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1 Introduction and preliminaries
The goal of this paper is to provide an overview of some results about ranks and
approximate root properties of 𝐶*-algebras obtained by the author and his coau-
thors, see [7], [8], [9]. We did not aim at the full coverage of all achievement in this
very broad field. Instead, we included here the formulation and proofs of certain
theorems, thus hoping to convey the key ideas to the reader.

The concept of the real rank plays an important role in a variety of problems
related to general classification problems of 𝐶*-algebras. Despite of this widely rec-
ognized fact we still see continuing attempts of defining “right dimension" (such as
stable [18], analytic [14], tracial [13], exponential [17], completely positive [19] ranks)
for unital 𝐶*-algebras. Definition of the real rank [3] (as well as of its prototype –
topological stable rank) of unital 𝐶*-algebras is based on a well known characteri-
zation of the covering dimension of compact spaces. But still it is not known if the
real rank of any product of unital 𝐶*-algebras each of real rank ≤ 𝑛 is also ≤ 𝑛.
At the same time the corresponding topological fact is true. The main advantage of
the bounded rank, introduced in [8], is that the analog of the above question has a
positive answer. This fact is used in the construction of a separable unital universal
𝐶*-algebra in the class of all separable unital 𝐶*-algebras of bounded rank ≤ 𝑛 (see
Theorem 14). A motivation for such a result lies, once again, in dimension theory.
It is well known that the Menger cube 𝜇𝑛 contains a topological copy of any at
most 𝑛-dimensional compact metric space. The definition and the main properties
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of the bounded rank, as well as, the relation between the real and bounded rank,
are discussed in Section 2.

Section 3 is devoted to the definition and some properties of infinite real and
bounded ranks defined in [9]. It is clear that some 𝐶*-algebras of infinite real rank
have infinite rank in a very strong sense. Distinguishing these types of infinite ranks
is the main reason to introduce the weakly(strongly) infinite real and bounded ranks.
As expected, every 𝐶*-algebra of finite real rank has weakly infinite rank. On the
other hand there exists non-commutative 𝐶*-algebras of weakly infinite but not finite
real rank (Corollary 8). The commutative case is completely settle by establishing
(Theorem 19) that the function algebra 𝐶(𝑋), where 𝑋 is compact, has weakly
infinite real rank if and only if 𝑋 is a weakly infinite-dimensional.

In the last Section 4 we consider the so called approximate 𝑛-root property of
𝐶*-algebras. This property was introduced in [7] by modifying a similar property
of the function spaces 𝐶(𝑋) with 𝑋 a compactum. The commutative and non-
commutative cases are considered. One of the main results is that the class of all
unital separable 𝐶*-algebras with the approximate 𝑛-th root property has universal
elements which are non-commutative.

All 𝐶*-algebras below are assumed to be unital. When we refer to a unital
𝐶*-subalgebra of a unital 𝐶*-algebra we implicitly assume that the inclusion is a
unital *-homomorphism. The set of all self-adjoint elements of a 𝐶*-algebra 𝑋 is
denoted by 𝑋𝑠𝑎. The product in the category of (unital) 𝐶*-algebras, i.e. the ℓ∞-
direct sum, is denoted by

∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇}. For a given set 𝑌 and a cardinal number

𝜏 the symbol exp𝜏 𝑌 denotes the partially ordered (by inclusion) set of all subsets
of 𝑌 of cardinality not exceeding 𝜏 .

Recall that a direct system 𝒮 = {𝑋𝛼, 𝑖𝛽𝛼, 𝐴} of unital 𝐶*-algebras consists of
a partially ordered directed indexing set 𝐴, unital 𝐶*-algebras 𝑋𝛼, 𝛼 ∈ 𝐴, and
unital *-homomorphisms 𝑖𝛽𝛼 : 𝑋𝛼 → 𝑋𝛽 , defined for each pair of indexes 𝛼, 𝛽 ∈ 𝐴
with 𝛼 ≤ 𝛽, and satisfying the condition 𝑖𝛾𝛼 = 𝑖𝛾𝛽 ∘ 𝑖

𝛽
𝛼 for each triple of indexes

𝛼, 𝛽, 𝛾 ∈ 𝐴 with 𝛼 ≤ 𝛽 ≤ 𝛾. The (inductive) limit of the above direct system is a
unital 𝐶*-algebra which is denoted by lim−→𝒮. For each 𝛼 ∈ 𝐴 there exists a unital *-
homomorphism 𝑖𝛼 : 𝑋𝛼 → lim−→𝒮 which will be called the 𝛼-th limit homomorphism
of 𝒮.

If 𝐴′ is a directed subset of the indexing set 𝐴, then the subsystem {𝑋𝛼, 𝑖𝛽𝛼, 𝐴′}
of 𝒮 is denoted 𝒮|𝐴′.

Definition 1. Let 𝜏 ≥ 𝜔 be a cardinal number. A direct system 𝒮 = {𝑋𝛼, 𝑖𝛽𝛼, 𝐴} of
unital 𝐶*-algebras 𝑋𝛼 and unital *-homomorphisms 𝑖𝛽𝛼 : 𝑋𝛼 → 𝑋𝛽 is called a direct
𝐶*𝜏 -system [4] if the following conditions are satisfied:
(a) 𝐴 is a 𝜏 -complete set (this means that for each chain 𝐶 of elements of the

directed set 𝐴 with |𝐶| ≤ 𝜏 , there exists an element sup𝐶 in 𝐴; see [6] for
details).

(b) Density of 𝑋𝛼 is at most 𝜏 (i.e. 𝑑(𝑋𝛼) ≤ 𝜏), 𝛼 ∈ 𝐴.
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(c) The 𝛼-th limit homomorphism 𝑖𝛼 : 𝑋𝛼 → lim−→𝒮 is an injective *-homomorphism
for each 𝛼 ∈ 𝐴.

(d) If 𝐵 = {𝛼𝑡 : 𝑡 ∈ 𝑇} is a chain of elements of 𝐴 with |𝑇 | ≤ 𝜏 and 𝛼 = sup𝐵, then
the limit homomorphism lim−→{𝑖

𝛼
𝛼𝑡

: 𝑡 ∈ 𝑇} : lim−→ (𝒮|𝐵)→ 𝑋𝛼 is an isomorphism.

We recall the concept of a 𝒞-invertibility introduced in [5]. For a given class 𝒞 of
unital 𝐶*-algebras the 𝒞-invertibility of a unital *-homomorphism 𝑝 : 𝑌 → 𝑍 means
that for any unital *-homomorphism 𝑔 : 𝑌 → 𝑋, with 𝑋 ∈ 𝒞, there exists a unital
*-homomorphism ℎ : 𝑍 → 𝑋 such that 𝑔 = ℎ ∘ 𝑝. It is easy to see that if 𝒞 consists
of separable 𝐶*-algebras and there exists a 𝒞-invertible unital *-homomorphism
𝑝 : 𝐶* (F∞)→ 𝑍𝐶 such that 𝑍𝐶 ∈ 𝒞, where 𝐶* (F∞) denotes the group 𝐶*-algebra
of the free group on countable number of generators, then 𝑍𝐶 is an universal element
in the class 𝒞. Indeed, since every element 𝑋 of 𝒞 can be represented as the image of
𝐶* (F∞) under a surjective *-homomorphism 𝑔 : 𝐶* (F∞) → 𝑋, the 𝒞-invertibility
of 𝑝 guarantees that there exists a surjective *-homomorphism ℎ : 𝑍𝐶 → 𝑋 such
that 𝑔 = ℎ ∘ 𝑝.

2 Bounded and real ranks

2.1 Real rank - simple characterizations

The definition of the real rank [3] (as well as of its prototype – topological stable rank
[18]) of unital 𝐶*-algebras is based on the following standard result from classical
dimension theory (see [11], [15], [16], [10]) characterizing the Lebesgue dimension
dim of compact spaces: The Lebesgue dimension dim𝑋 of a compact space 𝑋 is the
least integer 𝑛 such that the set {𝑓 : 𝐶(𝑋,R𝑛+1) : 0 ̸∈ 𝑓(𝑋)} is dense in the space1

𝐶(𝑋,R𝑛+1) of all continuous maps of 𝑋 in to the Euclidean space R𝑛+1.
A map 𝑓 ∈ 𝐶(𝑋,R𝑛+1) may be identified with the (𝑛 + 1)-tuple (𝜋1 ∘

𝑓, . . . , 𝜋𝑛+1 ∘ 𝑓), where 𝜋𝑘 : R𝑛+1 → R is a projection onto the 𝑘-th coordinate,
𝑘 = 1, . . . , 𝑛+1. The condition 0 = (0, . . . , 0) ̸∈ 𝑓(𝑋) may be equivalently expressed
as the condition

∑︀𝑛+1
𝑘=1 𝑓

2
𝑘 (𝑥) ̸= 0 for any 𝑥 ∈ 𝑋. This, in turn, can be equivalently

rephrased as the invertibility of the element
∑︀𝑛+1
𝑘=1 𝑓

2
𝑘 . These two observations lead

us to the definition of the real rank:

Definition 2. [3] The real rank 𝑟𝑟(𝑋) of a unital 𝐶*-algebra is the least integer 𝑛
such that each (𝑛+ 1)-tuple (𝑥1, . . . , 𝑥𝑛+1) of elements from 𝑋𝑠𝑎 can be arbitrarily
closely approximated by another (𝑛+ 1)-tuple (𝑦1, . . . , 𝑦𝑛+1) of self-adjoint elements
so that the element

∑︀𝑛+1
𝑘=1 𝑦

2
𝑘 is invertible.

1 Compact-open topology is being considered.
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We have the following description of the real rank:

Proposition 4. [8] The following conditions are equivalent for a unital 𝐶*-algebra
𝑋;
(1) 𝑟𝑟(𝑋) ≤ 𝑛;
(2) for each (𝑛 + 1)-tuple (𝑥1, . . . , 𝑥𝑛+1) in 𝑋𝑠𝑎 and for each 𝜖 > 0, there ex-

ists an (𝑛+ 1)-tuple (𝑦1, . . . , 𝑦𝑛+1) in 𝑋𝑠𝑎 such that
∑︀𝑛+1
𝑘=1 𝑦

2
𝑘 is invertible and

‖𝑥𝑘 − 𝑦𝑘‖ < 𝜖 for each 𝑘 = 1, 2, . . . , 𝑛+ 1.
(3) for each (𝑛 + 1)-tuple (𝑥1, . . . , 𝑥𝑛+1) in 𝑋𝑠𝑎, with ‖𝑥𝑘‖ = 1 for each 𝑘 =

1, . . . , 𝑛 + 1, and for each 𝜖 > 0, there exists an (𝑛 + 1)-tuple (𝑦1, . . . , 𝑦𝑛+1) in
𝑋𝑠𝑎 such that

∑︀𝑛+1
𝑘=1 𝑦

2
𝑘 is invertible and ‖𝑥𝑘 − 𝑦𝑘‖ < 𝜖 for each 𝑘 = 1, . . . , 𝑛+1.

Let 𝒦(C𝑚) denote the collection of compact subsets of C𝑚 and 𝑀 ∈ N ∪ {∞}. A
generalized joint 𝑀 -spectrum (or simply spectrum) on an unital 𝐶*-algebra 𝑋 is a
collection {̃︀𝜎𝑚 : 𝑚 ≤𝑀} of maps ̃︀𝜎𝑚 : 𝑋𝑚 → 𝒦(C𝑚) satisfying conditions (I)–(III)
below:
(I) ̃︀𝜎𝑚(𝑥1, . . . , 𝑥𝑚) is a non-empty compact subset of C𝑚.
(II) If 𝑥 ∈ 𝑋, then ̃︀𝜎1(𝑥) = 𝜎(𝑥), where 𝜎(𝑥) denotes the usual spectrum of the

element 𝑥.
(III)𝑝(̃︀𝜎𝑚(𝑥1, . . . , 𝑥𝑚)) = ̃︀𝜎𝑛(𝑝(𝑥1, . . . , 𝑥𝑚)) for every polynomial mapping 𝑝 =

(𝑝1, . . . , 𝑝𝑛) : C𝑚 → C𝑛.

We also consider the following two properties:
(IV)There exists a constant 𝐾 > 0 (called a polynomial spectral constant) such that

for any rational 𝛿 > 0, for any 𝑚-tuple (𝑥1, . . . , 𝑥𝑚) in 𝑋 (resp., in 𝑋𝑠𝑎) and
for any polynomial mapping 𝑝 = (𝑝1, . . . , 𝑝𝑚) : C𝑚 → C𝑚 (resp., having real
coefficients) with ‖𝑝− 𝑖𝑑C𝑚‖ ≤ 𝐾 · 𝛿, there exists an 𝑚-tuple (𝑦1, . . . , 𝑦𝑚) in 𝑋
(resp., in 𝑋𝑠𝑎) such that ̃︀𝜎(𝑦1, . . . , 𝑦𝑚) = 𝑝(̃︀𝜎𝑚(𝑥1, . . . , 𝑥𝑚)) and ‖𝑥𝑘 − 𝑦𝑘‖ ≤ 𝛿
for each 𝑘 = 1, . . . ,𝑚.

(V) There exists 𝐾 > 0 (called a general spectral constant) such that for any
rational 𝛿 > 0, for any 𝑚-tuple (𝑥1, . . . , 𝑥𝑚) in 𝑋 (resp., in 𝑋𝑠𝑎) and for
any map 𝑓 from ̃︀𝜎𝑚(𝑥1, . . . , 𝑥𝑚) into C𝑚 (resp., into R𝑚 ⊆ C𝑚) with
‖𝑓 − 𝑖𝑑̃︀𝜎𝑚(𝑥1,...,𝑥𝑚)‖ ≤ 𝐾 · 𝛿, there exists an 𝑚-tuple (𝑦1, . . . , 𝑦𝑚) in 𝑋 (resp., in
𝑋𝑠𝑎) such that ̃︀𝜎(𝑦1, . . . , 𝑦𝑚) = 𝑓(̃︀𝜎𝑚(𝑥1, . . . , 𝑥𝑚)) and ‖𝑥𝑘 − 𝑦𝑘‖ ≤ 𝛿 for each
𝑘 = 1, . . . ,𝑚.

Few observations are in order:
(A) Concerning property (I), it is not usually requested (in a much general setting

though) the spectrum of every tuple of non-commuting elements to be non-
empty.
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(B) Properties (I)–(III) are standard axioms [20] of joint spectra (for commuting
tuples) in Banach algebras. Property (III) is known as the spectral mapping
property of ̃︀𝜎.

(C) It is easy to see [20] that properties (II) and (III) imply the inclusioñ︀𝜎𝑚(𝑥1, . . . , 𝑥𝑚) ⊆
∏︀
{𝜎(𝑥𝑘) : 𝑘 = 1, . . . ,𝑚} for any 𝑚-tuple (𝑥1, . . . , 𝑥𝑚) in

𝑋.
(D) Note that if, in property (III), the 𝑚-tuple (𝑥1, . . . , 𝑥𝑚) consists of self-adjoint

elements and the polynomials 𝑝𝑘, 𝑘 = 1, . . . ,𝑚, have real coefficients, then the
𝑚-tuple

𝑝(𝑥1, . . . , 𝑥𝑚) = (𝑝1(𝑥1, . . . , 𝑥𝑚), . . . , 𝑝𝑚(𝑥1, . . . , 𝑥𝑚))

also consists of self-adjoint elements.
(E) We do not specify whether the 𝑚-tuple (𝑦1, . . . , 𝑦𝑚) in property (IV) is obtained

as the image of the 𝑚-tuple (𝑥1, . . . , 𝑥𝑚) under the polynomial 𝑝. Nevertheless,
in light of (D), we require that all 𝑦𝑘’s are self-adjoint provided that all 𝑥𝑘’s are
self-adjoint and all the coefficients of the polynomials 𝑝𝑘 are real.

(F) Similar comment with respect to property (V). If all 𝑥𝑘’s are self-adjoint and
𝑓(̃︀𝜎𝑚(𝑥1, . . . , 𝑥𝑚)) ⊆ R𝑚 ⊆ C𝑚, then all 𝑦𝑘’s are also assumed to be self-
adjoint.

(G) If 𝑇 is a compact space and (𝑥1, . . . , 𝑥𝑚) is an 𝑚-tuple in 𝐶(𝑇 ), let definẽ︀𝜎𝑚(𝑥1, . . . , 𝑥𝑚) = △{𝑥𝑘 : 𝑘 = 1, . . . ,𝑚}(𝑇 ), where △{𝑥𝑘 : 𝑘 = 1, . . . ,𝑚}(𝑡) =
(𝑥1(𝑡), . . . , 𝑥𝑚(𝑡)) for each 𝑡 ∈ 𝑇 . So obtained generalized joint spectrum has all
the properties (I)–(V) with 𝐾 = 1.

(H) For any 𝐶*-algebra 𝑋 the usual spectrum 𝜎(𝑥), 𝑥 ∈ 𝑋, provides an example of
a generalized joint 1-spectrum. This follows from spectral mapping theorem and
considerations related to the functional calculus.

The real rank can be characterized in terms of generalized joint spectra:

Proposition 5. [8] If there exists a generalized joint (𝑛 + 1)-spectrum on a unital
𝐶*-algebra 𝑋, then the following conditions are equivalent:
(a) 𝑟𝑟(𝑋) ≤ 𝑛;
(b) For every (𝑛+1)-tuple (𝑥1, . . . , 𝑥𝑛+1) of self-adjoint elements in 𝑋 and for every

𝜖 > 0 there exists an (𝑛 + 1)-tuple (𝑦1, . . . , 𝑦𝑛+1) of self-adjoint elements such
that
(i) ‖𝑥𝑘 − 𝑦𝑘‖ < 𝜖 for each 𝑘 = 1, . . . , 𝑛+ 1;
(ii) 0 ̸∈ ̃︀𝜎𝑛+1(𝑦1, . . . , 𝑦𝑛+1).

2.2 Bounded rank

The analogy between the definition of the dimension dim and the real rank is quite
formal and does not go far beyond the obvious observation that 𝑟𝑟(𝑋) = dim Ω(𝑋),
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where Ω(𝑋) is the spectrum of the commutative unital 𝐶*-algebra 𝑋, and a
few other straightforward extensions of certain basic facts from classical dimen-
sion theory to a non-commutative situation. But there are difficulties in finding
proper algebraic interpretations in terms of the concept of the real rank of a non-
commutative unital 𝐶*-algebra 𝑋 of such an immediate geometric consequence of
the condition dim Ω(𝑋) ≤ 𝑛 as the possibility not only to remove the image of any
𝑓 : Ω(𝑋) → R𝑛+1 from 0, but even to push this image by an 𝜖-move outside the
open ball 𝑂(0, 𝜖) of radius 𝜖 > 0. As it turns out in the presence of some form of
functional calculus (as in the commutative or the real rank zero cases – see Corollar-
ies 3 and 4) there exists a satisfactory analog of the above mentioned geometric fact.
As for the general case, the situation remains unclear and we, as a consequence, are
unable to answer the question:

Question 6. Is it true that 𝑟𝑟 (
∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇 ) ≤ 𝑛 for any collection of unital 𝐶*-

algebras 𝑋𝑡 such that 𝑟𝑟(𝑋𝑡) ≤ 𝑛 for each 𝑡 ∈ 𝑇?

The corresponding topological fact – dim 𝛽 (⊕{Ω(𝑋𝑡) : 𝑡 ∈ 𝑇}) ≤ 𝑛 – is easy to
establish2. Perhaps the easiest way of proving the desired inequality in terms of the
above given characterization of dim is first to approximate (as close as we wish)
each of the restrictions 𝑓𝑡 : Ω(𝑋𝑡) → R𝑛+1, 𝑡 ∈ 𝑇 , of an arbitrarily given map
𝑓 : 𝛽 (⊕{Ω(𝑋𝑡) : 𝑡 ∈ 𝑇}) → R𝑛+1, by maps 𝑔𝑡 : Ω(𝑋𝑡) → R𝑛+1 ∖ {0} and then to
move each of the images 𝑔𝑡 (Ω(𝑋𝑡)) outside of the open ball 𝑂 (centered at 0) of
the appropriate radius by small moves (independent of 𝑡 ∈ 𝑇 ) . This way we get a
map 𝑔 : ⊕ {Ω(𝑋𝑡) : 𝑡 ∈ 𝑇} → R𝑛+1 ∖𝑂. Since the image 𝑔(⊕{Ω(𝑋𝑡) : 𝑡 ∈ 𝑇}) has a
compact closure, 𝑔 can be extended to a map ̃︀𝑔 : 𝛽 (⊕{Ω(𝑋𝑡) : 𝑡 ∈ 𝑇})→ R𝑛+1 ∖𝑂
which would be the required approximation of 𝑓 whose image misses 0.

Analysis of this elementary reasoning leads us to the concept of the bounded
rank (to be more specific – bounded rank with respect to a given positive constant).

Definition 3. [8] Let 𝐾 > 0. We say that an 𝑚-tuple (𝑦1, . . . , 𝑦𝑚) of self-adjoint
elements of a unital 𝐶*-algebra 𝑋 is 𝐾-unessential if for every rational 𝛿 > 0 there
exists an 𝑚-tuple (𝑧1, . . . , 𝑧𝑚) of self-adjoint elements of 𝑋 satisfying the following
conditions:
(a) ‖𝑦𝑘 − 𝑧𝑘‖ ≤ 𝛿 for each 𝑘 = 1, . . . ,𝑚,
(b) The element

∑︀𝑚
𝑘=1 𝑧

2
𝑘 is invertible and

⃦⃦⃦(︀∑︀𝑚
𝑘=1 𝑧

2
𝑘

)︀−1
⃦⃦⃦
≤ 1

𝐾·𝛿2 .
1-unessential tuples are referred as unessential.

Remark 2.1. Obviously if 𝐾1 ≤ 𝐾2, then every 𝐾2-unessential 𝑚-tuple is 𝐾1-
unessential.

2 𝛽𝐾 stands for the Stone-Čech compactification of a space 𝐾.
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Definition 4. [8] Let 𝐾 > 0. We say that the bounded rank of a unital 𝐶*-algebra
𝑋 with respect to 𝐾 does not exceed 𝑛 (notation: 𝑏𝑟𝐾(𝑋) ≤ 𝑛) if for any (𝑛 + 1)-
tuple (𝑥1, . . . , 𝑥𝑛+1) of self-adjoint elements of 𝑋 and for any 𝜖 > 0 there exists a
𝐾-unessential (𝑛 + 1)-tuple (𝑦1, . . . , 𝑦𝑛+1) in 𝑋 such that ‖𝑥𝑘 − 𝑦𝑘‖ < 𝜖 for each
𝑘 = 1, . . . , 𝑛 + 1. For simplicity, 𝑏𝑟1(𝑋) is denoted by 𝑏𝑟(𝑋) and it is called a
bounded rank.

We record the following statement for future references.

Proposition 7. [8] 𝑟𝑟(𝑋) ≤ 𝑏𝑟𝐾(𝑋) for any unital 𝐶*-algebra 𝑋 and for any
𝐾 > 0.

Proof. Let 𝑏𝑟𝐾(𝑋) = 𝑛 and (𝑥1, . . . , 𝑥𝑛+1) be an (𝑛 + 1)-tuple of self-adjoint el-
ements in 𝑋. Let also 𝜖 > 0. Since 𝑏𝑟𝐾(𝑋) = 𝑛, there exists a 𝐾-unessential
(𝑛 + 1)-tuple (𝑦1, . . . , 𝑦𝑛+1) such that ‖𝑥𝑘 − 𝑦𝑘‖ < 𝜖

2 for each 𝑘 = 1, . . . , 𝑛 + 1.
This in turn means that for a rational number 𝛿 with 𝛿 ≤ 𝜖

2 there is an (𝑛+ 1)-tuple
(𝑧1, . . . , 𝑧𝑛+1) of self-adjoint elements such that
(a) ‖𝑦𝑘 − 𝑧𝑘‖ ≤ 𝛿 for each 𝑘 = 1, . . . , 𝑛+ 1,

(b) The element
∑︀𝑛+1
𝑘=1 𝑧

2
𝑘 is invertible and

⃦⃦⃦⃦(︁∑︀𝑛+1
𝑘=1 𝑧

2
𝑘

)︁−1
⃦⃦⃦⃦
≤ 1

𝐾·𝛿2 .

Clearly ‖𝑥𝑘 − 𝑧𝑘‖ ≤ ‖𝑥𝑘 − 𝑦𝑘‖+ ‖𝑦𝑘 − 𝑧𝑘‖ < 𝜖
2 + 𝛿 ≤ 𝜖, 𝑘 = 1, . . . , 𝑛+ 1. According

to (b),
∑︀𝑛+1
𝑘=1 𝑧

2
𝑘 is invertible which shows that 𝑟𝑟(𝑋) ≤ 𝑛.

The next two propositions provide a relation between the real and bounded ranks
in the presence of a generalized joint spectrum.

Proposition 8. [8] If there exists a generalized joint (𝑛 + 1)-spectrum on a unital
𝐶*-algebra 𝑋 satisfying conditions (𝐼𝑉 ), then the following are equivalent:
(a) 𝑟𝑟(𝑋) ≤ 𝑛;
(b) 𝑏𝑟𝐾2

4
(𝑋) ≤ 𝑛, where 𝐾 is a polynomial spectral constant of the joint spectrum.

Proposition 9. [8] If there exists a generalized joint (𝑛+1)-spectrum on the unital
𝐶*-algebra 𝑋 satisfying condition (V), then the following are equivalent:
(a) 𝑟𝑟(𝑋) ≤ 𝑛;
(b) 𝑏𝑟𝐾2(𝑋) ≤ 𝑛, where 𝐾 is a general spectral constant of the joint spectrum.

Proposition 10. [8] Let (𝑦1, . . . , 𝑦𝑚) be a commuting 𝑚-tuple of self-adjoint ele-
ments of the unital 𝐶*-algebra 𝑋. Then (𝑦1, . . . , 𝑦𝑚) is 𝐾-unessential for any posi-
tive 𝐾 ≤ 1 provided

∑︀𝑚
𝑖=1 𝑦

2
𝑖 is invertible.

Corollary 3. [8] Let 𝑋 be a commutative unital 𝐶*-algebra and 0 < 𝐾 ≤ 1. Then
𝑏𝑟𝐾(𝑋) = 𝑟𝑟(𝑋) = dim Ω(𝑋), where Ω(𝑋) is the spectrum of 𝑋.
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Proof. By Proposition 7, 𝑟𝑟(𝑋) ≤ 𝑏𝑟𝐾(𝑋). The opposite inequality 𝑏𝑟𝐾(𝑋) ≤
𝑟𝑟(𝑋) follows from Proposition 10. The remaining part is well known (see [3, Propo-
sition 1.1].

Corollary 4. [8] Let 𝑋 be a unital 𝐶*-algebra and 0 < 𝐾 ≤ 1. Then 𝑏𝑟𝐾(𝑋) = 0
if and only if 𝑟𝑟(𝑋) = 0.

Proof. According to Proposition 7, 𝑏𝑟𝐾(𝑋) = 0 yields 𝑟𝑟(𝑋) = 0. Conversely, if
𝑟𝑟(𝑋) = 0, then, by Proposition 10, 𝑏𝑟𝐾(𝑋) = 0.

We also have the following property of the bounded rank:

Proposition 11. [8] Let 𝐾 > 0 and 𝑝 : 𝑋 → 𝑌 be a surjective *-homomorphism of
unital 𝐶*-algebras. Then 𝑏𝑟𝐾(𝑌 ) ≤ 𝑏𝑟𝐾(𝑋).

Comparing to the real rank, the bounded rank has the advantage that the corre-
sponding analog of Question 6 has a positive answer. This is actually one of the
main reasons of introducing the concept of bounded rank.

Proposition 12. [8] Let {𝑋𝑡 : 𝑡 ∈ 𝑇} be a family of unital 𝐶*-algebras such that
𝑏𝑟𝐾(𝑋𝑡) ≤ 𝑛 for each 𝑡 ∈ 𝑇 . Then for every 𝐾 > 0 we have 𝑏𝑟𝐾 (

∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇}) ≤

𝑛.

Proof. Let (𝑥1, . . . , 𝑥𝑛+1) be an (𝑛+ 1)-tuple of self-adjoint elements of the product
𝑋 =

∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇}, where 𝑥𝑘 = {𝑥𝑡𝑘 : 𝑡 ∈ 𝑇} for each 𝑘 = 1, . . . , 𝑛 + 1, and let

𝜖 > 0. Our goal is to find a 𝐾-unessential (𝑛+1)-tuple (𝑦1, . . . , 𝑦𝑛+1) in 𝑋 such that
‖𝑥𝑘 − 𝑦𝑘‖ < 𝜖. For a given 𝑡 ∈ 𝑇 consider the (𝑛 + 1)-tuple (𝑥𝑡1, . . . , 𝑥𝑡𝑛+1) of self-
adjoint elements in 𝑋𝑡. Since 𝑏𝑟𝐾(𝑋𝑡) ≤ 𝑛, there exists a 𝐾-unessential (𝑛+1)-tuple
(𝑦𝑡1, . . . , 𝑦𝑡𝑛+1) in 𝑋𝑡 such that ‖𝑥𝑡𝑘 − 𝑦𝑡𝑘‖𝑋𝑡

< 𝜖
2 for each 𝑘 = 1, . . . , 𝑛+ 1. Consider

the (𝑛 + 1)-tuple (𝑦1, . . . , 𝑦𝑛+1), where 𝑦𝑘 = {𝑦𝑡𝑘 : 𝑡 ∈ 𝑇} for each 𝑘 = 1, . . . , 𝑛 + 1.
Note that 𝑦𝑘 ∈ 𝑋 for each 𝑘 = 1, . . . , 𝑛+1. Indeed ‖𝑦𝑡𝑘‖𝑋𝑡

≤ ‖𝑦𝑡𝑘−𝑥𝑡𝑘‖𝑋𝑡
+‖𝑥𝑘‖𝑋𝑡

≤
𝜖
2 + sup{‖𝑥𝑡𝑘‖𝑋𝑡

: 𝑡 ∈ 𝑇} and sup{‖𝑦𝑡𝑘‖𝑋𝑡
: 𝑡 ∈ 𝑇} ≤ 𝜖

2 + sup{‖𝑥𝑡𝑘‖𝑋𝑡
: 𝑡 ∈ 𝑇} < ∞.

Also note that ‖𝑥𝑘 − 𝑦𝑘‖ = sup{‖𝑥𝑡𝑘 − 𝑦𝑡𝑘‖𝑋𝑡
: 𝑡 ∈ 𝑇} ≤ 𝜖

2 < 𝜖. It only remains to
show that the (𝑛+1)-tuple (𝑦1, . . . , 𝑦𝑛+1) is 𝐾-unessential in 𝑋. Indeed, let 𝛿 > 0 be
rational. Since the (𝑛 + 1)-tuple (𝑦𝑡1, . . . , 𝑦𝑡𝑛+1) is 𝐾-unessential in 𝑋𝑡, there exists
an (𝑛+ 1)-tuple (𝑧𝑡1, . . . , 𝑧𝑡𝑛+1) in 𝑋𝑡 such that
(a)𝑡 ‖𝑦𝑡𝑘 − 𝑧𝑡𝑘‖𝑋𝑡

≤ 𝛿 for each 𝑘 = 1, . . . , 𝑛+ 1.

(b)𝑡
⃦⃦⃦⃦(︁∑︀𝑛+1

𝑘=1
(︀
𝑧𝑡𝑘
)︀2
)︁−1

⃦⃦⃦⃦
≤ 1

𝐾·𝛿2 .

Next, consider the (𝑛 + 1)-tuple (𝑧1, . . . , 𝑧𝑛+1), where 𝑧𝑘 = {𝑧𝑡𝑘 : 𝑡 ∈ 𝑇} for each
𝑘 = 1, . . . , 𝑛+ 1. As above, 𝑧𝑘 ∈ 𝑋 and obviously

‖𝑦𝑘 − 𝑧𝑘‖ = sup{‖𝑦𝑡𝑘 − 𝑧𝑡𝑘‖𝑋𝑡
: 𝑡 ∈ 𝑇} ≤ 𝛿, 𝑘 = 1, . . . , 𝑛+ 1.
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Finally, note that
⃦⃦⃦⃦(︁∑︀𝑛+1

𝑘=1 𝑧
2
𝑘

)︁−1
⃦⃦⃦⃦

=
⃦⃦⃦⃦{︂(︁∑︀𝑛+1

𝑘=1
(︀
𝑧𝑡𝑘
)︀2
)︁−1

: 𝑡 ∈ 𝑇
}︂⃦⃦⃦⃦

=

sup

{︃⃦⃦⃦⃦(︁∑︀𝑛+1
𝑘=1

(︀
𝑧𝑡𝑘
)︀2
)︁−1

⃦⃦⃦⃦
𝑋𝑡

: 𝑡 ∈ 𝑇

}︃
≤ 1

𝐾·𝛿2 as required.

2.3 Spectral decompositions of unital 𝐶*-algebras of bounded
rank 𝑛

In this subsection we investigate the behaviour of the bounded rank with respect
to direct systems and prove the existence of universal elements in ℬℛ𝐾𝑛 , where
ℬℛ𝐾𝑛 denotes the class of all separable unital 𝐶*-algebras of bounded rank with
respect to 𝐾 at most 𝑛. A motivation for such a result lies, once again, in the
classical dimension theory. It is a well-known observation (see, for instance, [10,
Theorem 1.3.15]) that the Menger cube 𝜇𝑛 contains a topological copy of any at
most 𝑛-dimensional metrizable compact space. This means that every commutative
separable unital 𝐶*-algebra of real rank at most 𝑛 is a quotient of the 𝐶*-algebra
𝐶 (𝜇𝑛). We extend this result to the non-commutative case.

The following decomposition theorem was initially established for 𝑛 = 0 in [5].

Proposition 13. [8] Let 𝐾 > 0. The following conditions are equivalent for any
unital 𝐶*-algebra 𝑋:
(a) 𝑏𝑟𝐾(𝑋) ≤ 𝑛.
(b) 𝑋 can be represented as the direct limit of a direct 𝐶*𝜔-system {𝑋𝛼, 𝑖𝛽𝛼, 𝐴} sat-

isfying the following properties:
(a) The indexing set 𝐴 is cofinal and 𝜔-closed in the 𝜔-complete set exp𝜔 𝑌 for

some (any) countable dense subset 𝑌 of 𝑋.
(b) 𝑋𝛼 is a 𝐶*-subalgebra of 𝑋 such that 𝑏𝑟𝐾(𝑋𝛼) ≤ 𝑛, 𝛼 ∈ 𝐴.

The proof of Proposition 13 provided in [8] works for the real rank as well.

Corollary 5. [8] Let 𝐾 > 0. Every countable subset of a unital 𝐶*-algebra 𝑋

with 𝑏𝑟𝐾(𝑋) ≤ 𝑛 is contained in a unital separable 𝐶*-subalgebra 𝑋0 such that
𝑏𝑟𝐾(𝑋0) ≤ 𝑛.

Next, for any 𝐾 > 0, we construct a universal separable unital 𝐶*-algebra 𝑍𝐾𝑛 of
bounded rank 𝑛. Universal in the sense that any other separable unital 𝐶*-algebra
with bounded rank ≤ 𝑛 is its quotient. Recall that 𝐶* (F∞) denotes the group
𝐶*-algebra of the free group on countable number of generators.

Theorem 14. [8] Let 𝐾 > 0. The class ℬℛ𝐾𝑛 of all separable unital 𝐶*-algebras
with 𝑏𝑟𝐾 ≤ 𝑛 contains an universal element 𝑍𝐾𝑛 . More precisely, there is a ℬℛ𝐾𝑛 -
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invertible unital *-homomorphism 𝑝 : 𝐶* (F∞)→ 𝑍𝐾𝑛 , where 𝑍𝐾𝑛 is a separable uni-
tal 𝐶*-algebra such that 𝑏𝑟𝐾

(︀
𝑍𝐾𝑛
)︀

= 𝑛.

Proof. Let 𝒜 = {𝑓𝑡 : 𝐶* (F∞)→ 𝑋𝑡, 𝑡 ∈ 𝑇} denote the set of all unital *-homomor-
phisms, defined on 𝐶* (F∞), such that 𝑏𝑟𝐾(𝑋𝑡) ≤ 𝑛. Next, consider the product∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇}. Since 𝑏𝑟𝐾(𝑋𝑡) ≤ 𝑛 for each 𝑡 ∈ 𝑇 , it follows from Proposition 12

that 𝑏𝑟𝐾 (
∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇}) ≤ 𝑛. The *-homomorphisms 𝑓𝑡, 𝑡 ∈ 𝑇 , define the unital

*-homomorphism 𝑓 : 𝐶* (F∞)→
∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇} such that 𝜋𝑡 ∘ 𝑓 = 𝑓𝑡 for each 𝑡 ∈ 𝑇

(here 𝜋𝑡 :
∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇} → 𝑋𝑡 denotes the corresponding canonical projection *-

homomorphism). By Proposition 13,
∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇} can be represented as the limit

of the 𝐶*𝜔-system 𝒮 = {𝐶𝛼, 𝑖𝛽𝛼, 𝐴} such that 𝐶𝛼 is a separable unital 𝐶*-algebra
with 𝑏𝑟𝐾(𝐶𝛼) ≤ 𝑛 for each 𝛼 ∈ 𝐴. Suppressing injective unital *-homomorphisms
𝑖𝛽𝛼 : 𝐶𝛼 → 𝐶𝛽 , we can, for notational simplicity, assume that 𝐶𝛼’s are unital 𝐶*-
subalgebras of

∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇}. Let {𝑎𝑘 : 𝑘 ∈ 𝜔} be a countable dense subset of

𝐶* (F∞). It is easily seen that for each 𝑘 ∈ 𝜔 there exists an index 𝛼𝑘 ∈ 𝐴 such
that 𝑓(𝑎𝑘) ∈ 𝐶𝛼𝑘 . By [6, Corollary 1.1.28], there exists an index 𝛼0 ∈ 𝐴 such
that 𝛼0 ≥ 𝛼𝑘 for each 𝑘 ∈ 𝜔. Then 𝑓(𝑎𝑘) ∈ 𝐶𝛼𝑘 ⊆ 𝐶𝛼0 for each 𝑘 ∈ 𝜔 (see
also Corollary 5). This observation coupled with the continuity of 𝑓 guarantees that
𝑓 (𝐶* (F∞)) = 𝑓 (𝑐𝑙 {𝑎𝑘 : 𝑘 ∈ 𝜔}) ⊆ 𝑐𝑙 {𝑓 ({𝑎𝑘 : 𝑘 ∈ 𝜔})} ⊆ 𝑐𝑙𝐶𝛼0 = 𝐶𝛼0 .

Let 𝑍𝐾𝑛 = 𝐶𝛼0 and 𝑝 denote the unital *-homomorphism 𝑓 considered as the
homomorphism of 𝐶* (F∞) into 𝑍𝐾𝑛 . Note that 𝑓 = 𝑖 ∘ 𝑝, where 𝑖 : 𝑍𝐾𝑛 = 𝐶𝛼0 →˓∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇} stands for the inclusion.

By construction, 𝑏𝑟𝐾(𝑍𝐾𝑛 ) ≤ 𝑛. Let us show that 𝑝 : 𝐶* (F∞) → 𝑍𝐾𝑛 is ℬℛ𝐾𝑛 -
invertible in the sense of Introduction. In our situation, for any unital *-homomor-
phism 𝑔 : 𝐶* (F∞)→ 𝑋, where 𝑋 is a separable unital 𝐶*-algebra with 𝑏𝑟𝐾(𝑋) ≤ 𝑛,
we need to establish the existence of a unital *-homomorphism ℎ : 𝑍𝐾𝑛 → 𝑋 such
that 𝑔 = ℎ ∘ 𝑝. Indeed, by definition of the set 𝒜, we conclude that 𝑔 = 𝑓𝑡 for some
index 𝑡 ∈ 𝑇 (in particular, 𝑋 = 𝑋𝑡 for the same index 𝑡 ∈ 𝑇 ). Next observe that
𝑔 = 𝑓𝑡 = 𝜋𝑡 ∘ 𝑓 = 𝜋𝑡 ∘ 𝑖 ∘ 𝑝. This allows us to define the required unital *-homomor-
phism ℎ : 𝑍𝐾𝑛 → 𝑋 as the composition ℎ = 𝜋𝑡 ∘ 𝑖. Hence, 𝑝 is ℬℛ𝐾𝑛 -invertible which
yields the universality of 𝑍𝐾𝑛 .

It is interesting to note that not only 𝑍𝐾𝑛 is universal in the above sense, but for
every unital *-homomorphism 𝑔 : 𝐶*(F∞) → C the pushout 𝑍𝐾𝑛 ⋆C C, generated
by 𝑝 and 𝑔, is also ℬℛ𝐾𝑛 -universal. To see this take any separable unital 𝐶*-algebra
𝑋 such that 𝑏𝑟𝐾(𝑋) ≤ 𝑛 and consider the unital *-homomorphism ℎ : C → 𝑋.
Since 𝑝 is ℬℛ𝐾𝑛 -invertible, there exists a unital *-homomorphism ℎ̃ : 𝑍𝐾𝑛 → 𝑋 such
that ℎ̃ ∘ 𝑝 = ℎ ∘ 𝑔. The homomorphisms ℎ and ℎ̃ uniquely determine the unital
*-homomorphism 𝜙 : 𝑍𝐾𝑛 ⋆C C→ 𝑋 as required.
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3 Infinite ranks
As is dimension theory, some 𝐶*-algebras of infinite real rank have infinite rank in
a very strong sense of this word, while others do not. In order to distinguish these
types of infinite ranks we introduce the concept of weakly (strongly) infinite real
rank. First, let us provide an alternative characterization of real rank in terms of
infinite sequences.

Proposition 15. [9] Let 𝑋 be a unital 𝐶*-algebra. Then the following conditions
are equivalent:
(i) 𝑟𝑟(𝑋) ≤ 𝑛.
(ii) for each (𝑛 + 1)-tuple (𝑥1, . . . , 𝑥𝑛+1) in 𝑋𝑠𝑎 and for each 𝜖 > 0, there ex-

ists an (𝑛+ 1)-tuple (𝑦1, . . . , 𝑦𝑛+1) in 𝑋𝑠𝑎 such that
∑︀𝑛+1
𝑘=1 𝑦

2
𝑘 is invertible and

‖𝑥𝑘 − 𝑦𝑘‖ < 𝜖 for each 𝑘 = 1, 2, . . . , 𝑛+ 1.
(iii)for any sequence of self-adjoint elements {𝑥𝑖 : 𝑖 ∈ 𝑁} ⊆ 𝑋𝑠𝑎 and for any se-

quence of positive real numbers {𝜖𝑖 : 𝑖 ∈ N} there exists a sequence {𝑦𝑖 : 𝑖 ∈
N} ⊆ 𝑋𝑠𝑎 such that
(a) ‖𝑥𝑖 − 𝑦𝑖‖ < 𝜖𝑖, for each 𝑖 ∈ N,
(b) for any subset 𝐷 ⊆ N, with |𝐷| = 𝑛+ 1, the element

∑︀
𝑖∈𝐷 𝑦

2
𝑖 is invertible.

(iv) for any sequence of self-adjoint elements {𝑥𝑖 : 𝑖 ∈ N} ⊆ 𝑋𝑠𝑎 and for any 𝜖 > 0
there exists a sequence {𝑦𝑖 : 𝑖 ∈ N} ⊆ 𝑋𝑠𝑎 such that
(a) ‖𝑥𝑖 − 𝑦𝑖‖ < 𝜖, for each 𝑖 ∈ N,
(b) for any subset 𝐷 ⊆ N, with |𝐷| = 𝑛+ 1, the element

∑︀
𝑖∈𝐷 𝑦

2
𝑖 is invertible.

(v) for any sequence of self-adjoint elements {𝑥𝑖 : 𝑖 ∈ N} ⊆ 𝑋𝑠𝑎 such that ‖𝑥𝑖‖ = 1
for each 𝑖 ∈ N and for any 𝜖 > 0 there exists a sequence {𝑦𝑖 : 𝑖 ∈ N} ⊆ 𝑋𝑠𝑎
such that
(a) ‖𝑥𝑖 − 𝑦𝑖‖ < 𝜖, for each 𝑖 ∈ N,
(b) for any subset 𝐷 ⊆ N, with |𝐷| = 𝑛+ 1, the element

∑︀
𝑖∈𝐷 𝑦

2
𝑖 is invertible.

Proposition 15 provides a basis for the next definition.

Definition 5. [9] We say that a unital 𝐶* algebra 𝑋 has a weakly infinite real rank
if for any sequence of self-adjoint elements {𝑥𝑖 : 𝑖 ∈ N} ⊂ 𝑋𝑠𝑎 and any 𝜖 > 0 there
is a sequence {𝑦𝑖 : 𝑖 ∈ N} ⊂ 𝑋𝑠𝑎 such that ||𝑥𝑖 − 𝑦𝑖|| < 𝜖 for every 𝑖 ∈ N and the
element

∑︀
𝑖∈𝐷 𝑦

2
𝑖 is invertible for some finite set 𝐷 of indices. If 𝑋 does not have

weakly infinite real rank, then we say that 𝑋 has strongly infinite real rank.

The bounded version can be defined similarly. If 𝐾 > 0, we say that a sequence of
self-adjoint elements of a unital 𝐶*-algebra is 𝐾-unessential provided it contains a
finite 𝐾-unessential (in the sense of Definition 3) subset.
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Definition 6. [9] Let 𝐾 > 0. We say that a unital 𝐶* algebra 𝑋 has a weakly
infinite bounded rank with respect to 𝐾 if for any sequence of self-adjoint elements
{𝑥𝑖 : 𝑖 ∈ N} ⊂ 𝑋𝑠𝑎 and any 𝜖 > 0 there is a 𝐾-unessential sequence {𝑦𝑖 : 𝑖 ∈ N} ⊂
𝑋𝑠𝑎 such that ||𝑥𝑖 − 𝑦𝑖|| < 𝜖 for every 𝑖 ∈ N. If 𝑋 does not have weakly infinite
bounded rank, then we say that 𝑋 has strongly infinite bounded rank.

Here are some properties of infinite ranks:

Proposition 16. [9] Every unital 𝐶*-algebra of a finite real rank has weakly infinite
real rank.

We will see below that there exists a 𝐶*-algebra of infinite real rank, but not finite
real rank.

Proposition 17. [9] Let 𝑓 : 𝑋 → 𝑌 be a surjective *-homomorphism of unital 𝐶*-
algebras.
– If 𝑋 has weakly infinite real rank, then so does 𝑌 ;
– If 𝑋 has weakly infinite bounded rank with respect to some 𝐾 > 0, then so does

𝑌 .

The next proposition provides a relation between both infinite ranks.

Proposition 18. [9] Let 𝐾 > 0. If the unital 𝐶*-algebra 𝑋 has weakly infinite
bounded rank with respect to 𝐾, then it has weakly infinite real rank.

Corollary 6. [9] If a unital 𝐶*-algebra has strongly infinite real rank, then it has
strongly infinite bounded rank with respect to any positive constant.

We are going to characterize the infinite ranks of 𝐶(𝑋), where 𝑋 is a compact
Hausdorff space, in terms of the dimension of 𝑋. We already observed that if 𝑋
is a finite-dimensional compact space, then, according to Corollary 3, 𝑟𝑟(𝐶(𝑋)) =
𝑏𝑟1(𝐶(𝑋)) = dim𝑋 for any positive 𝐾 ≤ 1. Our next goal is to extend this result
to the infinite-dimensional situation.

First, recall that a compact Hausdorff space 𝑋 is called weakly infinite-dimen-
sional [1] if for any sequence {(𝐹𝑖, 𝐻𝑖) : 𝑖 ∈ N} of pairs of closed disjoint subsets of
𝑋 there are partitions 𝐿𝑖 between 𝐹𝑖 and 𝐻𝑖 such that

⋂︀∞
𝑖=1 𝐿𝑖 = ∅. Here, 𝐿𝑖 ⊂ 𝑋

is called a partition between 𝐹𝑖 and 𝐻𝑖 if 𝐿𝑖 is closed in 𝑋 and 𝑋∖𝐿𝑖 is decomposed
as the union 𝑈𝑖 ∪ 𝑉𝑖 of disjoint open sets with 𝐹𝑖 ⊂ 𝑈𝑖 and 𝐻𝑖 ⊂ 𝑉𝑖. Since 𝑋 is
compact,

⋂︀∞
𝑖=1 𝐿𝑖 = ∅ is equivalent to

⋂︀𝑘
𝑖=1 𝐿𝑖 = ∅ for some 𝑘 ∈ N. If 𝑋 is not

weakly infinite-dimensional, then it is strongly infinite-dimensional.
A standard example of a weakly infinite dimensional, but not finite-dimensional,

metrizable compactum can be obtained by taking the one-point compactification
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𝛼 (⊕{I𝑛 : 𝑛 ∈ N}) of the discrete union of increasing dimensional cubes. The Hilbert
cube Q is, of course, strongly infinite-dimensional.

Theorem 19. [9] Let 𝑋 be a compact Hausdorff space and 0 < 𝐾 ≤ 1. Then the
following conditions are equivalent:
(a) 𝐶(𝑋) has weakly infinite bounded rank with respect to 𝐾;
(b) 𝐶(𝑋) has weakly infinite real rank;
(c) 𝑋 is weakly infinite-dimensional.

Proof. (a)=⇒(b). This implication follows from Proposition 18 (which is valid for
any – not necessarily commutative – unital 𝐶*-algebras).

(b)=⇒(c). Suppose that 𝐶(𝑋) has a weakly infinite real rank. Take an arbitrary
sequence {(𝐵𝑖,𝐾𝑖) : 𝑖 ∈ N} of pairs of disjoint closed subsets of 𝑋 and define func-
tions 𝑓𝑖 : 𝑋 → [−1, 1] such that 𝑓𝑖(𝐵𝑖) = −1 and 𝑓𝑖(𝐾𝑖) = 1 for every 𝑖 ∈ N. Then,
according to our hypothesis, there is a sequence {𝑔𝑖 : 𝑖 ∈ N} ⊂ 𝐶(𝑋) of real-valued
functions and an integer 𝑘 with ‖𝑓𝑖 − 𝑔𝑖‖ < 1, 𝑖 ∈ N, and

∑︀𝑘
𝑖=1 𝑔

2
𝑖 (𝑥) > 0 for each

𝑥 ∈ 𝑋. If 𝐶𝑖 denotes the set 𝑔−1
𝑖 (0), the last inequality means that

⋂︀𝑘
𝑖=1 𝐶𝑖 = ∅.

Therefore, in order to prove that 𝑋 is weakly infinite-dimensional, it only remains
to show each 𝐶𝑖 is a separator between 𝐵𝑖 and 𝐾𝑖. To this end, we fix 𝑖 ∈ N
and observe that ‖𝑓𝑖 − 𝑔𝑖‖ < 1 implies the following inclusions: 𝑔𝑖(𝐵𝑖) ⊆ [−2, 0),
𝑔𝑖(𝐾𝑖) ⊆ (0, 2] and 𝑔𝑖(𝑋) ⊆ [−2, 2]. So, 𝑋∖𝐶𝑖 = 𝑈𝑖 ∪ 𝑉𝑖, where 𝑈𝑖 = 𝑔−1

𝑖 ([−2, 0))
and 𝑉𝑖 = 𝑔−1

𝑖 ((0, 2]). Moreover, 𝐵𝑖 ⊆ 𝑈𝑖 and 𝐾𝑖 ⊆ 𝑉𝑖, i.e. 𝐶𝑖 separates 𝐵𝑖 and 𝐾𝑖.
(c)=⇒(a). Let us show that the weak infinite-dimensionality of 𝑋 forces 𝐶(𝑋)

to have a weakly infinite bounded rank with respect to 𝐾. To this end, take any
sequence {𝑓𝑖 : 𝑖 ∈ N} ⊂ 𝐶(𝑋) of real-valued functions and any positive number 𝜖. It
suffices to find another sequence {𝑔𝑖 : 𝑖 ∈ N} of real-valued functions in 𝐶(𝑋) such
that ‖𝑓𝑖 − 𝑔𝑖‖ ≤ 𝜖 for every 𝑖 ∈ N and

∑︀𝑚
𝑖=1 𝑔

2
𝑖 (𝑥) > 0 for every 𝑥 ∈ 𝑋 and some

𝑚 ∈ N. Indeed, if
∑︀𝑚
𝑖=1 𝑔

2
𝑖 (𝑥) > 0 for every 𝑥 ∈ 𝑋, then the function

∑︀𝑚
𝑖=1 𝑔

2
𝑖 is

invertible. This, according to Proposition 10, is equivalent to the 𝐾-unessentiality of
the 𝑚-tuple (𝑔1, . . . , 𝑔𝑚). On the other hand,

∑︀𝑚
𝑖=1 𝑔

2
𝑖 (𝑥) > 0 for each 𝑥 ∈ 𝑋 if and

only if
⋂︀𝑚
𝑖=1 𝑔

−1
𝑖 (0) = ∅. Further, since 𝑋 is compact, the existence of 𝑚 ∈ N with⋂︀𝑚

𝑖=1 𝑔
−1
𝑖 (0) = ∅ is equivalent to

⋂︀∞
𝑖=1 𝑔

−1
𝑖 (0) = ∅. Therefore, our proof is reduced

to constructing, for each 𝑖 ∈ N, a function 𝑔𝑖 which is 𝜖-close to 𝑓𝑖 and such that
the intersection of all 𝑔−1

𝑖 (0)’s, 𝑖 ∈ N, is empty.
For every 𝑖 ∈ N let 𝑐𝑖 = inf{𝑓𝑖(𝑥) : 𝑥 ∈ 𝑋} and 𝑑𝑖 = sup{𝑓𝑖(𝑥) : 𝑥 ∈ 𝑋}. We

can suppose, without loss of generality, that each interval (𝑐𝑖, 𝑑𝑖) is not empty and
contains 0. For every 𝑖 we choose 𝜂𝑖 > 0 such that 𝜂𝑖 <

𝜖

2 and 𝐿𝑖 = [−𝜂𝑖, 𝜂𝑖] ⊂
(𝑐𝑖, 𝑑𝑖), 𝑖 ∈ N. Let 𝑄 =

∏︀∞
𝑖=1[𝑐𝑖, 𝑑𝑖], 𝑄0 =

∏︀∞
𝑖=1 𝐿𝑖 be the topological products

of all [𝑐𝑖, 𝑑𝑖]’s and 𝐿𝑖’s, respectively. Consider the diagonal product 𝑓 = △{𝑓𝑖 : 𝑖 ∈
N} : 𝑋 → 𝑄 and note that 𝐻 =

⋂︀∞
𝑖=1 𝐻𝑖, where 𝐻 = 𝑓−1(𝑄0) and 𝐻𝑖 = 𝑓−1

𝑖 (𝐿𝑖)
for each 𝑖 ∈ N. We also consider the sets
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𝐹−𝑖 = 𝑓−1
𝑖 ([𝑐𝑖,−𝜂𝑖]) and 𝐹+

𝑖 = 𝑓−1
𝑖 ([𝜂𝑖, 𝑑𝑖]), 𝑖 ∈ N.

Since 𝐻 is weakly infinite-dimensional (as a closed subset of 𝑋), by [1, Theorem 19,
§10.4], there is a continuous map 𝑝 = (𝑝1, 𝑝2, . . . ) : 𝐻 → 𝑄0 and a pseudointerior
point 𝑏 = {𝑏𝑖 : 𝑖 ∈ N} ∈ 𝑄0 (i.e. each 𝑏𝑖 lies in the interior of the interval 𝐿𝑖) such
that

𝑏 ̸∈ 𝑝(𝐻), 𝐹−𝑖 ∩𝐻 ⊂ 𝑝
−1
𝑖 ({−𝜂𝑖}), and 𝐹+

𝑖 ∩𝐻 ⊂ 𝑝
−1
𝑖 ({𝜂𝑖}), 𝑖 ∈ N.

Since each 𝑏𝑖 is an interior point of 𝐿𝑖 = [−𝜂𝑖, 𝜂𝑖], there exists homeomorphisms
𝑠𝑖 : 𝐿𝑖 → 𝐿𝑖 which leaves the endpoints −𝜂𝑖 and 𝜂𝑖 fixed and such that 𝑠𝑖(𝑏𝑖) = 0.
Let 𝑠 = △{𝑠𝑖 : 𝑖 ∈ N} : 𝑄0 → 𝑄0 and 𝑞 = 𝑠 ∘ 𝑝. Obviously 𝑠(𝑏) = 0 and 0 ̸∈ 𝑞(𝐻),
where 0 denotes the point of 𝑄0 having all coordinates 0. Further observe that
if 𝑞𝑖 = 𝜋𝑖 ∘ 𝑞, where 𝑞𝑖 : 𝑄0 → 𝐿𝑖 denotes the natural projection onto the 𝑖-th
coordinate, then

𝐹−𝑖 ∩𝐻 ⊂ 𝑞
−1
𝑖 ({−𝜂𝑖}) and 𝐹+

𝑖 ∩𝐻 ⊂ 𝑞
−1
𝑖 ({𝜂𝑖}), 𝑖 ∈ N.

Therefore, each 𝑞𝑖, 𝑖 ∈ N, is a function from 𝐻 into 𝐿𝑖 satisfying the following
condition: 𝑞𝑖(𝐹−𝑖 ∩𝐻) = 𝑓𝑖(𝐹−𝑖 ∩𝐻𝑖) = −𝜂𝑖 and 𝑞𝑖(𝐹+

𝑖 ∩𝐻) = 𝑓𝑖(𝐹+
𝑖 ∩𝐻𝑖) = 𝜂𝑖.

Let ℎ𝑖 : 𝐻𝑖 → 𝐿𝑖 be an extension of 𝑞𝑖, 𝑖 ∈ N. Note that the restrictions of ℎ𝑖 and
𝑓𝑖 onto the sets 𝐹−𝑖 ∩𝐻𝑖 and 𝐹+

𝑖 ∩𝐻𝑖 coincide. Finally, define 𝑔𝑖 : 𝑋 → [𝑐𝑖, 𝑑𝑖] by
letting

𝑔𝑖(𝑥) =

{︃
ℎ𝑖(𝑥), if 𝑥 ∈ 𝐻𝑖;
𝑓𝑖(𝑥), if 𝑥 ∈ 𝑋 −𝐻𝑖.

To finish the proof of the "if" part, we need to show that 𝑔𝑖(𝑥) is 𝜖-close to 𝑓𝑖(𝑥)
for each 𝑖 ∈ N and 𝑥 ∈ 𝑋, and that

⋂︀∞
𝑖=1 𝑔

−1
𝑖 (0) = ∅. Since 𝑔𝑖 and 𝑓𝑖 are identical

outside 𝐻𝑖, the first condition is satisfied for 𝑥 ̸∈ 𝐻𝑖. If 𝑥 ∈ 𝐻𝑖, then both 𝑓𝑖(𝑥)
and 𝑔𝑖(𝑥) belong to 𝐿𝑖, so again |𝑓𝑖(𝑥)− 𝑔𝑖(𝑥)| < 𝜖. To prove the second condition,
observe first that 𝑥 ̸∈ 𝐻 implies 𝑥 ̸∈ 𝐻𝑗 for some 𝑗. Hence, 𝑔𝑗(𝑥) = 𝑓𝑗(𝑥) ̸∈ 𝐿𝑗 , so
𝑔𝑗(𝑥) ̸= 0. If 𝑥 ∈ 𝐻, then 𝑔𝑖(𝑥) = 𝑞𝑖(𝑥) for all 𝑖 and, because 0 ̸∈ 𝑞(𝐻), at least one
𝑔𝑖(𝑥) must be different from 0. Thus,

⋂︀∞
𝑖=1 𝑔

−1
𝑖 (0) = ∅.

It follows from Theorem 14 that 𝑟𝑟 (𝐶* (F∞)) > 𝑛 for each 𝑛. Our results imply
much stronger observation.

Corollary 7. [9] The group 𝐶*-algebra 𝐶* (F∞) of the free group on countable
number of generators has strongly infinite real rank.

Proof. It is well known that every separable unital 𝐶*-algebra is an image of
𝐶* (F∞) under a surjective *-homomorphism. In particular, there exists a surjec-
tive *-homomorphism 𝑓 : 𝐶* (F∞)→ 𝐶(𝑄), where 𝑄 denotes the Hilbert cube. It is
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well known (see, for instance, [1, §10.5]) that the Hilbert cube 𝑄 is strongly infinite
dimensional. By Proposition 19, 𝐶(𝑄) has strongly infinite real rank. Finally, by
Proposition 17, real rank of 𝐶* (F∞) must also be strongly infinite.

Next statement provides a formal example of a unital 𝐶*-algebra of weakly infinite,
but not finite real rank.

Proposition 20. [9] Let 𝑋 = 𝛼 (⊕{𝐼𝑛 : 𝑛 ∈ N}) be the one-point compactifica-
tion of the discrete topological sum of increasing-dimensional cubes. In other words,
𝐶(𝑋) =

∏︀
{𝐶(𝐼𝑛) : 𝑛 ∈ N} (here

∏︀
stands for the direct product of indicated 𝐶*-

algebras). Then 𝐶(𝑋) has weakly infinite, but not finite real rank.

Proof. Obviously 𝑋 is countably dimensional and hence, by [1, Corollary 1, §10.5],
it is weakly infinite dimensional. By Proposition 19, 𝐶(𝑋) has weakly infinite real
rank. It only remains to note that 𝑟𝑟(𝑋) > 𝑛 for any 𝑛 ∈ N.

In conclusion let us note that there exist non-commutative 𝐶*-algebras with similar
properties (compare with Corollary 7).

Corollary 8. [9] There exist non-commutative unital 𝐶*-algebras of weakly infinite,
but not finite real rank.

Proof. Let 𝑋 be as in Proposition 20 and 𝐴 be a non-commutative unital 𝐶*-algebra
of a finite real rank. Then the product 𝐶(𝑋)⊕𝐴 has weakly infinite real rank. It is
clear that 𝐶(𝑋)⊕𝐴 is non-commutative and does not have a finite real rank.

4 𝐶*-algebras with the approximate 𝑛-th root
property

All topological spaces in this section are assumed to be (at least) completely regular.
For a space 𝑋 and an integer 𝑛 ≥ 2, we consider the following conditions (‖·‖ denotes
the supremum norm):
(*)𝑛For each bounded continuous function 𝑓 : 𝑋 → C and each 𝜀 > 0, there exists

a continuous function 𝑔 : 𝑋 → C such that ‖𝑓 − 𝑔𝑛‖ < 𝜀.
(**)𝑛For each bounded continuous function 𝑓 : 𝑋 → C and each 𝜀 > 0, there exist

bounded continuous functions 𝑔1, .., 𝑔𝑛 : 𝑋 → C such that 𝑓 =
∏︀𝑖=𝑛
𝑖=1 𝑔𝑖 and

‖𝑔𝑖 − 𝑔𝑗‖ < 𝜀 for each 𝑖, 𝑗.

Definition 7. We say that the space 𝐶*(𝑋) of all bounded complex-valued functions
on 𝑋 has the approximate 𝑛-th root property if 𝑋 satisfies condition (*)𝑛.
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We have the following result established in [12] (see [2] for another characterization
of function algebras with the approximate 𝑛-th root property):

Theorem 21. Let 𝑋 be a compactum with dim𝑋 ≤ 1 and 𝑛 a positive integer.
Then the following conditions are equivalent:
(1) 𝐶(𝑋) has the approximate 𝑛-th root property.
(2) 𝑋 satisfies condition (**)𝑛.
(3) the first Čech cohomology 𝐻̌1(𝑋; Z) is 𝑛-divisible, that is, each element of

𝐻̌1(𝑋; Z) is divided by 𝑛.

Let 𝒜(𝑛) denote the class of all completely regular spaces satisfying condition (*)𝑛
and 𝒜1(𝑛) is the subclass of 𝒜(𝑛) consisting of spaces 𝑋 with dim𝑋 ≤ 1.

4.1 Properties of the classes 𝒜(𝑛) and 𝒜1(𝑛)

Everywhere in this subsection 𝒦𝑛 will denote one of the classes 𝒜(𝑛) and 𝒜1(𝑛),
𝑛 ≥ 2.

Proposition 22. [7] A compactum 𝑋 belongs to 𝒦𝑛 if and only if 𝑋 can be rep-
resented as the limit space of an inverse system {𝑋𝛼, 𝑝𝛽𝛼 : 𝛼, 𝛽 ∈ 𝐴} of metrizable
compacta with each 𝑋𝛼 ∈ 𝒦𝑛.

We say that a class of spaces 𝒫 is factorizable if, for every map 𝑓 : 𝑋 → 𝑌 of a
compactum 𝑋 ∈ 𝒫, there exists a compactum 𝑍 ∈ 𝒫 of weight 𝑤(𝑍) ≤ 𝑤(𝑌 ) and
maps 𝜋 : 𝑋 → 𝑍 and 𝑝 : 𝑍 → 𝑌 such that 𝑓 = 𝑝 ∘ 𝜋.

Proposition 23. [7] Any one of the classes 𝒜(𝑛) and 𝒜1(𝑛), 𝑛 ≥ 2, is factorizable.

Corollary 9. [7] Every space 𝑋 ∈ 𝒦𝑛 has a compactification 𝑍 ∈ 𝒦𝑛 with 𝑤(𝑍) =
𝑤(𝑋).

Proof. Obviously, 𝑋 ∈ 𝒦𝑛 implies 𝛽𝑋 ∈ 𝒦𝑛. Let 𝑌 be an arbitrary compactification
of 𝑋 with 𝑤(𝑌 ) = 𝑤(𝑋) and let 𝑓 : 𝛽𝑋 → 𝑌 be the extension of the identity on 𝑋.
Then, by Proposition 23, there exists a compactum 𝑍 ∈ 𝒦𝑛 and maps 𝑔 : 𝛽𝑋 → 𝑍

and ℎ : 𝑍 → 𝑌 with ℎ ∘ 𝑔 = 𝑓 and 𝑤(𝑍) = 𝑤(𝑋). It remains only to observe that 𝑍
is a compactification of 𝑋.

The final result in this subsection implies that each 𝒦𝑛, 𝑛 ≥ 2, has an universal
element. Recall that a map ℎ : 𝑋 → 𝑌 is said to be invertible for a given class 𝒫
(or simply, 𝒫-invertible) if for every map 𝑔 : 𝑍 → 𝑌 with 𝑍 ∈ 𝒫 there exists a map
𝑔 : 𝑍 → 𝑋 such that 𝑔 = ℎ ∘ 𝑔.
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Theorem 24. [7] Let 𝑛 be a positive integer and let 𝒦𝑛 denote one of the classes
𝒜(𝑛) and 𝒜1(𝑛). Then for every cardinal 𝜏 ≥ 𝜔 there exists a compactum 𝑋𝜏 ∈ 𝒦𝑛
of weight ≤ 𝜏 and a 𝒦𝑛-invertible map 𝑓𝒦 : 𝑋𝜏 → I𝜏 .

Proof. We consider the family of all maps {ℎ𝛼 : 𝑌𝛼 → I𝜏}𝛼∈Λ such that each 𝑌𝛼 is
a closed subset of I𝜏 with 𝑌𝛼 ∈ 𝒦𝑛. Let 𝑌 be the disjoint sum of all 𝑌𝛼 and the
map ℎ : 𝑌 → I𝜏 coincides with ℎ𝛼 on every 𝑌𝛼. We extend ℎ to a map ℎ : 𝛽𝑌 → I𝜏 .
Since 𝛽𝑌 ∈ 𝒦𝑛, by Proposition 23, there exists a compactum 𝑋 of weight ≤ 𝜏 and
maps 𝑝 : 𝛽𝑌 → 𝑋 and 𝑓 : 𝑋 → I𝜏 such that 𝑋 ∈ 𝒦𝑛 and 𝑓 ∘ 𝑝 = ℎ.

Let us show that 𝑓 is 𝒦𝑛-invertible. Take a space 𝑍 ∈ 𝒦𝑛 and a map 𝑔 : 𝑍 → I𝜏 .
Considering 𝛽𝑍 and the extension 𝑔 : 𝛽𝑍 → I𝜏 of 𝑔, we can assume that 𝑍 is
compact. We also can assume that the weight of 𝑍 is ≤ 𝜏 ( otherwise we apply
again Proposition 23 to find a compact space 𝑇 ∈ 𝒦𝑛 of weight ≤ 𝜏 and maps
𝑔1 : 𝑍 → 𝑇 and 𝑔2 : 𝑇 → I𝜏 with 𝑔2 ∘ 𝑔1 = 𝑔, and then consider the space 𝑇 and
the map 𝑔2 instead, respectively, of 𝑍 and 𝑔). Therefore, without loss of generality,
we can assume that 𝑍 is a closed subset of I𝜏 . According to the definition of 𝑌 and
the map ℎ, there is an index 𝛼 ∈ Λ such that 𝑍 = 𝑌𝛼 and 𝑔 = ℎ𝛼. The restriction
𝑝|𝑍 : 𝑍 → 𝑋 is a lifting of 𝑔, i.e. 𝑓 ∘ (𝑝|𝑍) = 𝑔.

Corollary 10. [7] Let 𝒦𝑛 be one of the classes 𝒜(𝑛) and 𝒜1(𝑛). Then for every
𝜏 ≥ 𝜔 there exists a compactum 𝑋 ∈ 𝒦𝑛 of weight 𝜏 which contains every space
from 𝒦𝑛 of weight ≤ 𝜏 .

4.2 The approximate 𝑛-root property of 𝐶*-algebras

It is easily seen that the modification of condition (*)𝑛, obtained by requiring both 𝑓
and 𝑔 to be of norm ≤ 1, is equivalent to (*)𝑛. This observation leads us to consider
the following classes of general (non-commutative) 𝐶*-algebras.

Definition 8. [7] We say that a 𝐶*-algebra 𝑋 satisfies the approximation 𝑛-th root
property if for every 𝑎 ∈ 𝑋 with ‖𝑎‖ ≤ 1 and every 𝜀 > 0 there exists 𝑏 ∈ 𝑋 such
that ‖𝑏‖ ≤ 1 and ‖𝑎− 𝑏𝑛‖ < 𝜀.

The class of all 𝐶*-algebras with the approximate 𝑛-th root property is denoted by
𝒜𝒫(𝑛). Let 𝒜𝒫1(𝑛) be the subclass of 𝒜𝒫(𝑛) consisting of 𝐶*-algebras of bounded
rank ≤ 1 (see Definition 4). We also consider the class ℋ𝒫(𝑛) of 𝐶*-algebras 𝑋 with
the following property: for every invertible element 𝑎 ∈ 𝑋 with ‖𝑎‖ ≤ 1 and every
𝜀 > 0 there exists 𝑏 ∈ 𝑋 such that ‖𝑏‖ ≤ 1 and ‖𝑎− 𝑏𝑛‖ < 𝜀. In the sequel, 𝒜𝒫(𝑛)𝑠
denotes the class of all separable 𝐶*-algebras from 𝒜𝒫(𝑛). The notations 𝒜𝒫1(𝑛)𝑠
and ℋ𝒫(𝑛)𝑠 have the same meaning.
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In this subsection we investigate the behavior of the classes 𝒜𝒫(𝑛), 𝒜𝒫1(𝑛)
and ℋ𝒫(𝑛) with respect to direct systems and then use the result to prove the
existence of universal elements in the classes 𝒜𝒫(𝑛)𝑠, 𝒜𝒫1(𝑛)𝑠 and ℋ𝒫(𝑛)𝑠. The
results from the present subsection are actually a non-commutative analogues of the
corresponding result from the previous subsection.

Proposition 25. [7] Let 𝒦 be one of the classes 𝒜𝒫(𝑛), 𝒜𝒫1(𝑛) and ℋ𝒫(𝑛). If 𝑋
is the limit of a direct system 𝒮 = {𝑋𝛼, 𝑖𝛽𝛼, 𝐴} consisting of unital 𝐶*-algebras and
unital *-inclusions with 𝑋𝛼 ∈ 𝒦 for each 𝛼, then 𝑋 ∈ 𝒦.

As in the commutative case (see Proposition 22), we can establish a decomposition
theorem for the classes 𝒜𝒫(𝑛), 𝒜𝒫1(𝑛) and ℋ𝒫(𝑛).

Proposition 26. [7] Let 𝒦 be one of the classes 𝒜𝒫(𝑛), 𝒜𝒫1(𝑛) and ℋ𝒫(𝑛). The
following conditions are equivalent for any unital 𝐶*-algebra 𝑋:
(1) 𝑋 ∈ 𝒦.
(2) 𝑋 can be represented as the direct limit of a direct 𝐶*𝜔-system {𝑋𝛼, 𝑖𝛽𝛼, 𝐴} sat-

isfying the following properties:
(a) The indexing set 𝐴 is cofinal and 𝜔-closed in the 𝜔-complete set exp𝜔 𝑌 for

some (any) dense subset 𝑌 of 𝑋 such that |𝑌 | = 𝑑(𝑋).
(b) 𝑋𝛼 is a (separable) 𝐶*-subalgebra of 𝑋 with 𝑋𝛼 ∈ 𝒦, 𝛼 ∈ 𝐴.

Finally, we can establish the existence of universal elements in the classes 𝒜𝒫(𝑛)𝑠,
𝒜𝒫1(𝑛)𝑠 and ℋ𝒫(𝑛)𝑠.

Theorem 27. [7] Let 𝑛 ≥ 2 be a positive integer and let 𝒦 be one of the
classes 𝒜𝒫(𝑛), 𝒜𝒫1(𝑛) and ℋ𝒫(𝑛). Then there exists a 𝒦-invertible unital *-
homomorphism 𝑝 : 𝐶* (F∞) → 𝑍𝒦 of 𝐶*(𝐹∞) to a separable unital 𝐶*- algebra
𝑍𝒦 ∈ 𝒦.

Proof. Let ℬ = {𝑓𝑡 : 𝐶* (F∞)→ 𝑋𝑡 : 𝑡 ∈ 𝑇} denote the set of all unital *-homomor-
phisms on 𝐶* (F∞) such that 𝑋𝑡 ∈ 𝒦. We claim that the product

∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇}

belongs to 𝒦. This is obviously true if 𝒦 is either 𝒜𝒫(𝑛) or ℋ𝒫(𝑛). Since the
bounded rank of this product is ≤ 1 provided each 𝑋𝑡 is of bounded rank ≤ 1 (see
Proposition 12), the claim holds for the class 𝒜𝒫1(𝑛) as well. The *-homomorphisms
𝑓𝑡, 𝑡 ∈ 𝑇 , define the unital *-homomorphism 𝑓 : 𝐶* (F∞) →

∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇} such

that 𝜋𝑡 ∘ 𝑓 = 𝑓𝑡 for each 𝑡 ∈ 𝑇 , where 𝜋𝑡 :
∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇} → 𝑋𝑡 denotes the

canonical projection *-homomorphism onto 𝑋𝑡. By Proposition 26,
∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇}

can be represented as the limit of the 𝐶*𝜔-system 𝒮 = {𝐶𝛼, 𝑖𝛽𝛼, 𝐴} such that 𝐶𝛼
is a separable unital 𝐶*-algebra with 𝐶𝛼 ∈ 𝒦 for each 𝛼 ∈ 𝐴. Suppressing the
injective unital *-homomorphisms 𝑖𝛽𝛼 : 𝐶𝛼 → 𝐶𝛽 , we may assume, for notational
simplicity, that 𝐶𝛼’s are unital 𝐶*-subalgebras of

∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇}. Let {𝑎𝑘 : 𝑘 ∈ 𝜔}
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be a countable dense subset of 𝐶* (F∞). For each 𝑘 ∈ 𝜔 there exists an index 𝛼𝑘 ∈ 𝐴
such that 𝑓(𝑎𝑘) ∈ 𝐶𝛼𝑘 . Since 𝐴 is 𝜔-complete, there exists an index 𝛼0 ∈ 𝐴 such that
𝛼0 ≥ 𝛼𝑘 for each 𝑘 ∈ 𝜔. Then 𝑓(𝑎𝑘) ∈ 𝐶𝛼𝑘 ⊆ 𝐶𝛼0 for each 𝑘 ∈ 𝜔. This observation
coupled with the continuity of 𝑓 guarantees that 𝑓 (𝐶* (F∞)) = 𝑓 (𝑐𝑙 {𝑎𝑘 : 𝑘 ∈ 𝜔}) ⊆
𝑐𝑙 {𝑓 ({𝑎𝑘 : 𝑘 ∈ 𝜔})} ⊆ 𝑐𝑙𝐶𝛼0 = 𝐶𝛼0 .

Let 𝑍𝒦 = 𝐶𝛼0 and define the unital *-homomorphism 𝑝 : 𝐶* (F∞) → 𝑍𝒦 as
𝑓 , regarded as a homomorphism of 𝐶* (F∞) into 𝑍𝒦. Note that 𝑓 = 𝑖 ∘ 𝑝, where
𝑖 : 𝑍𝒦 = 𝐶𝛼0 →˓

∏︀
{𝑋𝑡 : 𝑡 ∈ 𝑇} stands for the inclusion.

By construction, we see 𝑍𝒦 ∈ 𝒦. Let us show that 𝑝 : 𝐶* (F∞) → 𝑍𝒦 is 𝒦-
invertible. For a given unital *-homomorphism 𝑔 : 𝐶* (F∞) → 𝑋, where 𝑋 is a
unital 𝐶*-algebra with 𝑋 ∈ 𝒦, we need to establish the existence of a unital *-
homomorphism ℎ : 𝑍𝒦 → 𝑋 such that 𝑔 = ℎ ∘ 𝑝. Indeed, by definition of the set ℬ,
we conclude that 𝑔 = 𝑓𝑡 : 𝐶* (F∞) → 𝑋𝑡 = 𝑋 for some index 𝑡 ∈ 𝑇 . Observe that
𝑔 = 𝑓𝑡 = 𝜋𝑡 ∘ 𝑓 = 𝜋𝑡 ∘ 𝑖 ∘ 𝑝. This allows us to define the required unital *-homomor-
phism ℎ : 𝑍𝒦 → 𝑋 as the composition ℎ = 𝜋𝑡 ∘ 𝑖. Hence, 𝑝 is 𝒦-invertible.

It is well-known that every separable 𝐶*-algebra is a surjective image of 𝐶*(F∞).
Therefore, if ℜ is a class of separable 𝐶*-algebras and 𝑝 : 𝐶*(𝐹∞) → 𝑌ℜ is a ℜ-
invertible homomorphism with 𝑌ℜ ∈ ℜ, then 𝑌ℜ is universal for the class ℜ. Hence,
Theorem 27 implies the following

Corollary 11. [7] Each of the classes 𝒜𝒫(𝑛)𝑠, 𝒜𝒫1(𝑛)𝑠 and ℋ𝒫(𝑛)𝑠 has a uni-
versal element.

Let us note that there exists a non-commutative 𝐶*-algebra which belongs to any
one of the classes 𝒜𝒫(𝑛)𝑠, 𝒜𝒫1(𝑛)𝑠 and ℋ𝒫(𝑛)𝑠. Indeed, let 𝑋 = 𝑀(𝑚) be the
algebra of all 𝑚 ×𝑚 complex matrixes, where 𝑚 ≥ 2 is a fixed integer. By [3], the
bounded rank of 𝑋 is 0. Moreover, using the canonical Jordan form representation,
one can show that if 𝐴 ∈ 𝑋 and 𝑛 ≥ 2, then 𝐴 can be approximated by a matrix
𝐵 ∈ 𝑋 with 𝐶𝑛 = 𝐵 for some 𝐶 ∈ 𝑋. Hence, 𝑋 is a common element of 𝒜𝒫(𝑛)𝑠,
𝒜𝒫1(𝑛)𝑠 and ℋ𝒫(𝑛)𝑠. This implies that the universal elements of 𝒜𝒫(𝑛)𝑠, 𝒜𝒫1(𝑛)𝑠
and ℋ𝒫(𝑛)𝑠 are also non-commutative.
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