, C Cq, for each k € w. This observation
coupled with the continuity of f guarantees that f (C* (Fso)) = f (cl{ag: k € w}) C
cd{f{ar: kew})} CcCqyy = Cay-

Let Zx = Cu, and define the unital *-homomorphism p: C* (Fs) — Zx as
f, regarded as a homomorphism of C* (Fs,) into Zx. Note that f = i o p, where
i: Zx = Coy — [[{X¢: t € T} stands for the inclusion.

By construction, we see Zx € K. Let us show that p: C* (Foo) — Zx is K-
invertible. For a given unital s-homomorphism g: C* (Fs) — X, where X is a
unital C*-algebra with X € K, we need to establish the existence of a unital -
homomorphism h: Zx — X such that g = h o p. Indeed, by definition of the set B,
we conclude that g = fi: C* (Foo) — X = X for some index ¢ € T. Observe that
g= ft =mof=moiop. This allows us to define the required unital *-homomor-
phism h: Zx — X as the composition h = 7; o i. Hence, p is K-invertible. O

It is well-known that every separable C*-algebra is a surjective image of C*(F).
Therefore, if R is a class of separable C*-algebras and p: C*(Fo) — Y is a R-
invertible homomorphism with Yy € R, then Yy is universal for the class . Hence,
Theorem 27 implies the following

Corollary 11. [7] Each of the classes AP(n)s, AP1(n)s and HP(n)s has a uni-
versal element.

Let us note that there exists a non-commutative C*-algebra which belongs to any
one of the classes AP(n)s, AP1(n)s and HP(n)s. Indeed, let X = M(m) be the
algebra of all m x m complex matrixes, where m > 2 is a fixed integer. By [3], the
bounded rank of X is 0. Moreover, using the canonical Jordan form representation,
one can show that if A € X and n > 2, then A can be approximated by a matrix
B € X with C™ = B for some C € X. Hence, X is a common element of AP(n)s,
AP1(n)s and HP(n)s. This implies that the universal elements of AP(n)s, AP1(n)s
and HP(n), are also non-commutative.
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