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Abstract 

Gutev, V., S. Nedev, J. Pelant and V. Valov, Cantor set selectors, Topology and its Applications 

44 (1992) 163-166. 

If every I.s.c. mapping from the Cantor set % to the closed subsets of a metric space X admits a 

U.S.C. selection, then X is a Baire space and either X is scattered or X contains a copy of %. 
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1. Introduction 

Michael has shown [4] that if X is a tech-complete metric space and Y is a 

paracompact space, then every 1.s.c. closed-valued mapping d : Y + 2x has a U.S.C. 

(compact-valued) selection I/J : Y + 2 x (i.e., +/J(Y) c 4(y) for each y in Y). Adopting 

terminology from [6] we say that complete metric spaces are selectors with respect 

to paracompact spaces. It is known as well [6] that if a metric space X is a selector 

with respect to paracompact spaces, then X is eech-complete. We do not know 

whether the last conclusion remains valid when X is supposed to be only a selector 

with respect to metric spaces, and in the present paper we quote all we know 

concerning this question. More precisely, the main question treated in the present 

paper reads as follows: Is a metric space X tech-complete provided X is a selector 

with respect to the Cantor set %?? 
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Here X is a selector with respect to % means that every I.s.c. closed-valued mapping 

4 : % + 2x admits a U.S.C. selection $ : % + 2x ; 2x stands for the set of all nonvoid 

subsets of X. A mapping 0: Y--,2x is lower semi-continuous (I.s.c.) (or upper semi- 

continuous (u.s.c.)) provided the set O-‘(M) = {v E Y: B(y) n M # 0} is open (closed) 

in Y for every open (closed) subset M of X. 

2. Results 

We shall say that X is a Z-selector (X and 2 being topological spaces), provided 

every 1.s.c. closed-valued mapping 4 : 2 +2x has a U.S.C. closed-valued selection 

*:z+2x. 

Note that if a metric space X is a %-selector, then X is a Y-selector for every 

locally-compact metrizable space Y. This follows easily since every compact metric 

space is a continuous (and hence perfect) image of % and every locally-compact 

metric space is a perfect image of a discrete union (topological sum) of metric 

compacta. 

Open question. Is every metrizable %-selector a selector with respect to metric 

spaces? 

Theorem 1. Every closed subset F of a metric %-selector X is a Baire space (i.e., every 

countable family of dense open subsets of F has an intersection which is dense). 

Proof. Since every closed subset of X is a %-selector, it suffices to show that every 

%-selector is not meagre (i.e., the intersection of any countable family of dense 

open subsets of a (e-selector is not empty). To this end, we follow Michael’s 

construction from [5, Example 9.41. Suppose Y is any nonempty meagre space, i.e., 

Y=U{Yn: n=l,2,...}with each Y,, a closed nowhere dense set (i.e., with empty 

interior in Y). Let {C,,} be a disjoint sequence of countable dense subsets of V 

Define a set-valued mapping p : % + 2’ by letting q(x) = Y\ Y, if x E C,, and p(x) = 

Y if XE %?\U {C,,: n = 1,2,. . _ }. By [5, Proposition 2.41 there is an 1.s.c. map 

8 : %‘+ 2’ with O(x) c q(x) and O(x) is closed in Y for every x E %. Suppose 0 had 

a u.s.c. selection I+!J. Let F, = t+-‘( Y,,) = {x E %: G(x) n Y, # 0). Then % = 

IJ (F,,: n = 1,2,. _ . } and the F,, are closed in (e, so Int( F,) # 0 for some m. Pick 

x E F, r~ C,,,. Then $(x)n Y, ## and +(x)c $(x)c 4(x) = Y\Y,,; a contra- 

diction. 0 

Theorem 2. If X is a metric %-selector, then either X is scattered (i.e., every closed 

subset of X has an isolated point) or X contains a copy of %. 

Proof. We may suppose, without loss of generality, X has no isolated point. Let 

{Xi} be a disjoint sequence of dense subsets of X [2] and let C,, = {qi} be a countable 

dense subset of Ce. Define a set-valued mapping $J : % + 2x by letting 4(qi) = Xi and 
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4(q) = X for q E %\C,,. Since 4(q) = X for every q E %, the map $I is 1.s.c. Next, 

let cp : 5% +2x be a closed-valued I.s.c. selection of 4, existing by [5, Proposition 

2.41. Denote now by $ : %+2x a U.S.C. closed-valued selection of cp (X is a 

%-selector). From now on we are going to construct a copy C’ of %? in % such that 

the distinct points of C’ have disjoint images under $. Let p be a metric on %’ and 

let a, and a, be two distinct points in C, with ~(a,,, a,)~ 1. Since +(a,,) and $(a,) 

are disjoint closed subsets of X, there are disjoint open sets V,, and V, in X with 

V, 1 $(a,) and V, 2 $(a,). Next, let U, and U, be open nonvoid subsets of 55 with 

diam(Lr,)~2~‘andsuchthatu,~U,c~#(V,)={q~~:~(q)cVi}(i=0,1).Choose 

in U, n C, two distinct points ui, and ai, (i = 0, 1) and repeat the above procedure, 

i.e., take disjoint open sets V,, and Vi, in X with V, 1 Vi, 2 V,, 1 $(a,,) and Vi 2 v,, 2 

r/;, 1 $(a,,), then choose nonvoid open subsets U,, and U,, of E with diam( U,,) d 2-‘, 

a, E ui, c $#( V,,) (j = 0, 1) and so on, by induction. Next, let F, = U {ok ,___,,,: t, is 

either 0 or 1 for j = 0, 1, . . . , n} and C’ = n {F,,: n = 1,2, . . . }. It is easy to realize 

that C’ has the required properties. First, C’ is homeomorphic to % by the construc- 

tion. Next, if a and b are distinct points of C’ then, for some n, they are in different 

sets of the kind l?,,,...,,,, so $(a) and $(b) are disjoint. Thus (see [3]) the restriction 

$lc-. admits a U.S.C. compact-valued selection 0 : C’+ 2x, so that 0( C’) = 

u {O(4): 4 E C’] . IS a compact subset of X, of cardinality 22”“. Hence X contains 

a copy of %. 0 

3. Examples 

(1) The space of rational numbers Q is not a Z-selector (which answers a question 

of Frolik). Simply, Q is not a Baire space. 

(2) There is a separable metric space X each closed subset of which is a Baire 

space but X is not a %-selector. Indeed, by Theorem 2, every Bernstein space is of 

this kind. By a Bernstein space we mean a space which is homeomorphic to a 

subspace X of a nonvoid, complete separable metric space Y with no isolated point, 

such that if D is a compact subset of Y with Card(D) z 2Ko, then X n D # 0 # 
( Y\X) n D. One easily constructs Bernstein spaces using the fact that the cardinality 

of the family of all compact subsets in a given separable metric space is not greater 

than 2Nc~. 

(3) Let us mention other open problems: 

(a) In [l] (under an additional set-theoretical assumption, V= 15) a subspace X 

of the unit interval I is constructed, such that I\X is coanalytic and contains no 

uncountable compact set. X is Baire (see [7]) and contains copies of %. Nevertheless, 

we are unable to decide whether X is a %-selector. 

(b) Is every G,-subset of a metrizable %-selector (a metrizable selector with 

respect to metric spaces) also such a selector? 

(c) Let X and Y be metrizable %-selectors (selectors with respect to metric 

spaces). Is X x Y also such a selector? 
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Note that if X x Rx0 is a %-selector for every metrizable %-selector X, then the 

answer to the question (b) is affirmative. 
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