EXTENDING HOMEOMORPHISMS ON CANTOR
CUBES
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ABSTRACT. We discuss the question of extending homeomorphism
between closed subsets of the Cantor discontinuum D7. For ev-
ery set P C D" let £p be the set of cardinality A such that the
A-interior of P is not empty. It is established that any homeomor-
phism f between two proper closed subsets P and K of D" can
be extended to an autohomeomorphism of D7 provided the sets
Lp and £x do not have so many points of discontinuity and f
preserves the A-interiors of P and K.

1. INTRODUCTION

According to [5], in 1951 Ryll-Nardzewski presented his solution of
Knaster’s problem on extension of homeomorphisms on closed subsets
of the Cantor set D®0. Ryll-Nardzewski’s proof was based on Boolean
algebras and it was not published.

Here is Ryll-Nardzewski’s theorem, see [5]: Let P, K be a proper
closed subsets of the Cantor set DX and f be a homeomorphism between
P and K such that f(int P) = int K. Then there exists an autohomeo-
morphism of DX extending f. A topological proof of Ryll-Nardzewski’s
theorem was established by Knaster-Reichbach [5]. More precisely,
Knaster-Reichbach reduced their proof to the case when int P = int K =
&, see Theorem 2.6 below. The non-metrizable analogue of Knaster-
Reichbach’s theorem was proved in our paper [8, Theorem 1.2].

The present article is devoted to the proof of a non-metrizable ana-
logue of the Ryll-Nardzewski theorem. In contrast to the metrizable
case, the non-metrizable version of Ryll-Nardzewski’s theorem cannot
be directly obtained from [8, Theorem 1.2]. The key role in our proof
plays the concept of A-interior.
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For a space X, a subset P C X and an infinite cardinal A we denote
by PXY the A-interior of P in X, i.e. the set all € P such that
there exists a G)-subset K of X Wlth x € K C P. If A is finite, then
P®W is the ordinary interior of P and it is denoted by P®. If there
exists 7 > Ny such that P™ is empty for all A < 7, We say that P is
T-negligible in X. The sets of all cardinals A\ with P # & is denoted
by Ep.

Let A € \ € Lp be be a limit cardinal. We say that £p is discontinuous
at A if U, - U, PD ) C PW, otherwise £p is said to be continuous at \.
Denote by Sd the cardmals of discontinuity for £5. The set £4 is said
to be discrete in £p if for every A € £4 there is v < A such that the
interval (7, \) is disjoint from £%. Obviously, £4 is discrete in £p if
£4, is finite, in particular that is true provided £p is finite.

Now, we can formulate a non-metrizable version of Ryll-Nardzewski’s
theorem.

Theorem 1.1. Let f be a homeomorphism between two proper closed
subsets P and K of DT such that £% is discrete in £p and f(PW) =
KW for every A € £p. Then f can be extended to a homeomorphism
of D7.

Observe that the condition f(P™) = K™ for any cardinal number
A > 0 is necessary for the existence of a homeomorphic extension of f.
Let’s also note that the case PN = & for all A < 7 was settled in [8].

Question 1.2. Let f be a homeomorphism between two proper closed
subsets P and K of D7. Is it true that f can be extended to a homeo-
morphism of D™ provided f(PMN) = KW for every A € £p?

2. SOME PRELIMINARY RESULTS

Everywhere below, if not stated otherwise, X = [] .4 Xq is an un-
countable product of metric compacta, P C X is a closed proper subset
and f : P — P is a homeomorphism such that f(P®)) = PW for every
cardinal p. If B C A we denote by mp : X — [],.5 Xa the projec-
tion. In case B = {a} we write 7, instead of m(,;. We also denote
7g(P) by Pp and m3(P™) by Pg‘). We have to distinguish the sets
P](B’\) and (Pg)™. Since P is a union of G,-subsets of X, according
to [2] the closure of P is also a G,-set. Hence, P is closed in X
for every cardinal p and there is a set B C A of cardinality p with
a (PY) = P, A set B C A is called f-admissible if there exists
a homeomorphism fg : Pg — P with mgo f = fgomg. It is easily
seen that an arbitrary union of f-admissible sets is also f-admissible.
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According to [8, Proposition 2.1] there is a family {B(«a) : a € A} of
countable f-admissible sets such that a € B(a) for every a. We say
that a set C' C A is saturated if C = .~ B(a). Every saturated set
is f-admissible.

aeC

Proposition 2.1. FEvery set C C A is contained in a saturated set
B C A of the same cardinality as C.

Proof. Since the family of f-admissible sets is closed under arbitrary
unions, the set B = |J . B(«) is saturated and has the same cardi-
nality as C'. U

Lemma 2.2. [8, Lemma 2.2] Let K C X be a closed set. Suppose
T > Vg and C C A is a set of cardinality < T such that ({2} x Xa\¢)NK
is T-negligible in {z} x Xa\c for every z € Ko. Then Kac # Xac.

If X is any cardinal number, then A™ denotes the successor of \.

Proposition 2.3. Let C' C A is a satumted set of cardinality X > R,

such that ﬂal(Pg‘)) PX. If P # PX then there is a saturated set
B C A of cardinality A\ such that

(i) C C B and 5'(P5 ")) = PO);
(ii) If D C A contains B, then every compact set ' C PD\P,(D’\)
At -negligible in Xp.

Proof. Since P(g’\) is a closed subset of Po and the weight of X is

A, PC\PC((\) is the union of A\ many closed sets F¢, & < w(\) (here
w(A) is the first ordinal of cardinality A). Let Pg = PnNr,(F).
Because P are disjoint from P® and P # P® . each P is a A\*-
negligible set in X. So are the sets P:(y) = P: N ({y} x Xac), y €
Fe. This observation implies that each ma\¢(P:(y)) is AT-negligible in
Xa\c. Indeed, otherwise 74\ (P (y)) would contain a closed G,-subset
of Xa\¢ with v < A, and using that {y} x Xa\¢ is a Gy-set in X, one
can show that P(y) also contains a closed Gy-subset of X. This is a
contradiction because P:(y) C P\PW

Therefore, according to Lemma 2.2, mx\¢(P:) # Xa\¢ for every &.
Hence, we can find a countable set C}(§) C A\C such that m¢, ) (Pe) #
Xy (e)- By Proposition 2.1, we can assume that each C1(§) is saturated.
Then €1 = [J, C1(§) is a saturated set of cardinality A disjoint from
C with 7, (Pe) # X, for all £ Moreover, By = C U () is also a
saturated set of cardinality \, and let F} = (75')~'(F;). Obviously,

P = PNapl(FY), n5M(P)) = PO and Pp\Pg) = U, FL. Since all
sets Pe(z) = PN ({z} x Xa\p,), z € F}, are AT-negligible in X, the
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arguments from the previous paragraph show that the sets 74\ g, (P(2))
are AT-negligible in X4\ p,. So, by Lemma 2.2 mq\p, (P¢) # Xa\p, for
every £. As above, we can find a family of countable saturated sets
Cz(f) C A\Bl with WCg(f)(PO 75 XCQ(E)' Let 02 = Uf 02(5) In this
way, by transfinite induction we construct for every v < w(A") a family
oy = {C, () : £ <w(A)} of countable saturated sets such that the sets
C, = U, C,(§) satisty the following conditions :

) {C, v <w(A1)} is a disjoint family;
) Cy C A\ U, (C'UCp) if v is a limit ordinal;

(1

(2

(3) Chpr € A\ U, (CU Cp);
( ) Tc, (Pg) 7é XC for all§

Let B' =, B,, where B, = [z, C' U Cs. Clearly, B' is a saturated
set of cardinality A* and C' C B’. Since P*") is a closed Gy+-subset
of X, there is a saturated set B C A of cardinality A™ containing B’
such that ng(Pé’\ﬂ) = pO\n),

Suppose that D C A is a set containing B. For every £ < w(\) let
He = (r2)7\(F¢) N Pp. We have 7' (PyY) = PO, Pp\PY = J, He
and Wgﬂ{(Hg) = mc, (Pe) for all v

Claim 2.4. Every compact set F' C PD\Pg‘) is AT-negligible in Xp.

Fix a point y5 € XC\P((;)‘) and for every v < w(A") choose a point
y: € X \mo, (). Let y* € Xp be a point with m8(y*) = y; and
ﬂ'g (y*) = y3 for all v < w(AT). Consider the set ) (y*) of all y € Xp
such that the cardinality of the set {y < w(A*) : 78 (y) # y2)} is < AT
Item (4) implies He C Xp\ > _(y") for all &, so U, He C Xp\ > _(y*).

Since PD\Pg\) = U He, F C Xp\ > (y"). Suppose F' contains a closed
Gg-subset of Xp for some 8 < AT. Then there exist a set I' C D of
cardinality $ and a point z € Xp with (7f)7!(z) = {2} x Xp\r C F.
Since I' can contains at most 8 many sets C,, {2z} x Xp\r contains
points from Y (y*), which contradicts I C Xp\ > (y*). Hence, F is
At-negligible in Xp. O

Lemma 2.5. Let C C B be saturated sets satisfying the hypotheses of
Proposition 2.3. Then for any o-compact set F' C Pc\Pg\) there ezists
a saturated set A C B containing C such that A\C’ s countable and
for all x € F the sets Wﬁ\c((wg)*l(x) NPy), WA\C((WC) Yfe(z)) N Py)
are nowhere dense in Xy\c. Moreover, we can suppose that A contains
[ for a given saturated set T' C B containing C' with T\C' countable.
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Proof. Let F' = fo(F). Since C is f-admissible, fc(Péf\)) = P((;\).
Hence, F'U F' is a o-compact subset of PC\Pg\). Represent F'U F’ as
a countable union of compact sets F,, C PC\Pg\). Suppose that I' C B
is a saturated set containing C' with I'\C' countable. Then each K, =
(w5)~Y(F,)N Pr is a compact subset of Pp\PF()‘). Consequently, all L,, =
(78)~1(K,) N Pp are contained in PB\Pg). We claim that for every
n and z € K, the sets Wg\F<Ln(Z)> are AT-negligable subsets of Xp\r,
where L, (2) = ({2} x Xp\r) N Ly,. Indeed, otherwise some 73, (L (2))
would contain a closed G,-subset of Xp\r with v < AT, and using
that {z} x Xp\r is a Gy-set in Xp (see the proof of Proposition 2.3),
one can show that L,(z) contains a closed G -subset of Xp. Hence,
L.(z) C P](;‘), which contradicts the inclusion L, (z) C L, C PB\Pg‘)

Therefore, according to Lemma 2.2, Wg\F(Ln) # Xp\r for every n,
and there exist countable sets Bj(n) C B\I' such that ng(n)(Ln) #
XB,(n)- By Proposition 2.1, we can assume that each B;(n) is satu-
rated. Then By = |J, Bi(n) is a countable saturated subset of B\I
with 75 (L,) # Xp, for all n. Moreover, A(1) = T'U By is also a
countable saturated set.

Now, let K} = (71'1]}(1)) YW(K,)NPyay and Ly (2) = ({2} x Xp\a@)) N Ly
for every z € K!. As above, we can show that WE\A( )(L}L(z)) are \*-
negligible subsets of X g1y for all n and z € K. Since 7TA(1)(L ) =
K, we can apply Lemma 2.2 to conclude that ’H'B\A (Ly) # Xp\aq) for
every n. Hence, there ex1st a sequence {By(n)} of countable saturated
subsets of B\A(l) with 75 .y (Ln) # Xp,(n)- This implies 75, (L,) #
Xp, for all n, where By = U B, (n). Then A(2) = I'U By U By is
a saturated subset of B such that By and B; are disjoint subsets of
B\I'. In this way we construct a sequence { By} of disjoint countable
saturated subsets of B\I" satisfying the following conditions:

(a) Brir C€ B\U;,(I'U By);
(b) 75, (Lyn) # Xp, for all n and k.

Let A be the union of I' and all By. For every n we have L, =
(r8) " (F)NXp. S0, T2(La) = (m)~L(Fa)Py and 7, o (78) " (F)
Py) = 7TA\C( n). Suppose WA\C(Ln) contains an open subset of X\«
for some n. Since By are disjoint subsets of A\C, there exists k
with ﬂgzc(ﬂf\C(Ln)) = XpB@y- On the other hand, wgzc(wf\C(Ln)) =
75, (Ln), which contradicts condition (b). Therefore, 73, ,((7&) ™ (F,)N
Py) are nowhere dense subsets of X\¢. This implies that the sets
ﬂf\‘\c((ﬂé)_l(x) NPy), x € FUF', are also nowhere dense in Xy\¢. O
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Theorem 2.6. [5] Let X and Y be compact, perfect zero-dimensional
metric spaces, and let P and K be closed nowhere dense subsets of X
and Y, respectively. If f is a homeomorphism between P and K, then
there exists a homeomorphism between X and Y extending f.

3. HOMEOMORPHISMS ON PRODUCT SPACES

For any space X let H(X) denote the set of all homeomorphisms
of X equipped with the compact-open topology. In this section we
prove that H(X), where X is a product of compact metric spaces, is an
absolute extensor for compact 0-dimensional spaces. This is easily seen
(see the proof of Theorem 3.4 below) when X is a countable product.
So, the interesting case is when X is an uncountable product of metric
compacta. We use the technique developed in [6].

Proposition 3.1. Let K C H(X) be a Lindelof subset, where X =
[loca Xa is a product of compact metric spaces with |A] = 7 > N,.
Then A can be covered by a family of sets {A(a) : o € w(T)} such that
for every a we have:

o Ala) =U,., A(Y) if o is a limit ordinal;

o Alar) C Al + 1) and A(a+ 1)\ A(«) is countable for all o;

o For every [ € K and o € A there is fo € H(Xaw)) with
7TA(a) Of = fa OWA(Q).

Proof. Let B C A be a countable set. Take a sequence of open cov-
ers {Uy, }n>1 of Xp such that diam(U,) < 1/n for all n. Since Xp is
metrizable and X is compact, the compact-open topology on the func-
tion space C(X, Xp) coincides with the limitation topology. Recall
that U C C(X, Xp) is open with respect to the limitation topology if
for every f € U there is V € cov(Xp) such that U contains the set
B(f,V) = {g € C(X,Xp) : gisV — close to f}. Here, cov(Xp) is
the family of all open covers of Xz and g is V-close f provided for any
x € X thereis V € V containing both points f(z) and g(x). In particu-
lar, every B(f,V) contains a neighborhood B.(f, V) of f, see [1]. There
exists a natural map pp : H(X) — C(X, Xp), pg(h) = 7p o h, which
is continuous when both H(X) and C(X, Xp) carry the compact-open
topology.

Claim 3.2. There is a countable set I'(B) C A containing B such that
for every f € K there exist frg), grs) € C(Xr(p), Xp) with 1o f =
frs) o mr(p) and T 0 f71 = gr(s) o Tr(s).-

Since for each n the family { B.(rgo f,U,) : f € K} is an open cover
of pp(K), there is a sequence {fn;}i>1 C H(X) such that {B.(7p o
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frisUy) =i > 1} covers pp(K). Because H(X) is a topological group,
the set K~' = {f~': f € K} is also Lindelof. Hence, there exists a
sequence {gn;}i>1 C H(X) for each n > 1 such that {B.(7p 0 gni,U,) :
i > 1} covers pg(K~1). Because every continuous function on X de-
pends on countably many coordinates (for example, see [4]), there are
a countable set I'(B) containing B and corresponding to each n se-
quences {(,07”'}2'21 - C(XF(B),XB) and {Qbm'}iZl C C(XF(B),XB) such
that mpo fn; = pniomr(p) and mpogn; = Ppiomr(p) for all n, 7. Then for
every f € K and n there exists ¢,, such that the map npo f is U,-close
to mp o fni,. Because mp o frni, = ©ni, © Tr(p), we obtain that for any
x,y € X with mpp) () = mr(p)(y) we have m(f(x)) = mp(f(y)). This
means that there exists a map frp) € C(Xr), Xp) with mg o f =
frs) © 7rp (B)- Similarly, there exists a map gr(p) € C(Xr(s), Xp) with

7TBOf = gr(B) © Tr(B)-

Claim 3.3. For every countable set B C A there is a countable set
A(B) C A containing B such that for every f € K there exist homeo-
morphisms fA (B), A(B) € H(XA(B ) with TA(B) © f= fA(B) O TTA(B) and
maB) ° f = gas )O?TA( )-

Indeed, using the notations from Claim 3.2, we construct an increas-
ing sequence B(n) of countable subsets of A such that B(0) = B and
B(n) = I'(B(n — 1)) for every n > 1. Let A(B) = ,;~; B(n). Then
for every f € K there exist maps f,, and g, in C(Xp(, X B(n—1)) such
that

TBin-1)° f = fn o Tp@m) and Tpm-1)0 [~ = gn 0 Tp(m)-

The last condition implies that if f € K, then for every x,y €
X with mapy(x) = ma)(y) we have 7y (f(2)) = mam) (f(y)) and
A (f () = mam) (f ' (y)). Therefore, there exist homeomorphisms
Ias), 9a) € H(Xa(p)) satisfying the required conditions.

Now, for every o < w( ) take a countable set A(a) C A satisfying the
hypotheses of Claim 3.3 with B = {a}. Let A(a) =, A(y) if o is
a limit ordinal, and A(a) = A(a— 1) UA(«) otherwise. Since for every
a € Aand f € K there exist fa(a), ga(a) € H(Xa(a)) With ma@y o f =
fAG@) © Ta@) and Ta@) © f71 = ga(a) © Ta(a), We have ma) (f(z)) =
7rA(a>(f(y)) 'and Ta@) (f7H(@)) = Ta@(f'(y)) for any pair 2,y € X
with 7a(a) (%) = Tag)(y). This yields a homeomorphism f, € H(X ()
such that ma@) o f = fo 0 T O

The next theorem is an analogue of Mednikov’s result [6, Corollary
3] stating that H([0, 1]*) is an absolute extensor for compact spaces.
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Theorem 3.4. Let X = [[,.4 Xo be a product of compact metric
spaces. Then H(X) is an absolute extensor for zero-dimensional com-
pact spaces.

Proof. Suppose Y is a 0-dimensional compact space and g : P — H(X)
be a map, where P is closed in Y. If A is countable, then H(X) is a
complete separable metric space and we define a set-valued map & :
Y ~» H(X), P(y) = {g9(y)}ify € P and ®(y) = H(X) otherwise. Since
® is lower semi-continuous (the set ®~H(U) ={y €Y : ®(y) NU # &}
is open in Y for every open U C H(X)), by Michael’s 0-dimensional
selection theorem [7], ® admits a continuous selection g : Y — H(X).
Obviously, g extends g.

Assume A is an uncountable set of cardinality 7. Then A can be
covered by a family £ = {A(«) : @ € w(7)} satisfying the hypotheses of
Proposition 3.1 with K = g(P). Then for every a € w(7) and f € K
we have

() T 0 fagr = faomiior ™.
Denote by H¢(X) the subspace of H(X) consisting of all f with the
following property: For every a there is f, € H(Xa()) such that f,
and fq4+1 satisfy (x). Since K C H¢(X), it suffice to show that H¢(X)
is an absolute extensor for O-dimensional compacta.

Because XA(a+1) = XA(a) X XA(aJrl)\A(a)’ it follows from (*) that
fa+1 is of the form fa+1($7y) = (fa(x)7g($7y))7 where € XA(a)7 /S
X A(a+1\A(e) and g is a map from X 4(a41) into X a(a41)\4(a) such that for
any © € X () the map pq4(x), ¢4(z)(y) = g(x,y), is a homeomorphism
of Xa(na(@). Therefore, by [3, Theorem 3.4.9], the correspondence
¢y — ¢ is a homeomorphism between C(X4(a), H(Xa(a+1)\A(a))) and
the subset of C'(X4(at1), XA(Q+1)\A(Q)) consisting of all g such that for
each x € Xy(q) the map ¢4(z) belongs to H(X )\ a()). Hence, the
Correspondence (farg) = fat1 provides a homeomorphism between
the spaces H(Xa(a)) XC(Xa(a), H(Xaana())) and Ho(X a(at1)), where
Ha(Xa(at1)) consists of all homeomorphisms fu1 on X441y satisfy-
ing equality (*). This means that there is one-to-one correspondence
between H(X) and the product

(**) H(Xa@) * HacwrnC(Xa@), H(Xa@rna@))-

This correspondence is a homeomorphism when all function spaces
carry the compact-open topology.

It remains to show that each multiple in the product (%) is an abso-
lute extensor for 0-dimensional compacta. This is true for H (X () be-
cause A(0) is countable. To show that each C'(Xa(a), H(Xa(at+1)\4(a)))
is also an absolute extensor for 0-dimensional compacta, take a pair
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L C Z of 0-dimensional compacta and a map

0:L— C(XA(Q), /H(XA(Q_i_l)\A(a))).
Since H (X Aa+1)\ A(a)) is a separable complete metric space and X 4(q)
is a compactum, C(Xa(), H(Xa(a+1)\4())) is a complete metric space.
Then, as above, we can apply Michael’s 0-dimensional selection theo-
rem to find an extension 6 : Z — C(Xa), H(Xa@t+1\a@))) of 0. O

Everywhere below by € we denote the Cantor set.

Corollary 3.5. Let P be a proper closed subset of €4 and f be an
autohomeomorphism of P. Suppose there exist a proper subset B C A
and an autohomeomorphism fg of Pg such that

o P= Ppx ¢\,

e fpomp=mpof; -

e fp can be extended to a homeomorphism fp € H(EP).
Ihen f can be fztended to a homeomorphism ]? € H(¢Y) such that
feomp=mpof.
Proof. Since fgomp = mgof, fis of the form f(x,y) = (fg(x), h(x,y))
with (2,) € Pp x €\ such that for each x € Pg the map ¢,, defined
by ©.(y) = h(z,y), belongs to H(€4\B). So, we have a map ¢ : Pg —
H(EME), see [3, Theorem 3.4.9]. By Theorem 3.4, we can extend ¢ to a
map @ : €7 — H(CMP) and define h : €4 — €M, h(z,y) = §(2)(y),
where (z,y) € €8 x ¢MNB. Finally, f(x,y) = (f, h(z,y)) provides a
homeomorphism in H(€*) extending f with fgo7ng = mpo f. O

4. PROOF OF THEOREM 1.1

The next lemma with a little bit different formulation was proved in
8, Lemma 3.1].

Lemma 4.1. Let X,Y be 0-dimensional paracompact spaces, € be the
Cantor set and PP C X x €, K C Y x € be closed sets such that
mx(P') =X and my(K') =Y. Suppose f : P - K' and g : X - Y
are homeomorphisms with gowx = mwy o f, and there are proper closed
sets F'x € X and Fy C Y such that:

(i) 9(Fx) = Fy;

(11) FXxQ:CP/ cmdFny:CK’;

(iii) me(({x} x €) N P’) and we(({y} x €) N K') are nowhere dense

in € for allx € X\Fx andy € Y\Fy.

Then f can be extended to a homeomorphism fv: X XC—=Y xC such
that gomx = my o f.
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Suppose g : X — Y and f: X xZ — Y x Z are two homeomorphisms
and let 1y : X X Z — X, ny : Y X Z — Y be the corresponding
projections. We say that f is a fiberwise homeomorphism with respect
togifmyof=gomy.

Everywhere below we suppose that X is an uncountable power of
the Cantor set, P C X is closed and f € H(P) with f(P®™) = P&
for every cardinal A\. We follow the notations and the definitions from
Section 2.

Lemma 4.2. Let X = €4 and I' C A be f-admissible subsets of A
with A\I" countable. Suppose there exists a closed set F' C Pr such that
F x Xnr C Prand fa(F x Xar) = fr(F) x Xar. Then there exists
a closed Gs-set L in Pr containing F' and a fiberwise homeomorphism
fo o Lx Xar = fr(L) x Xar with respect to fr|L extending the
homeomorphism fx|((L x Xa\r) N Py).

Proof. The case I' = A is trivial, so let A\I' # @. Since 7 o fy =
fromf, there is a map ¢ : F x Xy\r — Xy such that fy(z,y) =
(fr(z), (x,y)) for all (x,y) € F x Xyr and the equality ¢,(y) =
¢(x,y) defines a homeomorphism of X\r for every « € F. Therefore,
we have a continuous map ¢ : F' — H(Xar), ¢(x) = ¢,. Then by
Theorem 3.4, ¢ can be extended to a map ¢ : Pr — H(Xa\p). Fix a
countable, finitely additive base B of X\r consisting of clopen sets and
let €2 be the family of all finite, disjoint clopen covers of Xx\r whose
elements belong to B. Because B is countable and finitely additive, €2 is
countable and contains every disjoint clopen cover of X\r. Moreover,
for every w = {Uy, Us, .., U} € Qand x € F the family {{z} x Uy, {z} x
Us,...,{x} x Uy} is a clopen disjoint cover of {} x Xx\r and the set

Ou(pz) ={h € H(Xar) : h(U;) C Viyi=1, ..k},

is a neighborhood of ¢, in H(Xa\r), where V; = ¢,(U;). We have
{x} x U;) = fr(z) x Vi, i = 1,2,.., k. Therefore, for every w € 2
and x € F there exists a neighborhood O, (z) of x in Pr such that
({2} xU)NPy) C{fr(2)} x ¢ (U) for all U € w and z € O,(x).

Claim 4.3. If h € Oy,(pz), then h(U) = ¢,(U) for every U € w.

Obviously, h(U) C ¢, (U) for every U € w. So, the claim follows
from the fact that w is a disjoint cover of Xy\r and h, ¢, are homeo-
morphisms of Xa\r.

Then G, (z) = 7O, (¢z)) N Oy(x) is a neighborhood of = in Pr.
Let W, be a clopen neighborhood of F'in Pr with W, C |, p Gu().
Finally, let L =, ,cq W Then for every z € L the map ¢. = ¢(2) is
a homeomorphism of X\ such that ¢.(U) C ¢, (U) for each U € w
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provided 2z € 71O, (¢.)). Now we define the homeomorphism f} :
Lx Xar = fr(L) x Xar, fa(z,y) = (fr(2), ¢:(y)). Let show that f}
extends fo|((LxXa\r)NPy). If (2,y) € (L x Xa\r)N Py, then for every
w € Q there is x, € F and U, € w such that z € G,(x,) and y € U,,.
Consequently, ¢, € O,(¢,,) which, by Claim 4.3, implies ,(U,) =
P, (Us). Hence, fi(z,y) € {fr(2)} x £.(Us) = {/r(2)} X a, (V).
On the other hand, z € O, (x,) yields fa(z,y) € {fr(2)} x ¢u,(Us,).

Therefore,
faz ), falzy) € {fr(2)} x ¢.(U.)

for every w € (), where U, is the only element from w containing .
This means that f}(z,y) = fa(z,y). Indeed, otherwise there would be
w' € Q and two different elements U;,U; € w' with ¢.(y) € U] and
mar(fa(z,9)) € Uj. Then w = ¢;1(w') € Q and U, = ¢, '(U]), but
fazy) € {fr(2)} x ¢.(Uy) while fi(z,y) € {/r(2)} x ¢:(Us). O

Lemma 4.4. Let the saturated sets C' C B satisfy the hypotheses of
Proposition 2.3 with X = €4. Then for every saturated set I' C B
of cardinality < X\ containing C there exists a saturated set A(T') C B
containing T' such that A(T)\I' # @ is countable and the homeomor-
phism famry can be extended to a fiberwise homeomorphism fyr) :
Pr x Xarpr — Pr X Xa@y\r with respect to fr.

Proof. Recall that for every f-admissible set T' C A we denote by P}A)
the set mp(P™). Since B and I are saturated and B is of cardinality
AT, there is a saturated set A(1) C B containing I such that A(1)\I" #

@ is countable. Observe that mp 1(PF(’\)) = PW and WX(ll)(P/(\)(‘i)) =

PX because wgl(Pg)) = PW. The last two equalities together with
F(PW) = PO imply that Py}, = P2 x Xapr, fr(Br”) = B and

My _ p®)

fA(l)(PA(l)) = PA(I)'

Then, we can apply Lemma 4.2 for the pair ' C A(1) to obtain
a closed Gg-set L; in Pr containing PF(’\) and a fiberwise homeomor-
phism fi : Ly x Xaapne = fr(Lo) x Xaapnr with respect to fr|Ls
extending fa)|((L1 x Xaapr) N Paqay). Since the sets Fy = Pr\L;
and F| = Pr\fr(Ly) are o-compact disjoint from PIS)‘), according to
Lemma 2.5 there is a saturated set A(2) C B containing A(1) such that
A2)\A(1) # @ is countable and the sets Ty (1)~ (z) N Pyo)

(2\F
and Wﬁg))\p((ﬁ@))‘l(y) N Py2)) are nowhere dense in Xo)\r for all

x € Fy and y € F].
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Since P/(\)(‘;)) = P(/(\)) X Xae )\A(l) and fae2)( A(;)) = P(/(\)), we can

apply Lemma 4.2 (with F' = PA(I)) for the saturated sets A(1) C A(2).

Therefore, there exist a closed Gs-set Lj in Py(1) containing P/(\(i)) and
a fiberwise homeomorphism f; : L x Xxnaa) = faq)(Lh) X Xaenaa)
with respect to fA(1)|L/2 extending fA(2)|((L/2 X XA(Q)\A(l))ﬂPA(Q)). Since
Ly x Xpanr is a Gs-set in Pr x Xy r and (le}(l))_l(P()‘)) = P[(\)(‘i),

there exists a closed Gs-set Lo in Pr containing P N such that Lo C I
and Ly X XA( mr C L So, Loy X XA(Q)\F C L X XA( 2)\A(1)- Let
fo be the restriction of f5 on Ly X Xp@)r. Then fo is a fiberwise
homeomorphism between Ly x X @ r and fr(La) x X\ r with respect
to fA(1)|(L2 X XA(l)\F) extending fA(Q)’((LQ X XA(2)\1") N PA(Q)).

In this way we can construct an increasing sequence {A(n)} of sat-
urated subsets of B each containing I', a decreasing sequence {L,}
of closed Ggs-sets in Pr each containing PF()‘), and homeomorphisms
fn between L, x Xymnr and fr(Ly) X Xympr extending fa|((Ln X
Xa@mn\r) N Pagny) such that for each n we have:

(a) A(n+ 1)\A(n) # @ is countable;
(b) The set ﬂj\\&ﬁ;\r((ﬂ?(nﬂ))_l(x) N Pa(n+1)) 1s nowhere dense in
Xam+nr for all v € F, = Pr\Ly;

(c) The set Wﬁ((Zﬁ))\F((w?("H))_l(y) N Pr(n+1)) is nowhere dense in

XA(n+1)\F for all Yy € FA = Pp\fF(Ln),
(d) Each f,41 is a fiberwise homeomorphism with respect to the
restriction fi,|(Lypt1 X Xa@nr)-

Let A(T) = U,5oA(n) and L = (1,5 L(n). For every n consider
the map p, : L X Xpapmppnr = L X Xpppr defined by p,(z,y) =
(x, Wi\((z;r 1)(y)). Then L X X A\r is the limit of the inverse sequence

L X XA, Pn} and fr X Xamnr is the limit of the inverse se-
(n)\ N

quence { fr(L) x Xy \p,pn} Since p,, © fri1 = fnop, for every n, the
homeomorphisms f, provide a homeomorphism f,, between L x X;ry\r
and fr(L) x Xamopr extending fary|((L x Xampnr) N Pay). Moreover,
items (b) and (c) imply that the sets WXEIE;\F((WA(F))”@) N Pxry) and
Wj\\gll:))\r«ﬂ'[\(r)) Y(y) N Pyry) are nowhere dense in Xpryr for all z €
Pr\L and y € Pr\ fr(L ) Finally, by Lemma 4.1, f,, can be extended
to a homeomorphism fA between Pr X Xjyryr and Pr x Xyryr.

Obviously, f,\(p) is a ﬁberwise extension of fy) with respect to fr. [

Corollary 4.5. Let the saturated sets C' C B satisfy the hypotheses of
Proposition 2.3 with X = €. Suppose also that fo can be extended
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to a homeomorphism fvc of Xc. Then the homeomorphism fp can be
extended to a homeomorphism fp of Xp such that 78 o fp = fconh.

Proof. Using Lemma 4.4 (and the notations from that lemma), we can
represent B as an increasing family {B(«a) : a@ < w(A1)} of saturated
sets B(«) each of cardinality < A such that:
3) B(0) =C;
B(a) =g, B(B) if a is a limit ordinal;
B(a+1) =A(B(«a)), so B(a+ 1)\B(«) is countable for all «;
IB(a+1) can be extended to a fiberwise homeomorphism
fB+1) © PB) X XBasi\B@) = PBla) X Xp(at1)\B(a) With re-
spect to fB(a)-
We are going to prove that each fp(,) can be extended to a homeomor-
phism fp() of Xp(q) satisfying the following equality
B(a+1 rs rs B(a+1

(7) Wgéa;r "o ftaryy = fo@ © 773((0; :
The proof is by transfinite induction. The extension fB(O) exists ac-
cording to our assumption since B(0) = C. If fp(g) is defined for each
f < a, where « is a limit ordinal, then item (4) implies the existence
of fB(a). Therefore, we need only to define fp(,41) provided fp() ex-
ists. To that end, since B(a + 1) = A(B(«)), according to Lemma
4.4, fp(a+1) can be extended to a fiberwise homeomorphism fé?(a 1) of
Pp(a) X XB(a+1)\B(a) With respect to fp(). Then, by Corollary 3.5,
f/B(a +1) 1s extended to a homeomorphism IB(a+1) satisfying condition
(7). O

Proof of Theorem 1.1. Let show first that the proof is reduced to the
case of one subset P C D# and an autohomeomorphism f € H(P). In-
deed, take two disjoint copies X and Y of D with P C X and K C Y,
and let @ = P K be the disjoint union of P and K. Obviously,
X HY is homeomorphic to D4 and g = f |4 f~! is an autohomeomor-
phism of Q with g(Q™) = QW for all cardinals A\. Suppose f |4 f~*
can be extended to a homeomorphism F: X {Y — X Y. Choose
two clopen neighborhoods X’ and Y’ of P and K in X and Y, respec-
tively, with X\ X’ # @ # Y\Y’ such that F(X’) = Y’. Then there
is a homeomorphism G : X\X’ — Y\Y’, and F|X' and G provide a
homeomorphism f : X — Y extending f. Therefore, we can suppose
that we have one subset P of D4 and a homeomorphism f € H(P).
Because f preserves the interior of P, we can also assume P is nowhere
dense in D#. Moreover, we identify D4 with X = ¢4, where A is an
uncountable set of cardinality 7 (we also identify any infinite cardinal
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number A with the first ordinal of cardinality A\). Recall that 2 L£p
denotes the set of all infinite cardinal numbers y < 7 with PW #£ &,
and let £ = £U{Ng}. Obviously, if A € £, then p € £ for all p > A, in
particular, 7 € £. Take a functionally open and dense subset U of X\ P
and a countable saturated set C' C A with 75! (7c(U)) = U (that is
possible because every continuous function on X depends on countably
many coordinates). Then P¢ is nowhere dense in Xqo. If Ry € £, we
put I'(Rg) = C. In case X € £, by Proposition 2.1 and [2], there exits a
countable saturated set C; C A with 7! (¢, (P™)) = P& and we
denote I'(0) = C'UC}. Therefore, in both cases Pr(y,) is nowhere dense

in Xr), I'(0) is a countable saturated set and 7, )(PF(?OO))) pto),
The case when PWY) = @ for all A < 7 was settled in [8]. Hence,

there are another two passible cases: either P # PW for all A < 7 or
P = PW for some A < T.

Claim 4.6. The case P = P™ for some \ < 7 can be reduced to one
of the following two cases: (i) PN = @ for all A < 7; (i1) P # P™ for
all A < 7.

Indeed, suppose P = PR for some \g < 7 and £ is discrete in
£. We can assume that Ao is the minimal cardinal with P = P,
Then P = P fOl“ all A > /\0 and P = PA()\O) X XA\A Ao)- SO EPA()\ )
is a subset of £p and consists either of Ay or, except )\g, contains
some A < Ag. If Lhang = {Ao}, then (PA(,\O))O‘) = @ for all A < ).
Hence, we can apply [8] to extend the homeomorphism fy, = fap,) to
a homeomorphism fy, € H(Xa,)). Finally, Corollary 3.5 provides a
homeomorphism f € H(X) extending f.

Suppose ,SPA()\O), except Ag, contains some A < Ag. Then, we con-
struct by transfinite induction saturated sets A(A) C A, A < A, such
that each A(A) has cardinality A\, A(\) C A(\o) and WZ(IA)(PXB\)) =
PW. We claim that the homeomorphism fy, preserves the M-interiors of
Pa(x) for all A < Ag. This is obvious for A = Ay because (P, ))(AO) =

. - A
Pyry).- Suppose A < Ag. Since PW = WA(IA)(P(( ) and P(;) =
(71'38\5)))_1<P§‘)(\2\)) we have Pf("&)) C (Papg))™. On the other hand,
. . _ o A
the inclusion (7.4(x,)) 1((PA()\ M) € PO implies (Pagy,))™ C PA&O).

Hence, (Pagy))™ = P , and, because f(PN) = PW and w0 f =
Fro©Taro)s Fro preserves the A-interior of Py(yy). Moreover, the equal-

ities (Pagr))™ = PX&)) and WZ(I/\O)(WA(,\O)(P(A))) = PW for A < )¢ im-

ply that SdPA()\O) is discrete in £p,, ro)" Hence, assuming that the case (i)
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is established, we can extend f), to a homeomorphism }’;O € H(Xan))-
As before, Corollary 3.5 provides a homeomorphism f € H(X) extend-
ing f. That completes the proof of Claim 4.6.

Therefore, we can assume that P # PW for all A < 7. Denote by
£¢ the limit cardinals at which £ is continuous. We are going first
to construct an increasing family {I'(A) : Xy < A < 7} of saturated
subsets of A covering A such that:

(8) T'(\) is of cardinality A and I'(X) is the set constructed above;
(9 Every compact set F' C PF()\+)\P1—(‘?))\+) is A*-negligible in Xy +y;
A

(10) m ( )(P(())) P,

(11) T(A) = U, T(v) if A € £
The construction is by transfinite induction. We cover A by an in-
creasing family {A(M) : Rg < A < 7} with each A(\) having cardinality
A. Suppose the sets I'(\) are already constructed for all A < 7, where
v < 7, such that T'(Rg) is the set constructed above. If vy = AT for some
A, by Proposition 2.3, there exists a saturated set I'(y) of cardinality
7 containing I'(A) U A(7y) such that 7r;(1 )(PF(?))) = PY and every com-
pact set in PI‘(»Y)\PIS? is y-negligible in Xp(,). If v is a limit cardinal
and v € £° let I'(y) be the union of all I'(A\), A < ~. In this case,
since each T'(\), A < =, satisfies condition (10) and v € £¢, I'(y) also
satisfies (10). If v is a limit cardinal and v € £, we take T'(7) to be a
set containing (J,_, I'(\) with 7T_1 )(P(?))) PO,

Since £¢ is discrete in £ for every A € £4 there exists 6(\) < A
such that the interval [§()\), \) is disjoint from £¢. This implies that
if A\, Ao € £% and \; < Xg, then §(A;) < d(X2). Now, we are going
to refine the construction of the sets I'(A) and obtain a new increasing
family {A(X) : A < 7} of saturated sets covering A such that:

(12) A(A) is of cardinality A and A(NO) I'(Rp);

(13) Every compact set F' C Py )\+)\ A(M is A*-negligible in X (+y;

(14) 7TA ( A )) PO

(15) A(A ) U, <x A(y) for every limit A;

(16) If X € £4, then I'(y) C A(y) for all v € (6()\),\) such that
Uye( 5NN A(’Y) =T(\).

We fix A € £2 and let T(A)\['(6(N)) = Usy<ren € (7). where {C(7) :
d(A\) <7 < A} is an increasing family. Since I'()\) is saturated, ['(\) =
Uaery Ba) with all B(a) being countable saturated sets. Define
A(6(N)) to be T'(§(N\)) and assume that the sets A(n) have been defined
for all n < 7y, where v € (6(A), A). If v = ", we take A(y) C I'(X) to be
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a saturated set of cardinality v containing I'(y) U C'(7) such that A(7)
satisfies conditions (13)—(14), see Proposition 2.3(ii). If v < Ais a limit
cardinal, then let I'() = Ujs(y)<,<, A(n). In this case, since v € £° and

WX(IT])(PX(]B])) = P we also have WX({/)(PX(%) = PO, Observe that all
limit cardinals outside the intervals (§()\), ], A € £¢, belong to £¢. So,
conditions (11) and (16) imply condition (15). Hence, repeating this
construction for every A € £¢, we complete the constructions of the
sets A(N).

Now, we can finalize the proof of Theorem 1.1. Denote by f\ the
homeomorphism fy(y). Since A is the union of all A()), it suffices to

extend each fy to a homeomorphism fj\ € H(X\(y) such that

(17) Wﬁ&\; o fy= f; o W;\\((;\)) forall p <A <.

Suppose the homeomorphisms f,\ are defined for all A < . Assume v
is a limit cardinal. Then by (15), A(y) = U, A(}), and we define

]f”v7 to be the limit of all f\, A < . If v = A* for some A, then by
conditions (13) — (14) we can apply Corollary 4.5 to find an extension

f+ of f, satisfying condition (17). O
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