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1. Introduction. Dugundji spaces were introduced by Pelczynski [* Later Hay-
don [# proved that the class of Dugundji spaces coincides with the class of all com-
pact absolute extensors for O-dimensional spaces (briefly, AE(0)). Recently Chigo-
gidze [?] extended the notion of AE(0) from the class of compact spaces to that of
completely regular spaces. In this note a characterization of AE(0)-spaces in the sense
of Chigogidze, which is similar to Pelczynski's definition of Dugundji spaces, is given.
We also consider mappings having a regular averaging operator and give a linear
topological classification of some function spaces.

2. Notations. All spaces considered are completely regular and all single-valued
mappings are continuous. A mapping f from ¥ to X, where YcZ, is called Z-normal
if for every continuous function g on X, the function gof is continuously extendable
to Z. A space X is called an absolute extensor for O-dimensional spaces [1] if every
Z-normal mapping from Y to X, where Y=2Z and dim Z=0, is continuously exendable
to Z. Here dim stands for the dimensions defined by finite functionally open covers.
A mapping f from X to ¥ will be called O-soft [%] if for every O-dimensional space Z
and every two Z-normal mappings g: Z,— X, h: Z,— Y with Z,cZ,=Z and fo g=HZ,
there exists a Z-normal mapping k: Z, — X such that g=k|Z; and fok=Ah.

By C(X) (resp. C*(X)) we denote the real vector space of all continuous (and
bounded) real-valued functions on X. We will consider two topologies on C(X): the
topology of uniform convergence and the compact-open topology. These topologies
are distinguished by using subscripts, namely, C,(X) and C,(X). It is well known that
Ci(X) is a topological vector space, whereas C,(X) is a topological vector space iff
no continuous function on X is unbounded. For a compact space X by P(X) is de-
noted the space of all regular probability measures on X endowed with the weak-
star topology. For a given space X, Py(X) (see [*]) denotes the space {i¢ P(BXY:
supp p= X}, where suppp stands for the support of p. It follows from the definition
of Py(X) that every p¢Ps(X) is a continuous positive linear functional on C (X) with
p(lg)=tl. We can consider p as a continuous linear functional p’ on C,(X), defined
be' u’(g)=p[g|supp ). There exists a natural embedding i: X+« Py(X) defined by
i(x)=8,, where &, is Dirac’s measure at the point x. One can easily show that i(X)
is a closed C-embedded subset of Ps(X). If f is a mapping from X to ¥ we denote
by Py(f) the natural mapping from Pg(X) to Pu(Y).

Let u: C(X)—C/Y) be a regular operator, i.e. a positive linear mapping with
u(ly)=1,. We can definc a mapping r: ¥ — P(BX) by letting r(yXh)=u(h)y) for
every k¢ C*X). The operator « is said to have compact supports if r(Y) is contained

# Partially supporled by contract No 45 with the Bulgarian Commitee for Science



in Pp(X). On the other hand, if there exists a mapping r from ¥ to Py(.X), the formula
u(k{(yjzr({g{k) for all k€ C(X), defines a regular operator u: C(X)— C,(Y) with com-
pact supports.

Let XV and a: C(X)—C,LY) be a regular operator such that u(k)| X=#k for
every R€C(X). Then u is said to be an extension operator. It is clear that there exists
an extension operator u: C,(X)— C,(Y) with compact supports iff there exists a map-
ping r from Y to Ps(X) such that r(x)=35, for every x¢X. Such a mapping r will
be called a Pp-valued retraction from ¥ to X.

A mapping f: X—V satisfies the zero-dimensional lifting propety for z d.
1. p[*] if for any O-dimensional space Z and for every mapping g: Z— Y there exisis
a lea]:]'ping k: Z—X such that fok=g Clearly, every O-soft mapping satisfies the
z. d. 1. p.

3. Milutin Mappings. A mapping f: X— VY is called a Milutin mapping if there
exists a mapping g: ¥ — Py(X) such that supp g(y)=f"'(y) for every y¢Y. Such a
mapping g will be called associated with f. Evidently, every Milutin mapping is a
surjection. If f: X—V is a Milutin mapping and g: V' — Py(X) is associated with f,
we can define a corresponding to g regular operator u: C(X)— C,(Y) with compact
supports by the formula u(k) ¥)=g(y)(k). Obviously, w(lef)=! for all l¢C(Y). Such
an operator u is said to be an averaging operator for f [®]. Conversely, if [ allows a
regular averaging operator with compact supports then f is a Milutin mapping. Every
Milutin mapping admits an averaging operator in the sense of Coban [']. If X and ¥
are compact spaces, our definition coincides with the definition of a Milutin mapping,
given by Pelczynski [®]. Clearly, if f: X— ¥ is a Milutin mapping and Y,=V then the
restriction f|f~!(Y,) is also a Milutin mapping.

Proposition 3.1, Let f: X— ¥V be a Milutin mapping with an associated mapping
g: Y —Py(X).Then gis an embedding and g(Y)is a closed C-embedded subset of Pp(X).

Ppoposition 3.2. Every Milutin mapping is a quotient mapping.

Proposition 3.3. Every product of Milutin mappings is a Milutin mapping.

Proposition 3.4, Let S,={X., pl, o, v€A), S;={VYu ¢!, o, v€ A} be inverse systems
such that p?(X,)=X, for all y>a. Suppose we are given Milutin mappings fo: Xo— Ve
with associated mappings gu: Y — Pp(X.) sucht hat g% o fy= foop? and geog"=Py(p) o g
for every y>0. Then the limit mapping f: lim §; —1lim S, is a Milutin mapping.

Theorem 3.5. Let X and Y be metrizable spaces and f: X — Y be a surjection.
Then the following conditions are equivalent:

(i) f is a Milutin mapping ;

(il) the set-valued mapping f~!: V— X admits a L s.c.compact-valued selection;

(iii) f satisfies the z. d. L p. :

In the case when X and Y are compact metric spaces, the equivalences (i)« (ii)
and (i)« (iii) were proved by Ditor ([%), Theorem 3.4) and by Hoffmann ([*°], Coror
llary 1), respectively.

Corollary 3.6. Let X be a product of metrizable spaces. Then there exists a 0-di-
mensional space ¥, which is a product of metrizable spaces, and a perfect Milutin
mapping from Y to X satisfying the z. d. L p.

Corollary 3.7. For every p paracompact space X there exists a 0-dimensional p-para-
compact space Y and a perfect Milutin mapping from Y to X satisfying the z.d. L p.

Proposition 3.8. Every O-soft mapping is a Milutin mapping.

Theorem 3.9. Let X be a product of metrizable spaces and f: X— Y be a Milutin
mapping. Then '

(i) ¥V is collectionwise normal with respect to the family of all closed Gs-sub-
sets of V;

(ii) every closure of a union of Gi-subsets of V is a zero-set in Y.

Corollary 3.10. Every AE(O)space X is collectionwise normal with respect to the
family of all closed Gs-subsets of X,
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Corollary 3.11. Let a space Y satisfy the assumptions of Theorem 3.9 and each
point of ¥ be a Gs-set. Then Y is perfectly normal and collectionwise normal.

Theorem 3.12. Let X be a limit space of an inverse system with polish spaces and
open projections. The every Milutin image of X is also a limit space of an inverse
system with polish spaces and open projections.

Theorem 3.13 The paracompactness as well as the (t-)collectionwise normality are
preserved by Milutin mappings.

Corollary 3.14. Every Milutin image of a (complete) metric space is also a (com-
plete) metric space.

Theorem 3.15. Let f: X — } be a Milutun mapping. Then f preserves the following
topological properties: stratifibility, 8-metrizability and perfectly k-normality. If in
addition cly( fY(U))=1"cl{U)) for every open subset U of ¥, then V is k-metri-
zable (resp., has a k-metrizable compactification) provided X is k-metrizable (resp., has
a k-metrizable compactification).

Corollary 3.16. Every AE(0)-space has a k-metrizable compactification.

4. AE(0)-spaces. A space X is said to have the property (r) if X is a retract
of Py(X).

Proposition 4.1. Let K be a convex subset of R4 for some A, satisfying the follow-
ing condition: the closed (in K) convex hull of every compact subset of K is also
compact. Then K has the property (r)

Theorem 4.2. For a space X the following conditions are equivalent:

(i) X is an AE(0)-space;

(i) for every C-embedding of X in a space V there exists a regular extension
operator #: C,(X)— C(Y) having compact supports. -

If X is compact the condition (ii) coincides with Pelczynski's definition of Du-
gundji spaces.

Corollary 4.3. Let X be an AE(0)-space and K have the property (7). Suppose X
is C-embedded in a space Y. Then every mapping from X to K is continuously ex-
tendable to Y.

Theorem 4.4. Py(X) is an absolute retract iff X is a compact AE(0)-space of
weight =a,,

In the proof of Theorem 4.4 we use aresult of Ditor and Haydon [f] and the
following

Proposition 4.5 If Py(X) is Cech-complete then X is pseudocompact.

A space X satisfies (*) if we connot write X= [J X,, where the X, are closed

n=1

subspaces with @(X,)<w(X). Haydon [7] proved that a Dugundji space of weight t
satisfying (*) contains a copy of D~

Proposition 4.6 Let X be a non-compact AE(0)-space of weight t satisfying (*).

(i) ¥ X is locally compact, then X contains a copy of NxXDr as a closed subset.

(i) If X is nowhere locally compact, then X contains a copy of NexD® as a
closed subset.

5. Linear Topological Classification of Spaces of Continuous Functions.

Theorem 5.1. Let an AE(O)-space X of weight t contain a C-embedded copy of N~
Then Cy(X) is linearly homeomorphic to C,(N¥).

Theorem 5.2. Let a p-paracompact AE(O)space X of weight t contain a closed copy
of NoxX Dr. Then Cy(X) is linearly homeomorphic to Cy(N“x Dr).

Corollary 5.3. Let X be a p-paracompact, nowhere locally compact AE(O)-space of
weight t satisiying (*). Then Cy(X) is linearly homeomorphic to C(NwxD¥).

Corollary 54. Let X be a non-compact, locally compact AE(0)-space of weight t
satisfying (*). Then C(X) is linearly homeomorphic to C(Nx D).

6. AE(0, t)-spaces. A mapping f: V' — X is called (Z, 1)-normal, where Y2, if
for every mapping g: X— B into a Banach space of weight <t, the mapping g.f is
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continuously extendable to Z. A space X is called t-absolute extensor for O-dimension-
al spaces (br., AE(0, 1)) if every (Z, t)-normal mapping from } to X, where Y= 2Z
and dimZ=0, is continuously extendable to Z. Obviously, the class of all AE(0)-
spaces coincides with the class of all AE (0, o)spaces and if A<t then every
AE(0, A)-space is an AE(0, t)-space.

Proposition 6.1 (i). Every pinnate AE(0, t)-space is Cech-complete.

(i) A metric space X is an AE(O, t)-space iff X is Cech-complete and w(X)=r.

A subset A of X is P~embedded in X [°] if every mapping from A into a Ba-
nach space of weight < t can be continuously extended onto X. For a space
X denote @, (X)=min {card A: X is P-embedded in a product TT{M.: a¢ A}, where
each M, is a complete metric space of weight 1. Below B(r) stands for the Baire
space of weight t.

Proposition 6.2. Let an AE(0, t)-space X with w{(X)=A contain a P--embedded
copy of B(r). Then Cy(X) is linearly homeomorphic to C(B(t)").

Corollary 6.3. Let X=I1{X,; a¢ A}, where each Xa. is a complete metric space
with @(X.)=1 and card A=A=w. Then Cyg(X) is linearly homeomorphic to CyB(t)*).
Proposition 6.4. Let X be a p-paracompact AE(0, t)-space with w.(X)=A. Then

(i) CJA) is linearly homeomorphic to CyD*B(t)) provided X contains a closed
copy of B(1)xD*;

(ii) Cy(X) is linearly homeomorphic to C(7TxD") provided X is locally compact
and X contains a closed copy of TxD* where T is a discrete set of cardinality 1.

Corollary 6.5. Suﬁpose X=MxTl{X,: e¢ A}, where card A=A, M is a complete
metric space of weight t and each X, is a compact metric space. Then

(i) CyX) is linearly homeomorphic to Cy(B(t)xD*) provided M is nowhere locally
compact and @w(l/)=1 for every open subset UJ of M;

(i) Cy(X) is linearly homeomorphic to C(T X D*) provided M is locally compact
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