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SOME PROPERTIES of CF{I}
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Abstract: There is found out a necessary and sufficient con-
dition on a space X for E:p(le to have the following property (=o):

any family of G, ~subsets of [:pI:){} contains a dense subfamily of
cardinality < 2.
Key words: [:p[)(}, property (=« ), property (=)* .,
Classification: 54C35, 54C30

--------------- e o s e S S S S S S

(1

Introduction. B. Efimbv [5] proved that every dyadic space
X has the following property (referred below as "the property
(&)"): any family # of G, -subsets of X contains a subfamily K
of cardinality |X | < * such that the set U{F:Fe A} is dense
in WVi{F:Fe F} (such a subfamily will be called a sense subfami-
ly). Here & is an infinite cardinal .This result was generalized
by E. Stepin [B] to the class of all continuous images of k-met-
rizable compacta. In [10] we consider an extension of the class
of all k-metrizable compact spaces, namely the class of all com-
pletely regular spaces with lattices of d-open [9) mappings. Eve-
ry element X of the latter class has the following property: any
family § of subsets of X with £ (F,X) « * for every Fe¥ con-
tains a dense subfamily X of cardinality |K| < =~ . The follow-
ing guestion arises in connection with the last fact: Does every
space with a lattice of d-open mappings have the property () ?

In the present paper we answer this guestion in negative Dy
fi.l'ldil:lg a necessary and sufficient condition on a space X for
cp{x} to have the property (<) (let us note that Ep{}() always
has a lattice of d-open mappings [111). We also give a negative
answer to the following problem of A. Arhangel 'skii ([1],problem
7.26): Is it true that there exists a continuous injection from
X into an Eberlein compactum provided r;p{x} contains a dense
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& -compact space?

Notations. We shall consider only completely regular spaces
and continuous mappings.

Given spaces X and ¥ we denote hf Epix.Y} the set of all map-
pings from X to ¥, endowed with the ftopology of pointwise conver-
gence. If Ac X then p, will denote the mapping from E'p{bi Y) to
E (A,Y) defined by pA(f} =f|A for every Iet: X ¥): {x} stands
fur E (X,R), where R is the real line with the usual topology.

Let f bB/a mapping from X to Z. By f*¥ is denoted the dual mapp-
ing from EPCZ,T} to EP{K,Y}.

A space X is said to be ~-Lindelof if every open covering
of X contains a subcovering of cardinality = v . We write hl(X)=
€ ¢ if X is hereditarily «-Lindelof. By d(X) is denoted the
density of X and by hd(X) the hereditary density of X.

I1f ¥ is a family of subsets of X then UZF denotes the set
UiF:Fe F}.

The property (7 ) and related properties of C_(X)}. We need
the following result which is proved by P. Zenor [13].

Lemma 1. For a space X and an infinite cardinal the fol-
lowing are Equivaient:

(i) hlfx%} & T {hd(x%) £ 7 , respectively);
(11) hd{Ep(X,¥] & T (hl(Gp(K,Y} < v , respectively) for
every space Y with w(Y) £ =% . -

Remark 1. Let a set Mc EF{I} separate the points from the
closed subsets of X i.e. for every clesed P in X and every x€P
there exists fe M with f(x)=0 and f(P)=1. Suppose hd(M) £ = .
Using the Velifko arguments ([12], the proof of Theorem 1) one
can show that h1(X") < ® for each ne&N.

Lemma 2. Let H = U4¥ :neNl, where % _ are families ot
subsets of C (H R ") . Suppose {A{n) n eN¥ is an increasing seguene
of closed subsets of X such that pﬂ(n+1){pi{n+l}tF]} F for every

FeX and every neN. Then f e U UX provided pﬁ{n}(r}&p“njfu.}fg

for each neMN.



Proof. Put A= U{A(n):neN}. Let U= {f & C OGRT):E(x ) € Vy,
i=1,...,k} be a neighbourhood of f in EF{K*R"’). We can suppose
that A meets fx,:i=1,...,k}. Then U=U;n Uy, where U;= {fet:p(x R%):

1 f(x ]E.‘-I’i for each xie A% and u E -ifel:p{x RT): f{x Je vy for
each xil‘ A}. Choose m such that Aﬁ{xi i=1, ..,k}c A{m} EmI:E
Pacmy(U) is open in pﬁ{m}iﬂp{x,ﬂt}} we have ph{m}{ujn

N pA{m}{UL‘I{m}# #. Hence F‘A(m)[F )nph{mjiu)*ﬁlfur some F_€ X .
Then U;nF @. Let glﬁ u, n F There exists g,€ U2 such that
Qzlﬁ(m+1)=nllh(m+1} Thus, gzaF nU. Therefore f & U.R'-

Let ¢ be an infinite cardinal. A space X has the prnperty
() if hl(A") &« for every closed A in X with d(A) = and
every n €N,

Theorem 1. For a space X and an infinite cardinal © the
following are eguivalent:

{i) X has the property (= )* ;

(ii) Ep[x,ﬁ_"} has the property (=« ) for every A « T ;

(1ii) CF{K,H} has the property (T ).

Proof. (i) —=(ii). Let & be 8 family of G, -subsets of
C_(X,RY, where A £ « . We can suppose that for every F & &
thers exists a set A(F)c X of cardinality <£.¢v with
PACE) Pace) (FI=F -

For .every n& N we construct a set B(n)c X and a subfamily
'J{n ¢ ¥ such that: :

1) B(n)cB(n+l), [B(n)| < * and |X | £ v ;

2) pA[n+1}{pA{n+1){F” =F for every F € H_, where A(k)=B(k)
for ke N;

3) pA{n}{ UX,) is dense in pMn}(Uﬁ'}.

Assume we have already defined B(n) and ¥ _ satisfying 1) -
- 3). Put BEp+1)=B{n]u(u{A(F):Fs‘]{n}}.Bhviuusly |B(n+1)| & 2
and F=pﬁn+1}{p“n+”{F)} for every F e'J{'n. By Lemma 1 we have

hd(ED[A(n-n-l) R*)) « = . So, there exists a subfamily :ﬂ:n+1 of ¥
such that |¥ _ ;1< T and pMml}{UﬂC ,1) is dense in
pMml}{ug} Denote K = U{3 :neN}, B= U{B(n):ne ui and

A= Uia(n): neNi Let f& pﬁlfpn':? )). Since
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Pacn) (£ €y UF)=py(y (UK ), it follows from Lemma 2-that

fe ﬁ, I - p;l{phfﬁk GE;E The implication is pro-
ved. Let us note that péj_‘iuﬂ"}h UF because B is dense in A:
hence U¥F is a union of G -subsets of Epf}{,ﬁﬂ'},

(ii) —» (iii). This implication is obvious.

(iii) —=(i). Suppose A is a closed subset of X with d(A) < .
Then there is an injection from pn{Ep{x}} into a space of weight
< T , so that every peint of pA{Ep(HJ is a G -set in pA[Ep{U}.
Hence hd(ph{ﬂpij} £ ¢ . It follows from Remark 1 that h1(A™) =«
for each neN. 'J

Corollary 1. Let X be a monolithic space in the sense of _
Arhangel ‘skii [2]. Then cp{x} has the property () for every in-
finite cardinal =

Corollary 2. For a space X and an infinite cardinal < the
following conditions are equivalent:
(i) cp{x) has the property (=« ):

(ii) Ep{}:'?"} has the property () for every A £

Proof. 1In view of Theorem 1 it is enough to prove that I'ﬂ'
has the property (% ) provided X does. Let A be a closed subset

of X' with d(A)= = . Put B- U{qs[ﬂ}':s-c-ﬁ} , where qﬁ:}ta—a:—}{
is the projection onto the s-th factor. Dbviously, d(B) < = 5
h1(B") <« v for every ne N, Hence, hi(B?) = = (see [13), Theorem
3). Since AcB™ we have h1(A") £ © for each neN.
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Lemma 3, Suppose X= ﬂ{xg:s €Sk, where |5l &€ T . Then X
has the property (7 ) provided Tl{xa;ss Bt does for every fini-
te set Bc 5.

The proof of Lemma 3 is similar to the proof of Thearem 3%
from [13).

Theorem 2. Let X" have the property (2 ) for every neN.
Then C (X,Z) has the property (« )™ for every space Z with
w(Z) « ¢ .

Proof. Suppose A is closed in C_(X,Z) and d(A) & + . Put
p=A{f:feA} and Y=p(X). Since d(A) £ ~ , there exists an in-
Jection from Y to a space of weight not! grester than « . S0,
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%)
every point of Y ° is a G, -set in Y °. By Lemma 3, X

“b has the

property (2 ) . Thus, hd{"r’%} £ T because "l'% is a continuous

@o “p
image of X ~. It follows from Lemma 1 that hl(Ep{K,I ) = T,
Next, for every fe A there exists hg« Ep(‘f,l} such that f=heep.

W
Denote B= -[hf:fﬁ A%¥. Clearly, B O can be considered as a subspace

[
of E:D{'r,zm“}; hence h1(B ) -2 ¥ . But p*(B)=A, so hl(.ﬂ%} = 7T

Corollary 3. A space X has the property (2 )* if and only
if EFfE (X)) has the property (v )% :

Proof. Since C {[: (X)) contains X, all we have to prove is
the "only if" part. Suppuse X has the property (<t )¥ . Bj.r Theorem

E; E (X,R ""} has the property (%), so the space C {K] o does, too.
The Thenrem 2 completes the proof.

Combining Corollary 3 and Theorem 1 we get: C_(X) has the
property (=« ) if and only if E {E (X)) has the property (=) .
Therefore, Theorem 2 is 1nvetsah1e in the case X= Ep[‘l"} for some
Y. The following ‘example shows that this is not the case in gene-
ral.

Example 1. Let X be a nonmetrizable Eberlein compactum.
Then C_(X) has the property {wn}“‘ being a monolithic space (see
[1]). Suppose X has the property {a.lu]l. Then X is separable, be-
cause X contains a dense metrizahle space. (ss [6]). But every se-
parable Eberlein compactum is metrizable L3] - a contradiction.

Let = be an infinite cardinal. A space X is said to have
the property [w1] if for every family 3 of G, -subsets of X
and every x & UF there is a subfamily X of F such that x e U-R
and |3 | < ¥ . X has the property [#]¥ if 1(A") € v for every
né&N, where A is a closed subset of X with d(A) = © .

Theorem 3. For a space X and an infinite cardinal < the
following conditions are equivalent:
. (i) X has the property [ z]* ;
(ii) EPEH,RJ‘) has the property [%] for every A = @
(iii) I:p{x]l has the property [w1.

Proof. (i)—s (ii). Let ¥ be a family of G, -subsets of



Ep[I,H"‘) and f € ‘JF . Using the same notations as in the proof
of Theorem 1, for every ne N we construct a set B{n)c X and a fa-
mily X_< 9 such that:

1) |B(n)fsgx , [X |=x and B{n+1)=a(n}u(u{ncm:ra:Fini;n;

-1
2) Pan+1)PAacn+1)(F))=F for every Fe 'J‘fni

The following result (actually established by Arhangel ‘skii
[2]) will be used below: If 1(X ") £ ¥ for every n &N, then
t[Ep(K,RJ‘}}é"E where A £ T

Suppose we have defined B(n) and I’.‘n. Put Bén+1)=B(n) v
o (ULA(F):Fe 'an}} and A{n+1)=B(n+1). Then 1{(A(n+1)¥= = for
every ke N because d(A(n+1)) < © . By the result mentioned above
(Arhangel "skii [2)1), t(ﬂp{m{nﬂj,ﬂf"ﬁ) £ % . Since pﬂ{n+1)[f} e

Ep.ﬂ.(nd}fug}* there exists a subfamily ﬂ{'nﬂ_uf F such that

Pacns1) ) € ph{mlj{:uxnﬂ} and |K __ .| < x . Thus, B(n) and A
are constructed for every ne N. Let K = U4 In:nEH}. Obvibously
|| == . It follows from Lemma 2 that fe U XK .

(ii)=—> (iii). This implication is obvious. :

{iii) —=(i). Suppose A is closed in X with d(A) € ~ . Sin-
ce every point of pA[Ep{K}] is a G -set in pA{Ep{xJ} and the
mapping p, is open (see [1]), we have 't(pn([:p(x}} £ T . Dbserve
that pA(Ep{){]} separates the points from the closed sets in A. -
Now, the following result (actually established by E. Pytkeev L71)
completes the proof: Let t(M) < ¥ and M separate the points from
the closed subsets in Y, where Mc Ep(‘i’]. Then 1(Y") < ¢ for BVELY
neN.

Corollary 4. For a space X and an infinite cardinal = the

following are equivalent:
{i) C_(X) has the property (=] ;
(i1) Cp(}'{n} has the property (=] for every ne N,

Proof. In view of Theorem 3, it suffices to show that X"
has the property [x 1™ for every ne N provided X does. The last
proposition can be proved by the same arguments as Corollary 2 was.

Theorem 4. Let ¥ be sn infinite cardinal and EP(EP(K}} ha-
ve the property [ #1¥. Then Ep[)'.’} has the property Lo1.



Proof. Let t e UF , where ¥ is a family of G, '-subsets
of C_(X). Using the same notations as in the proof of Thearem 1,
we define sets B(n)c X and subfamilies 'ﬂ'fn of ¥ with the follow-
ing properties:

1) B(n)c 8(n+l), [B(n)| <~ and |K | = v ;

2) pi%ﬂ#—l}{ph{nﬂ}.””ﬂ for every Fe X _;

n?

v
-

Suppose we have already constructed B(i) and :}{‘ for 1£n.

Put B{n+1)=B(n) u (ULA(F):F e J{n{} and A(n+1)=B(n+1). Since
d(A(n+1)) £ 7« , there exists a one-to-one mapping from P(n+l)=
=|:|Mn+1}{[]p(3{}} onto a space of weight £ v , so d{Ep{P{n+l)}}£‘1‘:-
Hence, 1(C_(P(n+1))) £ T because Ep{P(rHl}] is closed in
Eprp(K}). By a result of Asanov [4], we have t(P(n+l}) < v . The-
refore, there is a subfamily K__, of ¥ such that pA{ﬂ+1)[f}£

c pnimn{u ﬂfnﬂ} and |5{m_1l£ % . Hence B(n) and :ffn are defi-
ned for every neN. Denote X=U{ X :neN . Obviously K| = ©-
It follows from Lemma 2 that f &« U OC .

Corollary 5. A space X has the property L2)* provided
C e EX d .
p{ pfi )) does

Example 2. There exists a space X with the property [mﬂ]
but Ep{‘.!).dues not have the property [c..'rD]* ;

Let X be a discrete space of cardinality c. Then Ep(xhﬂc.l
The space R“ does not have the property [mn]* because it is se-
parable and non-normal.

Finally, we give a negative answer to the guestion of Ar-
hangel ‘skii ([1], problem 7,26), mentioned above. Let X be a non-
metrizable Eberlein compactum. Using the arguments of Arhangel -
skii '([11, the proof of Proposition 6.9) one can show that
EP(EPLX}} contains a & -compact subspace (this follows also from
a more general result of V. Tkaduk). Suppose that there exists
an injection j from C_(X) into an Eberlein compactum Y. Then the
closure of j(C_(X)) in Y is also an Eberlein compactum satisfy-
ing the countable chain condition. Hence w{j{l:p{x}),‘i £ w, (see
[31). Next, it is well known that Ep{x) contains a 6 -compact
dense subset M, Therefore d(M) € «  because M is a countable



vnion of compact metrizable spaces. Consequently X is metrizable
- a contradiction.

L1l A.
L2 A.
(31 5.
[ 4] M.
[ 5] E:
&l I.
L7l E.
(8] E.
[9) M.
(101 v.
'[111 V.
(121 N.
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