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Scéepin [¢] introduced the class of k-metrizable spaces and proved [‘] that for a
compact space X the following conditions are equivalent: (i) X is k-metrizable; (i) X
possesses a lattice of open mappings; (iii) X is a limit space of an inverse o-system
with open projections. Shirokov [?] gave an external characterization of f-metri-
zable compact spaces.In [1]] we consider an extension of the class of compact k-me-
trizable spaces — the class of all completely regular spaces with a lattice of d-open
mappings. The present note provides some characterizations of this extended class,
similar to those of S€epin’s and Shirokov’s mentioned above. We also characterize the
class of all completely regular spaces with a lattice of ad-open mappings.

1. Notations. We shall consider only completely regular spaces and continuous
mappings.

An embedding j of X in a space V is called regular [7] if to every open subset
U of j(X) we can assign an open subset e(U) of ¥ such that: (i) e(U)NAX)=U;
(i) e(U)Ne(Uy)3=@ implies U, [} Ust-d for each two open subsets U, and U; of

J(X). If in addition e(f] U{}.—_ﬁ e(U) for every finite family {U,...,U,} of open
=1 =l

subsets of j(.X), then j is said to be a d-regular embedding [?].
For two mappings f and g, defined on a given space X, we write g<f if there
exists a mapping £: g(X)— f(X) such that h,g=1.
Let t be a cardinal number. Following Scepin [?] we shall state that a family €
of mappings, defined on X, is a t-lattice of X if the following conditions are fulfilled:
1, {h;: s€S}=g and for every finite set AcS the diagonal mapping :Ei k. be-
sEA

longs to @, then A A, ¢ g
£ES

2. For every mapping f, defined on X, there exists a mapping 2¢¢ such that
hr<f and w(h(X))<t.w(f(X)).

An N,-lattice is called a lattice. Suppose € is a t-lattice of a given space X.  is
called multiplicative [4] if in the above definition the first condition is replaced by
the following one: A %#¢@ for every subfamily 8 of € € is said to be complete [°]

hEB
if for every two mappings £ and f, defined on X, with %2¢8 and k<j there exists
k'€ such that A<<h'<f and w(h'(X))=t.w(f(X))

A mapping f from X to Y is said to be d-open [7] if f(U) is dense in some open
:.subset o‘:ﬁ]}’ for every open set [/ in X. Let us note that each closed d-open mapping
is open [%]. ;



A well ordered inverse system {Xi, pSlacpc: is called almost continuous [19]

briefly a. c., if for every limit ordinal e*<t the space X,. is naturally embedded in
lim {Xo pPlecpoes.  Next, suppose S={X, PP pea is  an inverse system and

X is dense in limS. We write X=a— limS if for each a¢ A4 we have Pa(X)= X,
where po: lim §— X, is the natural projection. Now, let w(Xy)=rt for every at A and

let each increasing transfinite sequence {a,},¢r=A of cardinality =t have a supre-
mum a’ in A such that X,- is naturally embedded in the space lim {Xa,: P57}

W ET
Then § is called a 1-system. '

2. Spaces with a lattice of d-open mappings.

Let € be the family of all regular closed subsets of X. By MX, ) we denote
the superextension of X with respect to G (see [¥]). If X is perfectly %-normal in the
sense of S€epin [*] the space A(X, €) is Hausdorff. It is easily seen that MX, ©) is
homeomorphic to A(X) for every normal space X. Here MX) is the superextension
of X [7]. Since X' can be embedded in A(X, €), we always consider X as a subset
of MX, GB).

Let X be a subset of ¥. We say that X is t-embedded in ¥ ii for every ma-
pping f from X to a compact space Z with w(Z2)<t there is an upper semi-continuous
mapping @: ¥Y—Z such that ¢(x)=f{x) for every x¢X.

Proposition 2.1. Every C*-embedded subset of a given space ¥ is N,-embedded in V.

Theorem 2.1. For a space X the following conditions are equivalent:

() X possesses a (complete) t-lattice of d-open mappings ;

(ii) every t-embedding of X in any space is regular;

(i) if X is a t-embedded subset of ¥ there exists an upper semi-continuous ma-
pping r from ¥ to A(X, ) such that r(x)={x} for every x¢.X;

(iv) X=a—limS where S is a t-system with d-open projections.

In the case t=N, and X is compact, the implications (i)— (iv) and (i) — (ii) were
proved by Stepin [*] and Shirokov [9] respectively.

In the proof of Theorem 2.1 we use the following propositions

Propesition 2.2. Let S={X,, Pilacpe: De an a.c. inverse system with d-open pro-

jections and X'=a— limS. Then the family of all open subsets U/ of X with | R(U)

<N, is a base for X, where E(U)={u: (P2 po( U\ Pas (D)= D)

Proposition 2.2 is an analogue of Lemma 2 from [°], chapter 3 and its proof is
similar to the proof of this lemma.

Proposition 2.3. Let S and X be the same as in Proposition 2.2. Then the natural
embedding of X in I{X,: a<t} is regular.

Below, by R(r) we denote the class of all spaces with a t-lattice of d-open ma-
ppings. From Theorem 2.1 and Proposition 2.3 we obtain the following results:

Corollary 2.1. The class (<) is multiplicative.

Corollary 2.2. Suppose X¢®(1) and A is regular closed or a regularly embedded
subset of X. Then A ¢ Q(x).

Since every space X is regularly embedded in exp X, it follows from Corollary 2.2
that X'¢®(r) if exp X'¢ R(z). Here exp X stands for the space of all non-void compact
subsets of X endowed with the Vietoris topology.

Corollary 2.3. If X¢ f(x) then exp X¢ f(x).

Corollary 2.4. Let X—=a— lim S where S={X,, Pi}icpees 1 an a. c. inverse system with

d-open projections and X.€§(z) for every a<t*. Then X¢®(z). _
By Gi(X) we denote the space {x¢P.X:every G,-subset of X containing x meets X}.
Clearly, GHO(J;) is the Hewitt realcompactification of X. The space X is called 7-real-

compact if X=G(X).




Corollary 2.5. (i) If Xe®(x) then G.(X)€ R(x).

(ii) a space X is a limit of a t-system with d-open projections iff X¢§(r) and
X is t-realcompact.

Theorem 2.2. Let X¢ (1) and let ¥ be a perfect open image of X. Then Y¢ &(x).

Ivanov [Y] proved that a compact space X is k-metrizable iff MX) is
a Dugundji space. On the other hund St€epin [f] characterized Dugundji spaces as
spaces with a multiplicative lattice of open mappings. Thus the following theorem is
an analogue of Ivanov’s result mentioned above.

Theorem 2.3. A compact space X¢R(t) iff A(X) possesses a multiplicative
t-lattice of open mappings.

Dimov [f] characterized the class of all spaces which have a k-metrizable com-
pactification and proved that this class is multiplicative and hereditary with respect
to dense and to regular closed subsets. By Corollary 2.2. §(N,) includes Dimov’s class.

Question 1. Does ®(N,) coincide with the class of all spaces having a k-metrizable
compactification ?

Question 2. Is it true that X possesses a multiplicative lattice of d-open mappings
iff every N -embedding of X is d-regular?

3. Spaces with a lattice of ad-open mappings

A mapping f from X to Y is called ad-open if f(U) is regular closed subset of V'
for every open set U in X.

Proposition 3.1. For a mapping f: X—Y the following conditions are equivalent:

(i) f is ad-open;

(i) every open subset {/ of X contains an open and dense subset V(U/) such
that f(V(L/)) is dense in some open subset of ¥;

(iif) X has a n-base @ such that f({/) is dense in some open subset of ¥ for
every Ue®.

If f is closed the above three conditions are equivalent with the following ome:

(iv) Int(f(U)))-=@ for every open U/ in X.

An embedding j of X in a space Y is called mn-regular if to every open subset U
of j(X) we can assign an open subset e(U) of ¥ such that: (i) e(U)N j(X) is dense
il'lf j{h{ii} e(U)Ne(Uy)=@ iff U, U,=@ for each two opensubsets U, and U,
0 :

Theorem 3.1. For a space X the following conditions are equivalent:

(i) X possesses a (complete) t-lattice of ad-open mappings;

(ii) every r-embedding of X in any space is m-regular;

(iii) A=a— lim S, where S is a t-system with ad-open projections.

Let S={Xu pi}, ;.. be an a.c. inverse system with ad-open projections and

X:a—iiln_S. For every open subset U/ of X the set g(U)={a: Int((pr+)—?

(Pa(U)) \Pasrr(U))F @} is called a rank of U.
In the proof of Theorem 3.1 we use the following propositions:

Proposition 3.2. Let X=a— lim S, where S={X, pf} _, .. is an a.c. inverse

system with ad-open projections.kﬁm the family of all open subsets of X having a
finite rank is a n-base for X,

Propesition 3.3. Let S and X be the same as in Proposition 3.2. Then the natural
embedding of X in TI{X,: a<<t*} is n-regular.

Denote by £(7) the class of all spaces with a t-lattice of ad-open mappings. From
Theorem 3.1 and Proposition 3.3 we get :

Corollary 3.1. The class (r) is multiplicative.

Corollary 3.2. The class Q(r) is hereditary with respect to dense, to open and to
regular closed subsets.

Corollary 3.3 If X¢Qr) then exp Xer) and PX ¢ (7).




Corollary 3.4. Suppose X=ag—Iim S, where S={X,, P2 o pees 1S an a. ¢, inverse systen

with ad-open projections and X, €Q(r) for every a<t* Then XeQ(r).

Obviously, S{t)=Q(tr) for every . On the other hand if BX € f(r) then X i
t-pseudocompact [12] i. e. every continuous image of X with a weight <t is compact
Hence, by Corollary 3.3, for every t there exists a space X e () R(z).

Theorem 3.2. Let X¢Q(t) and ¥ be a perfect open image of X. Then Ye&\(r).

Theorem 3.3. A compact space X belongs to £(r) iff A(X) possesses a multiplica
tive r-lattice of ad-open mappings.

Institute of Mathematics
Bufgan‘an Academy of Science:
ofia, POB 373, Bulgaria

REFERENCES

1Heanos A. JAH CCCP 259, 1981, 2, 2 Hlenuwu, E. Ibid 226, 1976, 527. 3 HMlupokon, JI
Ibid 263, 1982, 1073. ¢ Illenun, E. Ycn wmar. nayk 36, 1981, 3, 3. 5 Ibid. 31, 1976, 5, 191. ¢ Di
mov, G. Compt. rend. Acad. bulg. Sci. 36, 1983, 1257. 7 de Groot, J. Proc. Inlern. S mp. on Ex-
tension Theory of Top. Stryctures and its Applications. Berlin, 1969, 39. ¥ van Mill, J. Fund. Math.
107, 1980, 201. ® Tkavenxo, M. CMHC 22, 1981, 4, 819. W[d. Ibid. 22,1981, 3. I Valav, V. Compt.
rend. Acad, bulg. Sci. 39, 1986, 8, 9. 12 [d. Serdica 10, 1984, 160.



Topology and its Applications 329 (2023) 108380

Contents lists available at ScienceDirect

Topology and its Applications

Jjournal homepage: www.elsevier.com/locate/topol

On homogeneity of N7 * =

Check for
updates

A. Karassev®, E. Shchepin”, V. Valov ®*

& Department of Computer Science and Mathematics, Nipissing University, 100 College Drive, P.O. Box
5002, North Bay, ON, P1B 8L7, Canada
b Steklov Mathematical Institute of Russian Academy of Sciences, 8 Gubkina St. Moscow, 119991, Russia

ARTICLE INFO ABSTRACT

Article history: It is shown that any homeomorphism between two compact subsets of N7 can be
Rece%ved 5 May‘ 2022 extended to an autohomeomorphism of N7.

g(fgczewed in revised form 16 August © 2022 Elsevier B.V. All rights reserved.

Accepted 18 August 2022
Available online 13 December 2022

MSC:
primary 54C20, 54F45
secondary 54B10, 54D30

Keywords:

Compact sets

Extension of homeomorphisms
Powers of the irrationals
0-dimensional spaces

1. Introduction

J. Pollard [4] established the following theorem: Let X and Y be complete, nowhere locally compact,
zero-dimensional separable metric spaces, and let P and K be closed nowhere dense subsets of X and Y,
respectively. If f is a homeomorphism between P and K, then there exists a homeomorphism between X
and Y extending f.

Pollard’s result is not anymore true for uncountable powers of the irrationals. For example, if P and
K are two homeomorphic closed nowhere dense subsets of N®t such that only one of them is G's, then no
homeomorphism between P and K admits an extension to an autohomeomorphism on N®'. But a non-
metrizable analogue of Pollard’s theorem remains valid for compact subsets of N7. The technique developed
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in recent papers [5] and [6] allows to prove the following theorem, where 71 : X x N7 — X is the projection
(by a 0-dimensional space we mean a Tychonoff space having a compactification of covering dimension 0).

Theorem 1.1. Let X be a 0-dimensional Tychonoff space and P and K be compact subsets of X x N with
T > V. Then every homeomorphism f P — K with m o f = m1|P can be extended to a homeomorphism
f X XN™— X x N7 suchthatﬂ'lof—m

Theorem 1.1 implies a non-metrizable analogue of mentioned above Pollard’s result [4].

Corollary 1.2. Let P and K be compact subsets of N™ with 7 > Rg. Then every homeomorphism between P
and K can be extended to a homeomorphism of N7.

2. Proof of Theorem 1.1

For any space X let 7 (X) denote the set of all autohomeomorphisms of X. If d be a bounded com-
plete metric on N® we equip H(N®0) with the metric d = d(f,g) + d(f~*,g7'), where d(f,g) =
sup{d(f(z),g(z)) : z € N®}. It is well known that d is a complete metric on H(N¥0).

Next lemma is an analogue of [5, Lemma 3.1].

Lemma 2.1. Let X be a 0-dimensional space and P, K be compact subsets of X x NY_ [If f : P — K
and g € H(X) are homeomorphisms with gomx = Mx © f, then f can be extended to a homeomorphism
fe H(X x N®) such that gomx = Tx of.

Proof. Obviously, g(Px) = Kx, where Px = nx(P) and Kx = 7x(K). Denote by m : X x N®o — N0 the
projection. For any z € Px let ®(x) be the set of all h € H(N™) such that f(x,c) = (g(z), h(c)) for every
c € ' ()N P. Since f|(ry' (z)NP) is a homeomorphism between the compact subsets 7(({z} x N¥)n P)
and 7(({g(z)} x N¥) N K) of N® the Pollard’s theorem [4] cited above yields a homeomorphism h, €
H(NR0) extending f|(7y" (z) N P). Hence, ®(x) # @ for all z € Px. Moreover, the sets ®(x) are closed in
H(NX0) equipped with the metric d. So, we have a set-valued map ® : Px ~» H(N¥0). One can show that
if ® admits a continuous selection ¢ : Px — ’H(NNO), then the map f; : Px x NY — Ky x N®o defined
by fi(z,c) = (g(x), ¢(z)(c)), is a homeomorphism between Px x N¥ and Kx x N® extending f (see [2,
Proposition 2.6.11]) with mx o fj = gomx. On the other hand, since X is 0-dimensional and Px is a compact
subset of X, the map ¢ has a continuous extension ¢ : X — H(N®0). This is true because H(N™) is a
metric space. Indeed, then ¢(Pyx) is a compact subset of 7(N¥0) hence ¢(Px) is itself a compact metric
space. So, it is an absolute extensor for 0-dimensional spaces in the sense of Chigogidze [1, Definition 6.1.3],
and we can extend gf) to a map ng X — H(N®0), Next, let f X x N® — X x N® be the map defined
by f(x,c) = (g(z), d(z)(c)). Then f is a homeomorphism extending f. Therefore, according to Michael’s [3]
zero-dimensional selection theorem, it suffices to show that ® is lower semi-continuous.

To prove that, let 2* € Px be a fixed point and h* € ®(x*) N W, where W is open in H(N¥). We
can assume that W is of the form {h € H(N™) : {z*} x h(U;) = {g(z*)} x Vi ,i = 1,2,..}, where
{U;}2, and {V;}32, are clopen disjoint countable covers of N¥. Because P(z*) = ({z*} x N¥)n P
and K(g(z*)) = ({g(=*)} x N®¥) N K are compact, there is k such that ({z*} x U;) N P(z*) # @ and
({g(z*)} x Vi) N K(g(z*)) # @ if and only if ¢ < k.

We extend each of the sets {z*} x U; and {g(z*)} x Vi, i < k, to clopen sets U; C Px x N® and
‘Z- C Kx x N®o guch that

(1) U; = O(z*) x U; and V; = g(O(z*)) x V;, where O(z*) is a clopen neighborhood of * in Py such that
P(z) C Ule U, for all z € O(z*);
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(2) O(x*) is so small that f(U; N P) C V; N K.

We are going to show that for every x € O(x ) there exists h, € ®(x) N W. We fix such x and observe
that all sets U;(z) = U; N ({z} x N®) and Vi(z) = V; N ({g(x)} x N¥) are nowhere locally compact
and complete. Moreover, U;(z) N P and V(z) N K are compact sets in U;(z) and \7( ), respectively, and

= fl(Ui(z) N P) is a homeomorphism between them for every ¢ < k. Hence, by Pollard’s theorem [4],
there exist homeomorphisms f7 : U;(z) — Vi(z) _extending f, i < k. For every (z,c) ¢ U7 1 Uj(z) there
is exactly one i > k with ¢ € U;, and we define f‘”(x ¢) = h*(z*, ¢). The homeomorphisms fl ,1=1,2,..,
provide a homeomorphism A, between 7' (x) and 73 (g(x)) extending f|ry'(x) N P. Then the equality
he(c) = hl(z,c), c € N¥ defines a homeomorphism from H(N®°) with h, € ®(z) N W. Therefore, ® is
lower semi-continuous. O

Everywhere below we suppose that P, K are compact subsets of X x N4 and f : P — K is a homeo-
morphism such that 71 |P = 7 o f, where X is a 0-dimensional space. A set B C A is called f-admissible if
there exists a homeomorphism fp : Pg — Kp such that (fg opg)|P =ppo f and ¢g|Ps = qp o f, where
5 : N4 5 NP pp: YV x N4 - X x NP and ¢ : X x NB — X denote the projections, Pg = pg(P) and
Kp = pp(K).

Lemma 2.2. If A is an uncountable set, then for every a € A there is an f-admissible countable set B(a) C A
containing o

Proof. Since m|P = 7 0 f, f(y,x) = (y,h1(y,z)) for all (y,z) € P, where hy : P — N4. Similarly,
Yy, x) = (y, ha(y, x)) for all (y,x) € K with hy : K — N4,

Claim 2.3. For every ¢ = 1,2 and a countable set C' C A, there is countable D(i) C A containing C and a
continuous maps g1 : Pp(1) — N¢, g, : Kpy — N¢ with (g, oppm))|P = mc o hy and (g2 0 pp(2))|K =
TcC O hg.

Let B be a countable base for N¢. Then Gy = hy'(n;'(U)) is a o-compact open subset of P for
every U € B. So, there is a sequence {Wy(n)},>1 of standard open sets in X x N4 such that Gy is
the union of all Wy (n) N P, n > 1. Therefore, for every U there exists a countable set Cy C A with
pal] (pcy Wy (n))) = Wy(n), n > 1. We can assume that each Cy contains C. Then D(1) = (J,5Cu is
a countable set containing C' and pp(y,z) = ppa)(y',2') implies o (hi(y, ) = mc(hi(y’,2')), where
(y,),(y',2") € P. Because Pp(1y is compact, this yields the existence of a map g1 : Ppay — N¢ with
(91 © pp1))|P = mc o hy. Similarly, we can find a countable set D(2) C A which contains C' and a map
g2 : Kpe) — N¢ satisfying the claim.

Using Claim 2.3, we construct by induction an increasing sequence { B(n)},>o of countable sets B(n) C A
and maps ¢, : Pp(ny1) — NB™ for n = 2k and 1y, : Kpny1) — NEB™ for n = 2k + 1 such that

B(0) = {a};
* TBm) ©h1 = (¢n OpB(n+1))|P if n = 2k;
o TB(n) © h2 = (Vn 0 ppnyn)|K if n =2k + 1.

Let B(a) = U~ B(n). Then we have maps ¢p(a) : Ppa) — NP and ¢p) : Kp@) — NP such
that mp(a) 0 b1 = (©B(a) © PB(a))|P and Tp(a) © ha = (Y B(a) © PB(a))| K. Observe that Pp,) and Kp(,) are
subsets of X x NB(@) Then IB(a) : Pea) = X % NZ(@) defined by IB(a)W: %) = (¥, ¢B(a) (¥, x)) for every
(y,7) € Pp(a), is @ homeomorphism between Pp(,) and Kp() whose inverse is the map gp(a) : Kp(a) —
X x NB(@) defined by 9B(a) (¥, %) = (Y, ¥B(a)(y, ) for (y,z) € Kp(a). Therefore, B(a) is f-admissible. O
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Proof of Theorem 1.1. We identify N™ with N4, where A is a set of cardinality 7. The case 7 = Xy follows
from Lemma 2.1. So, let A = {a : @ < w(7)} be uncountable. By Lemma 2.2, we can cover A by a
family {B(a) : @ < w(7)} of countable f-admissible sets. Since any union of f-admissible sets is also f-
admissible, from the family {B(«) : @ < w(7)} we obtain an increasing family of f-admissible sets A(«)
and homeomorphisms fa(a) : Pa(a) = Ka(a) such that:

(3)
(4)
(5)
(6) p

A(1) is countable, and the cardinality of each A(«) is less than T;
Ala) = Ug<o A(B) if a is a limit ordinal;
A(a+ 1)\ A(«) is countable but infinite for all «;

Pa) © f = (fa) ©Pa@))|P-

We need to prove that each f4() can be extended to a homeomorphism fA(a) : X x NA(@) 5 X x NA@)
such that
A s rl A
(7) PAEZ;A) o fat+1) = (fa(a) OPAEZ)H));
(8) qa(a) = 9A(a) © fa(a), Where qa(q) + X X N4 — X denotes the projection.

The proof is by transfinite induction. The first extension fA(l) exists by Lemma 2.1 because Py (1) and
K 4(1) are compact subsets of X x N4M and qa)|Paqy = qaqy © faq)- If B is a limit ordinal and fA(a) is
already defined for all @ < B, then item (4) implies the existence of fA( 3)- Therefore, we need only to define
fA(a+1) provided fA(a) exists.

To this end, we apply again Lemma 2.1 for the space X x N4+ — X x NA(@) x NA(@+D\A(@) ' the sets
PA(a+1)>KA(a+1)7 the projection 7 : X x NA(@) x NAHNA(@) 5 X » N4 and the homeomorphisms
fa(a+1) and fa(q). Moreover, X x N4(®) has a 0-dimensional compactlﬁcatlon because both X and N4(®)
have such compactifications. Hence, there is a homeomorphism fA(a+1) € H(X x NA@+D) extending fA(a+1)
and satisfying condition (7). Since ga(a) = qa(a) © fA(a), we also have q(a+1) = qa(a+1) © fA(a-{-l)' O

Proof of Corollary 1.2. The corollary is obtained from Theorem 1.1 by letting X to be the one-point
space. O
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