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1. Introduction

J. Pollard [4] established the following theorem: Let X and Y be complete, nowhere locally compact,
zero-dimensional separable metric spaces, and let P and K be closed nowhere dense subsets of X and Y,
respectively. If f is a homeomorphism between P and K, then there exists a homeomorphism between X
and Y extending f.

Pollard’s result is not anymore true for uncountable powers of the irrationals. For example, if P and
K are two homeomorphic closed nowhere dense subsets of N®t such that only one of them is G's, then no
homeomorphism between P and K admits an extension to an autohomeomorphism on N®'. But a non-
metrizable analogue of Pollard’s theorem remains valid for compact subsets of N7. The technique developed
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in recent papers [5] and [6] allows to prove the following theorem, where 71 : X x N7 — X is the projection
(by a 0-dimensional space we mean a Tychonoff space having a compactification of covering dimension 0).

Theorem 1.1. Let X be a 0-dimensional Tychonoff space and P and K be compact subsets of X x N with
T > V. Then every homeomorphism f P — K with m o f = m1|P can be extended to a homeomorphism
f X XN™— X x N7 suchthatﬂ'lof—m

Theorem 1.1 implies a non-metrizable analogue of mentioned above Pollard’s result [4].

Corollary 1.2. Let P and K be compact subsets of N™ with 7 > Rg. Then every homeomorphism between P
and K can be extended to a homeomorphism of N7.

2. Proof of Theorem 1.1

For any space X let 7 (X) denote the set of all autohomeomorphisms of X. If d be a bounded com-
plete metric on N® we equip H(N®0) with the metric d = d(f,g) + d(f~*,g7'), where d(f,g) =
sup{d(f(z),g(z)) : z € N®}. It is well known that d is a complete metric on H(N¥0).

Next lemma is an analogue of [5, Lemma 3.1].

Lemma 2.1. Let X be a 0-dimensional space and P, K be compact subsets of X x NY_ [If f : P — K
and g € H(X) are homeomorphisms with gomx = Mx © f, then f can be extended to a homeomorphism
fe H(X x N®) such that gomx = Tx of.

Proof. Obviously, g(Px) = Kx, where Px = nx(P) and Kx = 7x(K). Denote by m : X x N®o — N0 the
projection. For any z € Px let ®(x) be the set of all h € H(N™) such that f(x,c) = (g(z), h(c)) for every
c € ' ()N P. Since f|(ry' (z)NP) is a homeomorphism between the compact subsets 7(({z} x N¥)n P)
and 7(({g(z)} x N¥) N K) of N® the Pollard’s theorem [4] cited above yields a homeomorphism h, €
H(NR0) extending f|(7y" (z) N P). Hence, ®(x) # @ for all z € Px. Moreover, the sets ®(x) are closed in
H(NX0) equipped with the metric d. So, we have a set-valued map ® : Px ~» H(N¥0). One can show that
if ® admits a continuous selection ¢ : Px — ’H(NNO), then the map f; : Px x NY — Ky x N®o defined
by fi(z,c) = (g(x), ¢(z)(c)), is a homeomorphism between Px x N¥ and Kx x N® extending f (see [2,
Proposition 2.6.11]) with mx o fj = gomx. On the other hand, since X is 0-dimensional and Px is a compact
subset of X, the map ¢ has a continuous extension ¢ : X — H(N®0). This is true because H(N™) is a
metric space. Indeed, then ¢(Pyx) is a compact subset of 7(N¥0) hence ¢(Px) is itself a compact metric
space. So, it is an absolute extensor for 0-dimensional spaces in the sense of Chigogidze [1, Definition 6.1.3],
and we can extend gf) to a map ng X — H(N®0), Next, let f X x N® — X x N® be the map defined
by f(x,c) = (g(z), d(z)(c)). Then f is a homeomorphism extending f. Therefore, according to Michael’s [3]
zero-dimensional selection theorem, it suffices to show that ® is lower semi-continuous.

To prove that, let 2* € Px be a fixed point and h* € ®(x*) N W, where W is open in H(N¥). We
can assume that W is of the form {h € H(N™) : {z*} x h(U;) = {g(z*)} x Vi ,i = 1,2,..}, where
{U;}2, and {V;}32, are clopen disjoint countable covers of N¥. Because P(z*) = ({z*} x N¥)n P
and K(g(z*)) = ({g(=*)} x N®¥) N K are compact, there is k such that ({z*} x U;) N P(z*) # @ and
({g(z*)} x Vi) N K(g(z*)) # @ if and only if ¢ < k.

We extend each of the sets {z*} x U; and {g(z*)} x Vi, i < k, to clopen sets U; C Px x N® and
‘Z- C Kx x N®o guch that

(1) U; = O(z*) x U; and V; = g(O(z*)) x V;, where O(z*) is a clopen neighborhood of * in Py such that
P(z) C Ule U, for all z € O(z*);
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(2) O(x*) is so small that f(U; N P) C V; N K.

We are going to show that for every x € O(x ) there exists h, € ®(x) N W. We fix such x and observe
that all sets U;(z) = U; N ({z} x N®) and Vi(z) = V; N ({g(x)} x N¥) are nowhere locally compact
and complete. Moreover, U;(z) N P and V(z) N K are compact sets in U;(z) and \7( ), respectively, and

= fl(Ui(z) N P) is a homeomorphism between them for every ¢ < k. Hence, by Pollard’s theorem [4],
there exist homeomorphisms f7 : U;(z) — Vi(z) _extending f, i < k. For every (z,c) ¢ U7 1 Uj(z) there
is exactly one i > k with ¢ € U;, and we define f‘”(x ¢) = h*(z*, ¢). The homeomorphisms fl ,1=1,2,..,
provide a homeomorphism A, between 7' (x) and 73 (g(x)) extending f|ry'(x) N P. Then the equality
he(c) = hl(z,c), c € N¥ defines a homeomorphism from H(N®°) with h, € ®(z) N W. Therefore, ® is
lower semi-continuous. O

Everywhere below we suppose that P, K are compact subsets of X x N4 and f : P — K is a homeo-
morphism such that 71 |P = 7 o f, where X is a 0-dimensional space. A set B C A is called f-admissible if
there exists a homeomorphism fp : Pg — Kp such that (fg opg)|P =ppo f and ¢g|Ps = qp o f, where
5 : N4 5 NP pp: YV x N4 - X x NP and ¢ : X x NB — X denote the projections, Pg = pg(P) and
Kp = pp(K).

Lemma 2.2. If A is an uncountable set, then for every a € A there is an f-admissible countable set B(a) C A
containing o

Proof. Since m|P = 7 0 f, f(y,x) = (y,h1(y,z)) for all (y,z) € P, where hy : P — N4. Similarly,
Yy, x) = (y, ha(y, x)) for all (y,x) € K with hy : K — N4,

Claim 2.3. For every ¢ = 1,2 and a countable set C' C A, there is countable D(i) C A containing C and a
continuous maps g1 : Pp(1) — N¢, g, : Kpy — N¢ with (g, oppm))|P = mc o hy and (g2 0 pp(2))|K =
TcC O hg.

Let B be a countable base for N¢. Then Gy = hy'(n;'(U)) is a o-compact open subset of P for
every U € B. So, there is a sequence {Wy(n)},>1 of standard open sets in X x N4 such that Gy is
the union of all Wy (n) N P, n > 1. Therefore, for every U there exists a countable set Cy C A with
pal] (pcy Wy (n))) = Wy(n), n > 1. We can assume that each Cy contains C. Then D(1) = (J,5Cu is
a countable set containing C' and pp(y,z) = ppa)(y',2') implies o (hi(y, ) = mc(hi(y’,2')), where
(y,),(y',2") € P. Because Pp(1y is compact, this yields the existence of a map g1 : Ppay — N¢ with
(91 © pp1))|P = mc o hy. Similarly, we can find a countable set D(2) C A which contains C' and a map
g2 : Kpe) — N¢ satisfying the claim.

Using Claim 2.3, we construct by induction an increasing sequence { B(n)},>o of countable sets B(n) C A
and maps ¢, : Pp(ny1) — NB™ for n = 2k and 1y, : Kpny1) — NEB™ for n = 2k + 1 such that

B(0) = {a};
* TBm) ©h1 = (¢n OpB(n+1))|P if n = 2k;
o TB(n) © h2 = (Vn 0 ppnyn)|K if n =2k + 1.

Let B(a) = U~ B(n). Then we have maps ¢p(a) : Ppa) — NP and ¢p) : Kp@) — NP such
that mp(a) 0 b1 = (©B(a) © PB(a))|P and Tp(a) © ha = (Y B(a) © PB(a))| K. Observe that Pp,) and Kp(,) are
subsets of X x NB(@) Then IB(a) : Pea) = X % NZ(@) defined by IB(a)W: %) = (¥, ¢B(a) (¥, x)) for every
(y,7) € Pp(a), is @ homeomorphism between Pp(,) and Kp() whose inverse is the map gp(a) : Kp(a) —
X x NB(@) defined by 9B(a) (¥, %) = (Y, ¥B(a)(y, ) for (y,z) € Kp(a). Therefore, B(a) is f-admissible. O
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Proof of Theorem 1.1. We identify N™ with N4, where A is a set of cardinality 7. The case 7 = Xy follows
from Lemma 2.1. So, let A = {a : @ < w(7)} be uncountable. By Lemma 2.2, we can cover A by a
family {B(a) : @ < w(7)} of countable f-admissible sets. Since any union of f-admissible sets is also f-
admissible, from the family {B(«) : @ < w(7)} we obtain an increasing family of f-admissible sets A(«)
and homeomorphisms fa(a) : Pa(a) = Ka(a) such that:

(3)
(4)
(5)
(6) p

A(1) is countable, and the cardinality of each A(«) is less than T;
Ala) = Ug<o A(B) if a is a limit ordinal;
A(a+ 1)\ A(«) is countable but infinite for all «;

Pa) © f = (fa) ©Pa@))|P-

We need to prove that each f4() can be extended to a homeomorphism fA(a) : X x NA(@) 5 X x NA@)
such that
A s rl A
(7) PAEZ;A) o fat+1) = (fa(a) OPAEZ)H));
(8) qa(a) = 9A(a) © fa(a), Where qa(q) + X X N4 — X denotes the projection.

The proof is by transfinite induction. The first extension fA(l) exists by Lemma 2.1 because Py (1) and
K 4(1) are compact subsets of X x N4M and qa)|Paqy = qaqy © faq)- If B is a limit ordinal and fA(a) is
already defined for all @ < B, then item (4) implies the existence of fA( 3)- Therefore, we need only to define
fA(a+1) provided fA(a) exists.

To this end, we apply again Lemma 2.1 for the space X x N4+ — X x NA(@) x NA(@+D\A(@) ' the sets
PA(a+1)>KA(a+1)7 the projection 7 : X x NA(@) x NAHNA(@) 5 X » N4 and the homeomorphisms
fa(a+1) and fa(q). Moreover, X x N4(®) has a 0-dimensional compactlﬁcatlon because both X and N4(®)
have such compactifications. Hence, there is a homeomorphism fA(a+1) € H(X x NA@+D) extending fA(a+1)
and satisfying condition (7). Since ga(a) = qa(a) © fA(a), we also have q(a+1) = qa(a+1) © fA(a-{-l)' O

Proof of Corollary 1.2. The corollary is obtained from Theorem 1.1 by letting X to be the one-point
space. O
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