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1. Introduction

J. Pollard [4] established the following theorem: Let X and Y be complete, nowhere locally compact, 
zero-dimensional separable metric spaces, and let P and K be closed nowhere dense subsets of X and Y , 
respectively. If f is a homeomorphism between P and K, then there exists a homeomorphism between X
and Y extending f .

Pollard’s result is not anymore true for uncountable powers of the irrationals. For example, if P and 
K are two homeomorphic closed nowhere dense subsets of Nℵ1 such that only one of them is Gδ, then no 
homeomorphism between P and K admits an extension to an autohomeomorphism on Nℵ1 . But a non-
metrizable analogue of Pollard’s theorem remains valid for compact subsets of Nτ . The technique developed 
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in recent papers [5] and [6] allows to prove the following theorem, where π1 : X ×Nτ → X is the projection 
(by a 0-dimensional space we mean a Tychonoff space having a compactification of covering dimension 0).

Theorem 1.1. Let X be a 0-dimensional Tychonoff space and P and K be compact subsets of X ×Nτ with 
τ ≥ ℵ0. Then every homeomorphism f : P → K with π1 ◦ f = π1|P can be extended to a homeomorphism 
f̃ : X ×Nτ → X ×Nτ such that π1 ◦ f̃ = π1.

Theorem 1.1 implies a non-metrizable analogue of mentioned above Pollard’s result [4].

Corollary 1.2. Let P and K be compact subsets of Nτ with τ ≥ ℵ0. Then every homeomorphism between P
and K can be extended to a homeomorphism of Nτ .

2. Proof of Theorem 1.1

For any space X let H(X) denote the set of all autohomeomorphisms of X. If d be a bounded com-
plete metric on Nℵ0 we equip H(Nℵ0) with the metric d̃ = d̂(f, g) + d̂(f−1, g−1), where d̂(f, g) =
sup{d(f(x), g(x)) : x ∈ Nℵ0}. It is well known that d̃ is a complete metric on H(Nℵ0).

Next lemma is an analogue of [5, Lemma 3.1].

Lemma 2.1. Let X be a 0-dimensional space and P, K be compact subsets of X × Nℵ0 . If f : P → K

and g ∈ H(X) are homeomorphisms with g ◦ πX = πX ◦ f , then f can be extended to a homeomorphism 
f̃ ∈ H(X ×Nℵ0) such that g ◦ πX = πX ◦ f̃ .

Proof. Obviously, g(PX) = KX , where PX = πX(P ) and KX = πX(K). Denote by π : X ×Nℵ0 → Nℵ0 the 
projection. For any x ∈ PX let Φ(x) be the set of all h ∈ H(Nℵ0) such that f(x, c) = (g(x), h(c)) for every 
c ∈ π−1

X (x) ∩P . Since f |(π−1
X (x) ∩P ) is a homeomorphism between the compact subsets π(({x} ×Nℵ0) ∩P )

and π(({g(x)} × Nℵ0) ∩ K) of Nℵ0 , the Pollard’s theorem [4] cited above yields a homeomorphism hx ∈
H(Nℵ0) extending f |(π−1

X (x) ∩ P ). Hence, Φ(x) �= ∅ for all x ∈ PX . Moreover, the sets Φ(x) are closed in 
H(Nℵ0) equipped with the metric d̃. So, we have a set-valued map Φ : PX � H(Nℵ0). One can show that 
if Φ admits a continuous selection φ : PX → H(Nℵ0), then the map f1 : PX ×Nℵ0 → KX ×Nℵ0 , defined 
by f1(x, c) = (g(x), φ(x)(c)), is a homeomorphism between PX ×Nℵ0 and KX ×Nℵ0 extending f (see [2, 
Proposition 2.6.11]) with πX ◦f1 = g◦πX . On the other hand, since X is 0-dimensional and PX is a compact 
subset of X, the map φ has a continuous extension φ̃ : X → H(Nℵ0). This is true because H(Nℵ0) is a 
metric space. Indeed, then φ(PX) is a compact subset of H(Nℵ0), hence φ(PX) is itself a compact metric 
space. So, it is an absolute extensor for 0-dimensional spaces in the sense of Chigogidze [1, Definition 6.1.3], 
and we can extend φ to a map φ̃ : X → H(Nℵ0). Next, let f̃ : X × Nℵ0 → X × Nℵ0 be the map defined 
by f̃(x, c) = (g(x), φ̃(x)(c)). Then f̃ is a homeomorphism extending f . Therefore, according to Michael’s [3]
zero-dimensional selection theorem, it suffices to show that Φ is lower semi-continuous.

To prove that, let x∗ ∈ PX be a fixed point and h∗ ∈ Φ(x∗) ∩ W , where W is open in H(Nℵ0). We 
can assume that W is of the form {h ∈ H(Nℵ0) : {x∗} × h(Ui) = {g(x∗)} × Vi , i = 1, 2, ..}, where 
{Ui}∞i=1 and {Vi}∞i=1 are clopen disjoint countable covers of Nℵ0 . Because P (x∗) = ({x∗} × Nℵ0) ∩ P

and K(g(x∗)) = ({g(x∗)} × Nℵ0) ∩ K are compact, there is k such that ({x∗} × Ui) ∩ P (x∗) �= ∅ and 
({g(x∗)} × Vi) ∩K(g(x∗)) �= ∅ if and only if i ≤ k.

We extend each of the sets {x∗} × Ui and {g(x∗)} × Vi, i ≤ k, to clopen sets Ũi ⊂ PX × Nℵ0 and 
Ṽi ⊂ KX ×Nℵ0 such that

(1) Ũi = O(x∗) × Ui and Ṽi = g(O(x∗)) × Vi, where O(x∗) is a clopen neighborhood of x∗ in PX such that 
P (x) ⊂

⋃k
i=1 Ũi for all x ∈ O(x∗);
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(2) O(x∗) is so small that f(Ũi ∩ P ) ⊂ Ṽi ∩K.

We are going to show that for every x ∈ O(x∗) there exists hx ∈ Φ(x) ∩ W . We fix such x and observe 
that all sets Ũi(x) = Ũi ∩ ({x} × Nℵ0) and Ṽi(x) = Ṽi ∩ ({g(x)} × Nℵ0) are nowhere locally compact 
and complete. Moreover, Ũi(x) ∩ P and Ṽi(x) ∩ K are compact sets in Ũi(x) and Ṽi(x), respectively, and 
fx
i = f |(Ũi(x) ∩ P ) is a homeomorphism between them for every i ≤ k. Hence, by Pollard’s theorem [4], 

there exist homeomorphisms f̃x
i : Ũi(x) → Ṽi(x) extending fx

i , i ≤ k. For every (x, c) /∈
⋃k

i=1 Ũi(x) there 
is exactly one i > k with c ∈ Ui, and we define f̃x

i (x, c) = h∗(x∗, c). The homeomorphisms f̃x
i , i = 1, 2, .., 

provide a homeomorphism h′
x between π−1

X (x) and π−1
X (g(x)) extending f |π−1

X (x) ∩ P . Then the equality 
hx(c) = h′

x(x, c), c ∈ Nℵ0 , defines a homeomorphism from H(Nℵ0) with hx ∈ Φ(x) ∩ W . Therefore, Φ is 
lower semi-continuous. �

Everywhere below we suppose that P, K are compact subsets of X × NA and f : P → K is a homeo-
morphism such that π1|P = π1 ◦ f , where X is a 0-dimensional space. A set B ⊂ A is called f -admissible if 
there exists a homeomorphism fB : PB → KB such that (fB ◦ pB)|P = pB ◦ f and qB|PB = qB ◦ fB , where 
πB : NA → NB , pB : Y ×NA → X ×NB , and qB : X ×NB → X denote the projections, PB = pB(P ) and 
KB = pB(K).

Lemma 2.2. If A is an uncountable set, then for every α ∈ A there is an f -admissible countable set B(α) ⊂ A

containing α

Proof. Since π1|P = π1 ◦ f , f(y, x) = (y, h1(y, x)) for all (y, x) ∈ P , where h1 : P → NA. Similarly, 
f−1(y, x) = (y, h2(y, x)) for all (y, x) ∈ K with h2 : K → NA.

Claim 2.3. For every i = 1, 2 and a countable set C ⊂ A, there is countable D(i) ⊂ A containing C and a 
continuous maps g1 : PD(1) → NC , g2 : KD(2) → NC with (g1 ◦ pD(1))|P = πC ◦ h1 and (g2 ◦ pD(2))|K =
πC ◦ h2.

Let B be a countable base for NC . Then GU = h−1
1 (π−1

C (U)) is a σ-compact open subset of P for 
every U ∈ B. So, there is a sequence {WU (n)}n≥1 of standard open sets in X × NA such that GU is 
the union of all WU (n) ∩ P , n ≥ 1. Therefore, for every U there exists a countable set CU ⊂ A with 
p−1
CU

(pCU
(WU (n))) = WU (n), n ≥ 1. We can assume that each CU contains C. Then D(1) =

⋃
U∈B CU is 

a countable set containing C and pD(1)(y, x) = pD(1)(y′, x′) implies πC(h1(y, x)) = πC(h1(y′, x′)), where 
(y, x), (y′, x′) ∈ P . Because PD(1) is compact, this yields the existence of a map g1 : PD(1) → NC with 
(g1 ◦ pD(1))|P = πC ◦ h1. Similarly, we can find a countable set D(2) ⊂ A which contains C and a map 
g2 : KD(2) → NC satisfying the claim.

Using Claim 2.3, we construct by induction an increasing sequence {B(n)}n≥0 of countable sets B(n) ⊂ A

and maps ϕn : PB(n+1) → NB(n) for n = 2k and ψn : KB(n+1) → NB(n) for n = 2k + 1 such that

• B(0) = {α};
• πB(n) ◦ h1 = (ϕn ◦ pB(n+1))|P if n = 2k;
• πB(n) ◦ h2 = (ψn ◦ pB(n+1))|K if n = 2k + 1.

Let B(α) =
⋃∞

n=0 B(n). Then we have maps ϕB(α) : PB(α) → NB(α) and ψB(α) : KB(α) → NB(α) such 
that πB(α) ◦ h1 = (ϕB(α) ◦ pB(α))|P and πB(α) ◦ h2 = (ψB(α) ◦ pB(α))|K. Observe that PB(α) and KB(α) are 
subsets of X ×NB(α). Then fB(α) : PB(α) → X ×NB(α), defined by fB(α)(y, x) = (y, ϕB(α)(y, x)) for every 
(y, x) ∈ PB(α), is a homeomorphism between PB(α) and KB(α) whose inverse is the map gB(α) : KB(α) →
X×NB(α), defined by gB(α)(y, x) = (y, ψB(α)(y, x)) for (y, x) ∈ KB(α). Therefore, B(α) is f -admissible. �
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Proof of Theorem 1.1. We identify Nτ with NA, where A is a set of cardinality τ . The case τ = ℵ0 follows 
from Lemma 2.1. So, let A = {α : α < ω(τ)} be uncountable. By Lemma 2.2, we can cover A by a 
family {B(α) : α < ω(τ)} of countable f -admissible sets. Since any union of f -admissible sets is also f -
admissible, from the family {B(α) : α < ω(τ)} we obtain an increasing family of f -admissible sets A(α)
and homeomorphisms fA(α) : PA(α) → KA(α) such that:

(3) A(1) is countable, and the cardinality of each A(α) is less than τ ;
(4) A(α) =

⋃
β<α A(β) if α is a limit ordinal;

(5) A(α + 1)\A(α) is countable but infinite for all α;
(6) pA(α) ◦ f = (fA(α) ◦ pA(α))|P .

We need to prove that each fA(α) can be extended to a homeomorphism f̃A(α) : X ×NA(α) → X ×NA(α)

such that

(7) p
A(α+1)
A(α) ◦ f̃A(α+1) = (f̃A(α) ◦ pA(α+1)

A(α) );
(8) qA(α) = qA(α) ◦ f̃A(α), where qA(α) : X ×NA(α) → X denotes the projection.

The proof is by transfinite induction. The first extension f̃A(1) exists by Lemma 2.1 because PA(1) and 
KA(1) are compact subsets of X ×NA(1) and qA(1)|PA(1) = qA(1) ◦ fA(1). If β is a limit ordinal and f̃A(α) is 
already defined for all α < β, then item (4) implies the existence of f̃A(β). Therefore, we need only to define 
f̃A(α+1) provided f̃A(α) exists.

To this end, we apply again Lemma 2.1 for the space X×NA(α+1) = X×NA(α)×NA(α+1)\A(α), the sets 
PA(α+1), KA(α+1), the projection π : X × NA(α) × NA(α+1)\A(α) → X × NA(α), and the homeomorphisms 
fA(α+1) and f̃A(α). Moreover, X ×NA(α) has a 0-dimensional compactification because both X and NA(α)

have such compactifications. Hence, there is a homeomorphism f̃A(α+1) ∈ H(X×NA(α+1)) extending fA(α+1)
and satisfying condition (7). Since qA(α) = qA(α) ◦ f̃A(α), we also have qA(α+1) = qA(α+1) ◦ f̃A(α+1). �
Proof of Corollary 1.2. The corollary is obtained from Theorem 1.1 by letting X to be the one-point 
space. �
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