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Homological characterizations of
()-manifolds and /;-manifolds

by

Alexandre Karassev and Vesko Valov (North Bay)

Abstract. We investigate to what extent the density of Z,-maps in the characteriza-
tion of @-manifolds and the density of maps f € C(Nx @, X) having discrete images in the
l2-manifolds characterization can be weakened to the density of homological Z,,-maps and
homological Z-maps, respectively. As a result, we obtain homological characterizations of
@-manifolds and ls-manifolds.

1. Introduction and preliminary results. By a space we always
mean a complete separable metric space without isolated points.

Toruriczyk’s well-known fundamental characterizations of manifolds mod-
eled on @ = [—1, 1] and [ state that a locally compact separable ANR-space
X is a (Q-manifold if and only if X satisfies the disjoint n-disks property
for every n; see [16]. Equivalently, for every n the function space C'(B", X)
contains a dense set of Z,-maps. Similarly, a complete separable ANR-space
is an ly-manifold iff X has the discrete approximation property: C'(N x @, X)
contains a dense set of maps f such that the family {f({n} x Q) : n € N} is
discrete in X; see [15]. Here, both function spaces C(Q, X) and C(N x @, X)
are equipped with the limitation topology, and B™ is the n-dimensional ball.
Daverman and Walsh [10] (see also [12]) refine Torunczyk’s characterization
of @Q-manifolds by combining the disjoint 2-disks property and the disjoint
Cech carriers property (the latter property means that Cech homology el-
ements can be made disjoint). Banakh and Repovs [2] observed that the
disjoint Cech carriers property in Daverman—Walsh’s characterization can
be replaced by the following one: C(K, X) contains a dense set of homo-
logical Z-maps for every compact polyhedron K. Bowers [6] provided an
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lo-version of Daverman—Walsh’s result for spaces having nice ANR local
compactifications.

In the present paper we investigate to what extent the density of Z,-
maps in the characterization of ()-manifolds and the density of maps f €
C(N x @, X) having discrete images in the ly-manifolds characterization
can be weakened to the density of homological Z,-maps and homological
Z-maps, respectively. In Section 2 we establish relations between the density
of homological Z,-maps in C'(B", X) and the disjoint n-carriers property.
As a corollary we obtain a proof of the Banakh—Repovs result mentioned
above, and obtain a characterization of spaces having a nice ANR local
compactification that is a Q-manifold. We also discuss the question whether
for any locally compact ANR-space X we know that X xB! is a Q-manifold if
and only if for any n the space C'(B", X') contains a dense set of homological
Zn-maps. This can be compared to Daverman—Walsh’s result [10] that a
locally compact ANR-space has the disjoint Cech carriers property if and
only if X x B? is a @-manifold.

In Section 3 we provide homological characterizations of ls-manifolds.
Two cases are considered, the case of the boundary set setting (when the
spaces under consideration have “nice” ANR local compactifications) and
the general case of ANR-spaces. Among ANR-spaces lo-manifolds are ex-
actly the spaces X having the discrete 2-cells property such that C(Nx @, X)
contains a dense Gs-set of homological Z.-maps (see Corollary 3.6). A com-
bination of the disjoint disks property and the existence of a dense Gs-set in
C(N xB", X) of homological Z,-maps for every n characterizes lo-manifolds
in the boundary set setting (Corollary 3.2).

The singular and Cech homology groups are denoted, respectively, by Hy,
and Hy,. If V C U are open subsets of X and z € ﬁq(U, V') for some integer
q > 0, a compact pair (C,dC) C (U, V) is said to be a Cech carrier [10]
for z provided z € i.(H,(C,0C)), where i, : H,(C,0C) — H,(U,V) is
the inclusion-induced homomorphism. A singular carrier of an element z €
Hy(U, V) is defined in a similar way. Following [10], we say that a space X has
the disjoint n-carriers property (br., DC"P) provided for any open in X sets
V; C U;, i = 1,2, and any elements z; € ﬁq(i)(Ui, V;) with 0 < ¢(i) < n there
are Cech carriers (Cy,0C;) C (U, V;) for z; such that C; N Cy = (). A space
X has the disjoint Cech carriers property (br., DCP) provided X € DC"P
for every n. The disjoint n-carriers property is a homological analogue of the
well-known disjoint n-disks property (br., DD"P): any two maps B" — X
can be approximated by maps with disjoint images. Recall that a closed set
F C X is said to be a Z,-set if the set C(B", X \ F) is dense in C(B", X).
Note that if X is an LC" '-space, then a closed set F C X is a Z,-set iff
for each at most n-dimensional metric compactum Y the set {f € C(Y, X) :
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fY)n F = 0} is dense in C(Y, X); see [3]. We also say that a map f :
K — X, where K is a compactum, is a Z,,-map provided f(K) is a Z,-set
in X. According to [16], X € DD"P if and only if the set of all Z,-maps
B" — X is dense and Gs in C(B", X).

Replacing B™ in the above definition of Z,-sets with @Q, we obtain the
definition of Z..-sets and Z..-maps. It is well known that a set is a Z-set
iff it is a Z,-set for every n. A closed set A C X is a strong Z-set [4]
if for every open cover U of X and a sequence of maps {f;} C C(Q,X),
there is a sequence {g;} C C(Q,X) such that each g; is U-close to f; and
Uis19:(@) N A=0.

Recall that a space X is LC™ if for every z € X and its neighborhood U
in X there is another neighborhood V' of x such that V' LU forallm <n
(here V & U means that V C U and every map from the m-dimensional
sphere S™ into V can be extended to a map of B! to U). We also say that a
set A C X is k-LCC in X if for every point € A and its neighborhc;fod U in
X there exists another neighborhood V of  with V-.C U and V\ A — U\ A.
If Ais k-LCC in X for all £ < n, then A is said to be LCC™ in X.

There are homological analogues of Z,-sets and Z,,-maps. A closed set
F C X is called a homological Z,-set in X if the singular homology groups
Hy(U,U \ F) are trivial for all open sets U C X and all & < n; see [I].
It can be shown that every homological Z,-set in X is nowhere dense. The
homological Z,,-property is finitely additive and hereditary with respect to
closed subsets [I]. A map f : K — X is a homological Z,-map provided
the image f(K) is a homological Z,-set in X. Homological Z.-sets were
considered in [I0] under the name of sets of infinite codimension.

Combining |17, Corollary 3.3] and [1, Theorem 2.1|, we have the following:

PROPOSITION 1.1. Let X be an LC"-space with n > 2. Then a closed
subset A of X is a Zy-set in X provided A is an LCC! homological Z,,-set
in X. Equivalently, A is a Z,-set iff it is a Zy-set and a homological Z,-set.
In particular, Z,-sets in LC™-spaces are homological Z,-sets.

2. Homological Z,-maps and (J-manifolds. It is well known that
for every pair (X, A) with A C X there is a natural homomorphism T’y 4 :
H.(X,A) — H.(X,A). Recall that a space X is called homologically locally
connected up to dimension n if for any point x in X and any neighborhood U
of = there exists a neighborhood V' of x such that V C U and the inclusion-
induced homomorphism Hy (V) — Hy(U) is trivial for all £ < n. If both
X and A are homologically locally connected with respect to the singular
homology up to dimension n, then T'x 4 : Hp(X,A) — Hi(X,A) is an
isomorphism for all & < n; see [13]. In particular, this is true if X and A are
LC"-spaces. We say that an element z € Hy(U, V') has a homological Cech
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Zn-carrier provided z has a Cech carrier (C,,dC.,) C (U, V) such that C, is
a homological Z,,-set in X.
The following result is well known.

LEMMA 2.1. Let X be an LC™-space and V' C U be open in X. Then
Hi (U, V) is countable for all k < n.

LEMMA 2.2. Let X be an LC"-space and (U, V') a pair of open sets in X.
If (C.,0C.) C (U,V) is a singular carrier for some z € H(U, V) with k < n,
then (C5,0C,) is also a Cech carrier for z.

Proof. Since X is LC™, the homomorphism Ty v : Hg(U, V) — Hg(U, V)
is an isomorphism. Then the commutative diagram

Hy(C,0C,) = H,(U, V)

Tc,,0c, l lTU,V

(2

Hy(C.,0C,) —— Hi(U,V)
implies that (C,dC.) is a Cech carrier for z. m
The next lemma is an analogue of [10, Lemma 3.1].

LEMMA 2.3. A closed set A C X is a homological Z,-set in X if and
only if each z € Hy, (U, V), where m < n and U,V are open sets in X with
V C U, has a singular carrier (C,,0C,) C (U, V) such that C, N A = 0.

Proof. Suppose A is a homological Z,-set and let z € H,, (U, V) for some
m < n and open sets V' C U. Then we have the commutative diagram

Hpy(U\NA)—=Hn(U\NAVNA)—=Hp (VN A) — Hp1(U\ A)

! | ! ;
H,u(U) H,u(U,V) Hyy1 (V) —— Hyut(U)

where the rows are exact sequences of the pairs (U \ A,V \ A) and (U, V).
Since A is a homological Z,-set, i is an epimorphism, while p and [ are
isomorphisms. Hence, by the Four-Lemma, j is an epimorphism. This means
that there is 2/ € H,, (U \ A,V \ A) with j(z’) = z. So, z has a singular
carrier (C,,0C;) C (U\ A,V \ A).

The other implication of Lemma [2.3]is obvious. m

Let B be a finitely additive base for X and H,, = [J{Hx(U,V) : k <n
and U,V € B}. Then H,, = J{Hr(U,V) : k <nand U,V open in X}.

COROLLARY 2.4. Ewvery closed subset of X contained in X \ U{C; :
z € Hyp} is a homological Zy,-set in X.
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PROPOSITION 2.5. Consider the following conditions for an LC™-space:

(1) C(B", X) contains a dense set of homological Z,-maps;

(2) each C(B¥, X), k < n, contains a dense set of homological Z,-maps;

(3) every z € Hy(U, V), k < n, has a homological Cech Zy-carrier (Cs,dC.)
c (U,V).

(4) X € DC"P.

Then (1)=(2)=(3)=(4).

Proof. (1)=(2): Suppose C'(B", X) contains a dense set of homological
Zp-maps. For every k < n we embed B in B” and consider the restriction
map 7 : C(B", X) — C(B*, X). The maps 7, are open and continuous.
Moreover, since B¥ is a retract of B, m are also surjective. Therefore, if
M, C C(B", X) is a dense subset consisting of homological Z,-maps, the
sets My = m'(M,,) are also dense in C(B*, X) and consist of homological
Zyp-maps.

(2)=(3): If z € H(U, V) for some open sets U, V then there is a singular
chain ¢, = Y_?_, m; f; representing z with f;(S¥~!) C V for all i. Using the
density of My in C(BF, X) we approximate each f; with a map g; € My
such that g;(B*) c U and ¢;(S¥~!) € V. Because X € LC™, we can suppose
that each g; is homotopic to f; in U. This means that > ©_; m;g; is another
representation of z and C, = (J!_, ¢; (B¥) is a singular carrier for z. Because
each g;(B*) is a homological Z,-set in X, so is C.; see [I]. It remains to show
that C is also a Cech carrier for z. And this follows from Lemma

(3)=(4): Let z; € Hy(;(Uj;, V), j = 1,2, and (C1,0C1) C (U1, V1) be a
Cech carrier for z; such that C} is a homological Z,,-set. Then, by Lemma
29 has a singular carrier (Co,0C%) C (U, V) with C; N Cy = ). Lemma
implies that (Cq,0C53) is also a Cech carrier for z9. u

LEMMA 2.6. Let X be an LC"-space. Then the set A, of all homological
Zn-maps f:B" — X is Gs in C(B", X).

Proof. Let B be a countable finitely additive base for X. Let C; be a
countable dense set of k-chains in X, where k& = 0,1,...,n (density here
is with respect to the compact-open topology for the respective maps), and
C = Up_oCr. For a set A C X and € > 0 let B(A,¢) denote the closed
e-neighborhood of A in X. For any U € B, ¢ € C with ¢ C U, and m =
1,2,... let Gfj. be the set of all maps f : B" — X such that if dc C
U\B(f(B"™),1/m) then there exists a (k+1)-chain ¢’ C U such that ¢’ —¢ C
U\ f(B").

First we will show that A, = ({Gf}.: U € B, ¢ € C, m € N}. Denote
the latter intersection by G and suppose that f € G. According to the results
of [1] it is sufficient to show that Hy(U,U \ f(B")) =0forall kK =0,1,...,n
and all U € B. Consider a chain ¢ € Hi(U,U \ f(B")). We may assume that
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¢ € Cy. Because the carrier of ¢ and f(B") are compact, there exists m such
that dc C U \ B(f(B"),1/m). Since f € G}, there exists a (k + 1)-chain
¢ C U such that 9¢ — ¢ C U\ f(B™). This implies that ¢ is homologous
to 0 in Hi(U,U \ f(B")). Thus f € A,. Now consider any f € A, and a
set G with ¢ € C. Suppose dc C U \ B(f(B"),1/m). Then, in particular,
c € Hp(U,U\ f(B")) = 0. Therefore there exists a (k+ 1)-chain ¢’ C U such
that d¢’ — ¢ C U\ f(B™). This implies that f is contained in each set G/ e
and hence f € G.

Next, we will show that each G77 . is open. For this, consider f € Gy .. If
dcg U \ B(f(B"),1/m), the same is true for all maps g that are sufficiently
close to f. Suppose that dc C U\ B(f(B"),1/m). Then there exists a (k+1)-
chain ¢ such that ¢ —c¢ C U\ f(B™). This implies that ¢’ —c C U \ g(B™)
for all maps ¢ sufficiently close to f. =

We say that a space X has the property DD P if any two maps
f:B" - X and g : B"™ — X can be approximated by maps f’ : B" — X
and ¢ : B" — X with f/(B") N ¢ (B™) = 0. The property DD{2'P (resp.,
DD{LUP) is called the disjoint arc-disk (resp., disjoint arcs) property.

PROPOSITION 2.7. Suppose C(B™, X) contains a dense set of homological
Z1-maps. Then

(1) X e DD{LnIP;
(2) C(B', X) contains a dense Gs-subset consisting of Z,-maps;
(3) C(B"™, X) contains a dense Gs-subset consisting of Z1-maps.

Proof. The following statement was actually established in [2, proof of
Proposition 6]: If A is a homological Z;-set in a space X, then every map
g : B! = X can be approximated by maps ¢’ : B! — X \ A. This state-
ment implies that X € DD{Lntp provided C'(B", X) contains a dense set of
homological Z;-maps.

To prove the second item, choose a countable base {U;} for C(B", X).
For every i let G; be the set of all f € C(B', X) such that f(B')Nng(B") =0
for some g € U;. Since X € DD™P, one can show that each G; is open
and dense in C (B!, X). So, G = (N G; is dense and G in C(B!, X). Observe
that for every f € G and every i there is g; € U; with f(B!) N g;(B") = 0.
Since {g;} is a dense set in C'(B", X), each f(B!), f € G, is a Z,-set in X.
The proof of item (3) is similar. =

PROPOSITION 2.8. Let X be a locally compact LC"™-space with n > 2.
Then the following are equivalent:

(1) C(B™, X) contains a dense set of homological Z,-maps;
(2) X € DC"P and C(B?,X) contains a dense set of homological Z,-maps;
(3) every C(BF, X), k < n, contains a dense Gs-set of homological Z,,-maps.
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Proof. (1)=-(2): This implication follows from Proposition

(2)=(3): Suppose X satisfies condition (2) and choose a dense sequence
{g;} in C(B? X) of homological Z,-maps. Let H,, = {z; € Hy(5y(U;,Vj)
k(j) < n and U;,V; € B}, where B is a countable additive base for X.
Then the arguments from [I0, proof of Lemma 3.2| imply that every z; €
Hy,;)(Uj, Vj) has a homological Cech Z,-carrier (C;,0C;) C (Uj,V;). Ac-
cording to Corollary every compact subset of X \ |JC} is a homological
Zy-set in X. Therefore, we have a sequence {D; = CjUg;(B?)} of homologi-
cal Zp-sets such that every compact subset of X \ |J D; is also a homological
Zn-set. Moreover, the density of {g;} in C(B?, X) implies that all compact
subsets of X \|J D; are Za-sets. So, by Proposition every compact subset
of X\UD; is a Zy,-set. Following the arguments of [10, Lemma 3.8], one can
show that there is another sequence {A;} C X \ |JD; of compact sets with
each compact subset of X \ | A; being a homological Z,,-set. Because A; are
Zn-sets (as subsets of X \ JD;), for every k < n the maps g € C(B¥, X)
with g(B*) N (JA; = 0 form a dense Gs-subset Wy of C(B¥, X). Finally,
observe that g(B¥) is a homological Z,-set for every g € Wy.

(3)=-(1): This implication is obvious. =

THEOREM 2.9. The following conditions are equivalent for any LC"-
space X :

(1) X € DD?P and C(B", X) contains a dense set A, of homological Z,-
maps;
(2) X has the disjoint n-disks property.

Proof. Suppose X satisfies condition (1). Since X € DD?P, there is a
dense Gs-set G’ C C(B?, X) of Zy-maps. Observe that there is a dense se-
quence {g;} C C(B?, X) such that each g;(B?) is a Zo-set and a homological
Zn-set. Indeed, because the restriction map 7% : C(B", X) — C(B? X)
is surjective and open, the set (7%)71(G’) is dense and Gs in C(B", X).
Lemma implies that A, is G5 in C(B", X). So, (7%)"YG') N 4, is
also dense in C(B™, X) and it contains a dense sequence {f;}. Obviously,
the sequence {¢g; = 75 (fi)} has the required property. Thus, by Proposi-
tion all g;(B?) are Z,-sets. Consequently, the set I}, = {f € C(B", X) :
f(B*) N gi(B?) = 0} is dense and Gs in C(B", X). Moreover, the density
of {g;} in C(B?, X) implies that f(B") is a Zs-set in X for all f € I,. Then
I'yN Ay, is a dense subset of C'(B™, X) and consists of maps f such that f(B")
is both a homological Z,-set and a Zs-set in X. Therefore, each f € I;,N A,
is a Z,-map, which shows that X has the disjoint n-disks property.

The implication (2)=(1) is obvious. =

Following Bowers [0], we say that a space X has a nice ANR local com-
pactification if there is a locally compact ANR-space Y containing X such
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that X =Y \ F for some oZ-set F' (i.e., a countable union of Z-sets) in Y.
Any such X is complete ANR; see [17]. Torunczyk’s [16] characterization
theorem of @-manifolds yields the following proposition (the special case
when F' = () was established in [2]).

PROPOSITION 2.10. Let X be a nice ANR local compactification of a
space X. Then X is a Q-manifold if and only if X has the disjoint disks
property and for every n the space C(B", X) contains a dense set of homo-
logical Z,-maps.

Proof. Let X = X \ F, where F is a 0Z-set in X (i.e., F is the union of
countably many Z-sets). Suppose X has the disjoint disks property and every
C(B", X) contains a dense set of homological Z,-maps. To show that X is a
@-manifold, according to Theorem and Toruriczyk’s [16] characterization
of Q-manifolds, it suffices to prove X satisfies the following two conditions:
(i) X has the disjoint disks property and (ii) every C'(B", X) contains a
dense set of homological Z,-maps. Let f,g : B2 — X be two maps. Since
F is a 0Z-set in X, we can approximate f,g, respectively, by maps f’,¢" :
B2 — X. Then, using the fact that X € DD?P, we approximate f’, ¢ by
maps f”,¢" : B> — X with f”(B?) N ¢"(B?) = (). To show condition (ii),
let f € C(B",X). Since C(B", X) contains a dense set of homological Z,,-
maps, and recalling again that F is a 0Z-set in X, we can suppose that
f(B") is a homological Z,-set in X. It remains to show that f(B") is a
homological Z,-set in X. To this end, by Lemma it suffices to show that
any z € H,,(U, V), where m < n and U, V are open sets in X, has a singular
carrier disjoint from f(B™). If Zle m;h; is a singular representation of z
with h; € C(B", X), we approximate each h; by a map h; € C(B", X) such
that h/(B",S" 1) C (UNX,VNX) and A’ is homotopic to h in X. Therefore,
we may assume that h; € C(B", X) for all i and z € H,,(UNX,VNX). Since
f(B™) is a homological Z,-set in X, by Lemma there exists a singular
carrier (C,,0C,) C (UNX,VNX) of z with C, N f(B™) = 0.

If X is a Q-manifold, then it has the disjoint n-disks property for every n;
see [16]. Since F is a 0 Z-set in X, this implies that X also has the disjoint
n-disks property for every m. Equivalently, each function space C(B", X)
contains a dense set of Z,-maps. Because every Z,-map is a homological
Zn-map, the proof is complete. m

THEOREM 2.11. Let X be a locally compact LC™-space such that
C(B"™, X) contains a dense set of homological Z,-maps. Then X XY has the
disjoint n-disks property for every non-trivial locally compact ANR-space Y .

Proof. According to Proposition[2.7, X has the disjoint arc-disk property.
Then, following [8, proof of Proposition 2.10]|, one can show that X x Y has
the disjoint disks property. Since X x Y is LC", by Theorem it suffices
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to show that C(B", X x Y') contains a dense set of homological Z,-maps.
To this end, let f = (f1, f2) € C(B", X xY), where f; € C(B", X) and
fo € C(B",Y). We can approximate f; by maps g € C(B", X) such that
g(B™) are homological Z,-sets in X. Then, for any such g, consider the map
hg = (g, f2) : B = X x Y. Obviously, the maps h, approximate f and
he(B™) C g(B™) x Y. It remains to show that g(B") x Y is a homological
Zn-set in X X Y. Indeed, let Bx and By be bases for X, Y, respectively. Then,
by [1l, Proposition 3.6], it suffices to show that for any U € Bx and V € By
we have Hi(UxV, (UxV)\(g(B")xY)) = 0 for all k < n. This is really true
because by the Kiinneth formula the group Hy(U x V, (U x V) \ (¢(B") xY))
is isomorphic to the direct sum of >, .., Hi(U,U \ g(B")) ® H;(V) and
Yivi<k—1 Hi(U, U\ g(B")) * H;(V), where H;(U,U \ g(B")) ® H;(V) and
H;(U,U \ g(B™)) « H;j(V') stand for the tensor and the torsion products of
H;(U,U \ g(B")) and H;(V), respectively. m

Another application of Toruniczyk’s [16] characterization of @-manifolds
provides the next corollary.

COROLLARY 2.12. Let X be a locally compact ANR such that for every n
the space C(B", X) contains a dense set of homological Z,,-maps. Then X xY
is a Q-manifold for every non-trivial locally compact ANR-space Y .

A similar statement was established in [2, Theorem 14].

Corollary implies that X x B! is a Q-manifold provided X is a locally
compact ANR such that for every n the space C'(B", X) contains a dense
set of homological Z,-maps. We say that a space X is a fake Q-manifold if
X x B! is a Q-manifold but X is not. According to [10], any fake Q-manifold
has the disjoint Cech carrier property but not the disjoint disks property.
All existing examples (see [2], [L0] and [I4]) of fake @-manifolds X have
the property that for any n the space C'(B™, X) contains a dense set of
homological Z,-maps. So, the following question is very natural.

QUESTION 2.13. Let X be a locally compact ANR. Is it true that X x B!
is a Q-manifold if and only if for every n the space C(B", X) contains a
dense set of homological Z,-maps?

According to the next proposition, Question 2:13] has a positive solution
if we can show that for every n > 2 the space C(B?, X) contains a dense
set of homological Z,,-maps provided X x B! is a @-manifold. In particular,
that would be true if C(B2, X) contains a dense subset of maps with finite-
dimensional images.

PROPOSITION 2.14. Let X be a locally compact ANR such that for ev-
ery n the space C(B?, X) contains a dense set of homological Z,-maps. Then
X xB! is a Q-manifold if and only if each C(B™, X), n > 2, contains a dense
set of homological Z,-maps.
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Proof. If X x B! is a Q-manifold, then so is X x B2. Hence, by [10]
Corollary 6.2], X € DC"P. This, according to Proposition implies that
every C'(B™, X) contains a dense set of homological Z,-maps. The other
implication follows from Theorem [2.11] =

According to [9], the so-called disjoint path concordance property charac-
terizes locally compact ANRs X € DD{LUP such that X x R, or equivalently
X x B!, has the disjoint disks property. The disjoint path concordance prop-
erty is quite different from the property that for every n the space C'(B", X)
contains a dense set of homological Z,-maps, but the results from [10] yield
the following description of the locally compact ANR-spaces X such that
X x B! is a Q-manifold.

PROPOSITION 2.15. Let X be a locally compact ANR-space. Then X x B!
is a Q-manifold if and only if X has both the disjoint path concordance
property and the disjoint Cech carrier property.

3. Homological Z,,-maps and ls-manifolds. In this section the func-
tion spaces C'(Y, X)) are equipped with the limitation topology; see |5, [15]. Let
cov(X) denote the collection of all open covers of X. For amap f € C(Y, X)
and U € cov(X) let B(f,U) be the set of maps g € C(Y, X) that are U-close
to f. A set U C C(Y,X) is open in the limitation topology if for every
f € U there exists U € cov(X) such that B(f,U) C U. According to [5] 15],
C(Y, X) with the limitation topology is a Baire space.

We say X satisfies the discrete n-cells property, where n < oo, if for each
map f : @;2, B — X of the countable free union of n-cells (co-cells are
Hilbert cubes @;) into X and each open cover U of X there exists a map
g : ;2B — X such that g is U-close to f and {g(B})}°, is a discrete
family in X. The discrete oo-cells property is usually called the discrete
approrimation property.

Our first result in this section provides a homological characterization of
l>-manifolds in the boundary set setting.

THEOREM 3.1. Suppose X has a nice ANR local compactification. Then
X is an lo-manifold if and only if X satisfies the following conditions:

(1) X has the disjoint disks property;

(2) for every n > 2 the space C(;2, B, X), equipped with the limitation
topology, contains a dense Gs-set of maps [ such that the set f(P;2, BI)
C X is closed and each f(B}) is a homological Z,-set in X.

Proof. Let X be a locally compact ANR-compactification of X such that
X = X\ F, where F is a 0Z-set in X. Suppose X satisfies (1) and (2).
Observe that, by (2), each C(B™, X) contains a dense set of homological
Zn-maps. Therefore, by Proposition X is a Q-manifold.
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CrLAM 1. Every C(B"™, X) contains a dense G-set of Z,-maps.

According to [16], a given space Y has the disjoint n-disks property iff all
Zp-maps in C(B",Y) form a dense and Gs-subset. Since X is a Q-manifold,
it has the disjoint n-disks property for every n (see [16]), or equivalently,
every C(B",X) contains a dense set of Z,-maps. Let {g;};>1 be a dense
in C(B", X) sequence of Z,-maps and D = J;»; ¢;(B") U F. Then D is a
o Zp-subset of X. Hence, every compactum in X \ D is a Z,-set in X and
every map f € C(B", X) can be approximated by maps into X \ D. This
implies that X has the disjoint n-disks property and C'(B", X) contains a
dense Gg-set of Z,-maps.

For every n we fix a dense Gs-subset A" C C(D;2, B?, X) consisting of
maps [ satisfying the condition

(*)n f(B;2,BI") C X is closed and each f(B}') is a homological Z,-set in X

Then, for k > 2, the space C(;2, B, X) contains a dense Gg-set A} of
maps f such that f(;2, B?) C X is closed and all f(B}), i > k, are
homological Z,-sets in X. Since each restriction map p} : C(P;2, B'X) —
C(P52,. B, X) is open (see [15]) and surjective, all sets (p)~1(A}), k > 2,
are dense and G5 in C(€D;2, B, X ). So is the set An = Nesa AN (PF) ~HAR).
For every k # [ let A}, be the set of all maps f € C(;2, B!, X) such
that f(B}) N f(B}) = 0. Obviously, each A}, is open in C(P;2, B}, X).

CLAIM 2. Every A}, is dense in C(@;2, B}, X).

Indeed, let feC(;2, B!, X). Then the maps fr=f|B} and f;= f|B}
can be approximated, respectively, by maps f; € C(By, X) and f] € C(B}", X)
such that f,(B}) N f/(B}')=0. This can be done because C(B},X) and
C(B}', X) contain dense sets of Z,-maps. Define a map ge C(P;2, B}, X)
by g|B} = fi., g|B} =g, and g|B}'= f|B} for all i ¢ {k,}. Then g is an approx-
imation of f and g€ A};.

Therefore, the set I = (N, A}, is dense and G5 in C(PZ, BY, X).
Consequently, so is the set ™ NA™. Observe that ™ N A" consists of maps f
satisfying the following conditions:

o fBY)N f(B}) =0 for all k #1;
o (D2, B}) is a closed set in X for all k> 1.

The last two conditions imply that the family {f(B}')}3°, is discrete in X
forall f e I™N An, Hence, X has the discrete n-cells property for every n,
and by [7], X has the discrete approximation property. Finally, we apply
Toruriczyk’s [15] characterization of lo-manifolds.
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If X is an [ly-manifold, then for every n there is a dense Gg-set in
C(P;2, B!, X) consisting of closed embeddings; see [15]. Because every com-
pact subset of an [p-manifold is a Z-set, X satisfies conditions (1) and (2)
from Theorem 3.1. m

Since every closed subset of a homological Z,,-set is also a homological
Zn-set, we have the following corollary.

COROLLARY 3.2. A space X having a nice ANR local compactification is
an lo-manifold if and only if X has the disjoint disks property and for everyn
the space C(@;2,BY, X), equipped with the limitation topology, contains a
dense Gg-set of homological Z,-maps.

One can show that condition (2) in Theorem 3.1 can be replaced by the
following two conditions:

(2") for every n the space C(B", X) contains a dense set of homological
Zpn-maps;

(2") for every n the space C(@D;2; B, X) contains a dense Gs-set of maps
with closed images.

COROLLARY 3.3. A space X having a nice ANR local compactification is
an la-manifold if and only if X has the disjoint disks property and satisfies
conditions (2') and (2).

Following [11] we say that a subset A C X is almost strongly negligible
if for every open cover U of X there is a homeomorphism h from X onto
X \ A that is U-close to the identity of X. We provide another version of
Theorem 3.1.

THEOREM 3.4. Suppose X has a nice ANR local compactification X.
Then X is an lo-manifold if and only if X satisfies the following conditions:

(1) X has the disjoint disks property;

(2) for every n > 2 the space C(B™, X) contains a dense set of homological
Zp-maps;

(3) every Z-subset of X is almost strongly negligible.

Proof. Tt is well known that every ls-manifold satisfies the three con-
ditions. For the inverse implication, observe that X is a Q-manifold (see
the proof of Theorem [3.1)). Hence, C(Q, X) contains a dense set of Z-maps;
see [16]. This implies that C(Q, X) contains a dense set Z of Z-maps be-
cause X is the complement of a oZ-set in X; see the proof of Claim 1 in
Theorem . We choose a countable dense subset {¢f }r>1 of Z, and consider
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the sets

{fEC(@Q“ ) -
((@QZ)U% )ﬂf(EBQz)— 0}, k>1.

CLAIM 3. Each I, k > 1, is open and dense in C(Pioq Qi, X).

The openness of I} is obvious.

To show the density, choose f € C(;2; Qs, X) and an open cover U
of X. We may assume that all sets f(Q;), i < k, are Z-sets in X. Since every
Z-set in X is a strong Z-set (see [7]), so is the set f(@le Q:) Upr(Q). Con-
sequently, there is a map g € C(;2 1 @i X)) such that g is U-close to the
vestriction map | @7, Qi and g(@;, QN (FEDL, Qi) Uer(Q)) = 0.
Finally, the map f' € C(@;2, Qi, X) defined by f'|Q; = f|Q; for i <k and
11Qi = g|Q; for i > k + 1 is U-close to f and f' € TIF.

Since C(@D;2, Qi, X) with the limitation topology is a Baire space, the
set I' = (Vg1 L% is dense in C(P;2; Qi, X). Observe that f € I' implies
that f(Q:) N f(Q;) =0 foralli# jand Ay = f(D;Z; @)\ f(D;2; Qi) isa
closed set in X disjoint from each ¢ (Q), k > 1. Because {¢}r>1 is dense
in 0(Q, X), Ay are Z-sets of X. We can complete the proof by showing that
X has the discrete approximation property. To this end, let ¢4,V be open
covers of X such that V is a star-refinement of ¢ and f € C(P;2, Qi, X).
We first take g € I' that is V-close to f. As A,y is a Z-set in X, there is a
homeomorphlsm h from X onto X \ Ay that is V-close to the identity of X.
Then f ho g is U-close to f and {f( i) }i>1 is a discrete family in X. =

The next theorem is a homological version of Torunczyk’s [15] character-
ization of lo-manifolds.

THEOREM 3.5. An ANR-space X is an lo-manifold if and only if X has
the discrete 2-disks property and C(D;2, Qi, X), equipped with the limitation
topology, contains a dense Ggs-set of maps [ satisfying the condition

(%) f(D;2, Qi) is closed and each f(Q;) is a homological Zs-set in X.

Proof. Toruniczyk’s characterization of ls-manifolds guarantees that ev-
ery lo-manifold satisfies the hypothesis of Corollary 3.3. For the other impli-
cation, we first observe that every compact subset of X is a Zs-set because
X has the discrete 2-disks property. Thus, every compact homological Z..-
subset of X is a Z-set in X. So, condition (*) implies that each C(Q;, X)
contains a dense Gs-set of Z-maps. Then, proceeding as in the proof of The-
orem 3.1, we can show that C(@;2; Q;, X) contains a dense subset I" such
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that {f(Qi)}i>1 is a discrete family in X for all f € I'. Therefore, X has the
discrete approximation property. =

COROLLARY 3.6. An ANR-space X 1is an ly-manifold if and only if X

has the discrete 2-cells property and C(D;2, Qs, X) contains a dense Gj-set
of homological Z~.-maps.
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