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YET AMOTHEF CHAPACTERIZATION OF AE(0)-SPACES

Yesko M. Yalow

It is shown that everv absolute /j-7alued retract 1s an AE(0)-space. This
dereralizes a previous resualt of the author.

1. Introdection, The notion of absclate extemsor tor zerodimencional spaces 1n the
clazz of 3l czaplztely regular cpaces (br. AE(0)) was introduced bv Chigogidze [1). In
the cis2 ot a coapact -5;1:: this notion coincides with the notion of Doguedjr space
introduced by Pelezvesky [Z1, There are several characterizations of AE(0)-spicevs (see,
for exasple, (1),[ILI°)), Fecently 'the acthor (10 gave another characterization of
1Et)-spaces, which s similar to Pelczvaski’s defimition of Duegundyi spiaces. An
equivaleat form ot thiz characterization 1s the folloving one: a completelv regalar space
X 15 an AE(Ct-cpaze tf for every [-embedding of X in a space Y there exists a
probability-valuad retraction Tirom Y to x . In the present note we shov that if 1a the
13zt proposition O 2§ an upper semi-continvous compact-valued (br.usco) mapping X is also
an AE(0)-cpace. This fact 1s mev even 10 the compact case.

2. Matations. Al spaces considered are completely regular and all single-valoed
magpiage - cortinucaes. A earping £ from ¥ to x , vhere Yc Z , is called 2 -normal 1if
1ar every continuags fwaction gon X the function gof 1s continoonsly extendable to Z .
A space A 15 called aa RE1D)- space [1) 1f every Z -normal mappiog from ¥ to X  (vhere
YcZ and dimZ=0) 15 continuously estendable to 7. A wapping § from X to ¥ vill be
" called O-ccft [1] if for evary O -dimensional space Z and every tvo 2 -normal mappings
i Zy»Xyh i Z—y nth Z,eZ cZ andfeg=hlZ, there exists a Z -normal mapping
ki 2, X such *iutg-:.irfz auifek=h.

By O (X ) (rese. % (X)) we denote the real vector cpace of all continwens (and
tounded) real-valved fmactions on X with the topologv of wniform convergenze,For a
compact spaze X by A( X ) 1< demoted the space ot all regular probability measares oo x
endaved with the veak-star topeles 7 T£ X 15 a given space, B, (X ) (see [2]) stands for
the space {M€P(pX): supp rc X 1, vhere Supp 4 15 the sulpurt of g . It follovs from
the datimition r:f Pyl X} that every 4 (X ) 15 a continvous positive linear
functional ca &% (X ) uith Aile) =1, We can consider & as a continooms limear
funztional 4" o Clx1, :e!:ml by 4'(g) =pigisupp ). There enists a natural
esbedding 7 : XA X ) dafined by letting 7 ( x )20y ,vhere Jp 1s Dirac’s measure at
the point 2. Em can easily show that 7 (X ) 15 a closed C-embedded subset of Pl X ),
It £ is a sapping frca X te y we denote by B,(F) the natural mapping from Pt X ) to
PalY 1 . 1i X 15 a subspaze of ¥ a (set-valued) mapping r from y to Pt X1 1s saud
tc te A;-calued retraction trom ¥ to x provided 7 (x) = Jy for evervxex.

ke s3v that a usco mappieg /~1s mimimal if every usco selection for » coincides
wvith . It follguve from Keratovski-Zorn lemea that everv wsco mapping has a minimal usco
selecticn,
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If X =0{ X..oed} and HcA, p, stands tor the natoral projection trom X cnto
Xg=M{¥Yyixe 8}, Far every subset & of X , k(U ) denotes the family
( 8: P RU)) =U,

3. AE(G-=paces.

Lexza ! [%], Let 7 Ye a usco magping from X to ¥ and let &/ be an open <cubset
of ¥ .Ther the folloving holds:

a (1) rix)e clt ) for gvery stutttii?‘#{UHl, vhere
roily={xex:rixicll

il clir iy = cttr® (U, were FlU ) = (xexsr il F P )

Leams 2, Let ¥ = /7{Ayior€A} be a product ot separable metric spaces and
rix— y be a mnimal veco apping. Soppose F 1s a single-valued mapping from ¥ to Z.
Then there exists a set §c 4 of cardinality | 8| =wl Z] such tht p (x) =p (y)
izplies F (0 () =F (P Ly )) for evervax, YEX .

Prond. Let J3 he a fimitely additive open base of Z with I3 | =w {Z), For
every (/e 3 there exists (&) a countable subset B(&) of 4 such that & (&)
kizlr® gy . it @=u{8(Y )i UsBY, Obvicosly | B1=wlZ) and 8¢
kiclr® 127w tor any Ve Let pglx) =Pgly) and £ (riylicV vherex,
yex and ¥ 15 cpen tn Z . Since F (7 {y)is compact and A9 1s finitely additive, ve can

surpose that 11 an elesent of JB. Then Fek whir s v, Consequently,
Bek (Iattclr® 70V 10000, Thes, € Intlel7* (v 1D, because yer®i#7 (1)),
Hence. by Lesma 111), P (Xl elF (v 1) e #(r(x)lecl( V), The last inclusion
snavs that S (r(xilef (p iy )).  Analogously, F (r(y)lesfir(x)). Theretore
FAr(x)) =£iriy.

Let ¥ =/7{Y tor€A} ke a product of separable metric spaces and » be a wusco
Pﬂ -valued retraction from y to x . A subset & of A4 15 called F-admissible if
PglX)=Pgly) 1mplies Pgir (x))=Fg(r ty)) tar anyxeX and yeV. Here £ stands for
tne mapping PglpgIX 1t A(x)=>FalX18)), vhere X (81 =pg( X ). Let us note that
for every r-admizzikie cet & there exists a usco Ay-valued retraction rp from Vg to
X (81, Indeed, consider an embedding o : ¥g < ¥ such that pgoJ is the identity on Vg .
Detine a wzco mapping 7g:lp— By (¥ (B )) by letting ry (2 )= Pglr iz, It is easy
to shaw that PBL2}=JZ tor everv ze X (8) 1.8, Iy 15 3 usco Fﬂ -vdlued retraction.

Lerema 3. Let ¥ = /T{k red) be a prodoct of separable metric spaces and r be a
pinizal usco B, -vilued retraction from ¥ to & . Then for evervryae A there exsts a
countakle r-admissible subset &(ar) of A cotaininga.

Froof, By a result of Chigogidze [Z] we have w (B, (M ))=w(M ) for every space
M. Hence. by Lemma 2, there exicts a countable cubset &1(1) of 4 contarning o such that
Py 1% 1= Pgepyiy) implies G (riac))=R(riy)) tfor avzr,yeY. In ths vav ve
conztruct an iporeasing sequence (&(m) imenN} of countable sobeets of 4 such that
Potnen) '\ X 12 Pgpay 1Y ) inplies A o (r(x))= Bgir {y)) dor everyx,yey . FPut
Glo)=U{Bin):neni. Obvicuslv Aler) 1s countable and o € & (o), Soppose
Pog) \ X 1= Paay LY ) vhere xe X and yeV . Llet weriy). Since p {xlwf., and
Pgim T (X)) = Pyt (y )}, we have Aggy) (P UX))= Foqnpe) for everyne N , 1.2
supd Pyl ) 15 the one-point set pg.,, (X) for each m e A, Bence, supp Fgey(#) is the
ona-point set Py Ix). Consequently, Paiay W= Bypy A P A Z D) Thus
Foiey PXI= Pyl r Ly 11, Therefore & (or)) 1s r-admissible.

Lemsa 4. Let ¥, and ¥ be as in Lesma 3. Suppose & is ar-admssible subset of
A+ Then the {folloving cenditions are felfilled:

(i) everv union of 7 -adeissible subsets ot & is also r-gdmissible:

{11} the msapping Py {Xi1X>Xx {8 ) 15 functionallv open;
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(111) ¥ 1 &) 1 closed in ¥y . If in addition & is a umion of countable
r-adrissitle sete, then X | &) 15 C-gabedded in ¥, .

Froof. (1) Let 8'=u(B(s)iseS ), uger! gach 8 (8) 15 r-admissible, Assome
X €Ny yey md pglx)=pely) Then g (rlax))=fy,(rily)) for everyses
Hence, supp ng,,mupmﬂ[:rr for each ge &'y where grer(y ). Therefore, supp Aadm) is
the one-point set pg.(x) tor any mer (y), 1.8, Pa.r (u)=E.(r (2)), Thus

A trlx)i= Pgetr(y)) Concequently, &' 15 r-adeissible.

{11} Let & be a functionallv open subset of X . S0 there exists a function
Fix— [0,1] such that ¥ =#70,1]. Coasider the continzous extension 4 : (¥ 11— [0,1]
of £ , defined bv £ Lul=pi£) . Fut & =% 10,13 and V P12 ). Siace the projection
#g 1s tunctionally open (91, the set Pg \VIn X (8] is tonctionally open 1n X { 8 ).
Theretore, the proot cf (11) wvill be completed if ve show that Pg LU )=pg LV InX18),
let zepg(Vinx (8). Then there are poiots r€x and ye ¥  sach that
Z=Pg\X)=paly) . Hence, PB (rix)i=Ftr {yn=J'2. Consequently, far each wer (y)
ve have supp Api#)=2  Ths, Pg ‘suppul=2 for every mer (y) . The last implies
.?EPET U yprevided there exists we 7 (y) with snppﬂnﬂﬁﬂ. Ve proye that this 1s
true tor all #€ 7 (y). Indeed. in the opposite case there 1s ,u*e r (y) csech that
supppn =@ . Then A (HT)=p*iF)1=0 because £ /(X \Z )20 . Bat this is in
centradiction with a#*er(y)e & ., Therefore PgVInX (B)epgtl/ ). The 1overse
wnclusion is obvious,

(iit)  Euppose  there emcts a2 point y¥e cllX (8 )NX(8), Let
rgtYg—=/¥1 §1) ke 3 usco A,-valued retraction, Ume can easiiv show that
gty*Ini (¥t 8)1%0, wvhere /":1X\ 815 (X1 8)) 15 the natural embedd:ng,
Ccnsider the compact set H =g (y*)n ¢ (X (8)). Choose dissoint cpen 1n ) sets &
and ¥ such that y¥e v and 777 (K ) eV . There exists an open
et Vo FatX18)) such that l-;ﬂilrls )=fivax(8)) and rgly*lc .,
Theretare, w2’ can aszume that V¢ rg \ 4 }. Take a point xex (B )nl., Then
-":R¢IJ=£I€ V.5 x€VvanXx 8, vhich 15 1epossible. Thos X { 8 ) 15 closed in Y.

Suppos2 nov that & 1s a union ot a famlv ¢ consisting of conntable 7-admissible
sets.  Then ¥ (&) 15 a limit of the 1nverse system (X (C ), Pcc:ﬁ'c ¢’ and
8.0 X'}, vhere ;%.""' 15 the natural projection from X (£°) onto ¥ (C ) . By (1), p
15 tuncticnally open for every £ € X'. let # be a contiowous function on ¥ ( 8 ). Then,
by a result ot Scepin (7], there existe &% e J¢ and a continuous function g oo ¥ (c*)
such that # =5’npf. Since X (C") 15 closed 1n Yo%, g 1s contiauously estendable to
YE*' Theretore, .,5 1< continuously extendable to Vg .

Thearem. For a space A the tolloving conditions are equivalent:

(11 X is an AE(Q)-=pace:

(11) tor everv C-esbedding of X in a space ¥ there exists a usco F -valued
retractica trem Y to X

Proot. The isplication (1)—(11) follovs from (9].

l120 = 1) Consider X a3s 3 (-embedded subset of A7 for some . Then there
exists a usca A -valued retraction r from 7 to X .Therefore, ve can assuse that 7 is a
Binizal usco mapping and 7 15 1dentified vith the set (X:a<w(r)}, vhere w (T) is the
initial ordinal of cardinality 2 .1t follovs from Lemaa J and Lemma 4(1) that X can be
supposed to be ot weight 77, By Lemma 3, for everv @ {(w {r) there exists a coontable
F -admssible set 8 (o) containing o . Fuot 4 (@)=U{B (B 118} 1f O i a Limt
ardinzl andA@I=U 18 (4 )iF %o ) othervise, fe =Py /X a0d A =G (X ) . Let ¢, =gpeq
where A (o, by Lemma 4, each X, 1s a closed C-embedded cubset of 4" and Al



preaections ¢"are functionally open. Henze, we conztruct a zcptinoras [8) 1nverce zuztem
§={4, g5, pla(wiz)) such that x =lin § and every g7’ hac a Folish Yernel {11, Since
Afr) 15 a onion of countable 7 -admssible sets, everv X, 15 3 limite space of a
¢ -system 1n the sence of Scepin, comsisting of FPolish spaces and cpen projezt:ons,
According to Corollary 1.20 from [1) and Lemss 4111), ve have that all waprings g™’ are
0-soft. The space % being a closed set in A4 | ic an AE(D). By 3 tramefinte
tnduction, weing the {act that everv mapping qﬂf 15 O-s0ft. wve can shov that each X, is
an AE(Q)-space. The last implies X € AE(0).

Lorellarv. Let Ap (X} 1s an AE(O}-space. Then X 1s also AE(O!-space.

Proof. It follows from (9] that Py ( X ) it abecluote weco retract. Thee X 15 an
absolate usco Ap-valued retract and, kv our Theorem, X € AE(0).

The rresent research is partially supported ty the Coemttee of Science, according
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