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Abstract: Some linear classification results for the spaces Cp(X) and C‘;(X}

are proved.

0. Introduction

If X is a space then C,(X) denotes the sct of all continuous real-
valued functions on X* with the topology of pointwise convergence. We
write C7(X) for the subspace of Cp(X) consisting of all bounded fune-
tions. R stands for the usual space of real numbers, I for the unit seg-
ment [0,1], @ is the Hilbert cube [-1,1]* and s is the pseudointerior
(—1,1)* of Q. We will consider also the spaces ¢ = {(t;,2,...) € Q :
: t; = 0 for all but finitely many ¢} and £ = {(t|,45,...) € Q¥ : t; =
for all but finitely many :}.

In [11] some linear topological classification results of the spaces
Cp(X) and Cj(X) are given. Using the ideas of [11] we prove in this
paper that Cp(X) ~ Cp(Y") provided Y is one of the spaces o, &, s x &
and X is a manifold modeled on Y. Here the symbol "~" stands for
linear homeomorphism. A similar results are also proved for the spaces

e,
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1. Preliminaries

All spaces under discussion are Tychonoff and all mappings be-
tween topological spaces are continuous. By L,(X) is denoted the dual
linear space of C\(X) with the weak (i.e., pointwise) topology. It is
known that

k
Ly(X) = {Z“ian ra; € R~ {0} and z; € X for each ¢ < k} i
1=1

Here §, is the Dirac measure at the point z € X. We denote

k k
Peo(X) = {Z w0, 1 a; € (0,1) for each ¢ and Z a; = 1}
=1 i=1
k
and supp (€) = {r1,...,21}, where £ = 3~ a;6,, € Ly(X).

1=1
Let A be a closed subset of a space X. Consider the following
conditions:

(i) there is a continuous linear extension operator u : C,(A) —
— Cp(X) (recall that v : Cp(A) — C,(X) is an extension op-
erator if u(f)|A = f for every f € C,(4));

(ii) there is a continuous lincar extension operator u : Cpo(4) —
— Cp(X) and a positive constant ¢ such that ||u(f)]|]| < e.||f]|
for every f € C;(A) (here ||f|| is the supremum norm of f);

(1) there is a regular extension operator 1 : Cp(A) — C,(X) i.e. a con-
tinuous linear extension operator u with u(14) = 1y and u(f) =0
provided f > 0.

A is said to be (-embedded (resp., (*-embedded) in X if the con-
dition (i) (resp., the condition (ii)) holds. If (iii) is satisfied then A is
called strongly €-embedded in X. Dugundji [5] proved that every closed
subset of a metric space X is strongly (-embedded in X (he did not
state this explicitly in this form). It is known (see [1], [4]) that A is
{-embedded (resp., strongly-embedded) in X if and only if there is a
mapping r : X — Ly(A) (resp., r : X — P (A)) such that r(z) = &,
for every z € A, Such a mapping will be called an L,-valued (resp.,
a Po-valued) retraction. Every L,-valued retraction r : X — L,(A)
defines a continuous linear extension operator u, : Cp(A) = Cp(X) by
setting ur(f)(x) = r(z)(f). If the operator u, satisfies the condition
(i1), r 1s said to be a bounded Ly-valued retraction.
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Let u: Ch(A) — C,(X) be a continuous linear extension operator.
Then the mapping v(f, ¢) = u(f) + ¢ is a linear homeomorphism from
Cp(A) x Cp(X; A) onto C (X} where

Cp(X;A) = {g € Cp(X) : g|A=0}.

Analogously, if A is t““‘ embcdded in X then C7(A4) x C;(X; A) is
linearly homeomorphic to C}(X).

Let K be a family of bounded subsets of a space X (i.e. f|K is
bounded for every K € K and f € C,(X)) and E be a linear topological
subset of C,(X). Then we set:

= {(free s fus--2) € B2 lim| | fullic = 0 for every K € K}

and

(ME) = {(fi,.-- s fa,--.) € (IE)x : sup || fall < o0}.

(IIE)x and (I1E)} are considered as topological linear subspaces
of Cp(X)¥. We write (ILE), and (IIE); (resp., (IE). and (ILE)?) if
K is the family of all bounded (resp., of all compact) subsets of X. In
the above notations || f||x stands for sup{|f(X)|: z € K}. Let us note
that if X is pseudocompact and E is a linear subset of C,( X ), the space

(HE)o = {(frsevesfnyens) € BV hme,,H—U}

is considered in [6].

2. The spaces C,(X)

Lemma 2.1. Let X be onc of the spaces 0, T, s x T. Then Cp(X) ~
~ Cp(X)¥ ~ Cp(cl x(U)) for every ﬂpf’ﬂ subset U of X.

Proof First we prove that C,(X) ~ Cp(X)*. Consider X x N, where
N 1s a discrete infinite countable space. Thon X x N can be embedded
as a closed subset of X (sec [3]). Since X is metrizable, X x N is
f-embedded in X. Hence

Cp(X) ~ Cp(X X N) x Cp(X;X x N) = Cp(X)¥ x Cp(X; X x N) ~

G KT X O X % O X X % N
~ Cp(X)* x Cp(X x N) x Co(X: X x N) ~
~ Cp(X) x Cp(X) ~ Cp(X)¥

Now, let U be an open subset of X. Consider the open cover vy =
= {U, X —{z0}} of X, where zy € U, and the constant map f : X — zo.



140 V. M. Valov

By ([3], Corollaries 6.1, 6.2, 6.3) there is a closed embedding h : X — X
such that f and h are y-close i.e. for every z € X there is V € v with
h(z), f(z) € V. Since f(z) = z0€X — {20} for any € X we have
h(z) C U. Hence, h(X) is a copy of X which is closed in ¢l x(U).
Then

Cp(cl x(U)) ~ Cp(h(X)) x Cp( el x(U); h( X)) ~

p(-Y) X Cp['c x( " 1 h(X })'
On the other hand ¢l x(U) is closed in .X. so
Cp(X) ~ Cp(cl x(U)) x Cp(X; el x(U)).
Hence,

Col el x(U)) ~ Cp(X) x Cp( el x(U); (X)) ~
~ Cp(X)Y x Cp( el x(U); R(X))
~ Cp(X)* % Cp(X) x Cp( el x(U); h(X)) ~
~ Cp(X)¥ x Cp( el x(U)) ~
~ (Cp( el x(U)) x Cp(X; el x(U)))” x Cy el x(U)) ~
~ Cp( el x(U))* x Cp(X; el x (UNW”
~ (Cp( el x(U)) x Cp(X; el x(U)))” ~ Cp(X)* ~ Cp(X). ¢

Remark 2.2. By similar arguments onc can prove that if X = #,(7)
and U 13 open in {y(r) then Cp(X) ~ Cp(X)" ~ Cp(cl x(U)). Here
€2(7) 1s the Hilbert space of weight > w.

Let f be a mapping from a space X outo a space Y. Recall that a
continuous linear operator C,(X) — C,(Y) is said to be an averaging
operator for f if u(h.f) = h for every h € C,(Y'). If f admits a regular
averaging operator u : Cp(X) — Cp(Y) we can define a mapping r :
1Y — Py(X) by the formula r(y)(g) = u(g)(y). The mapping r has
the following property [4]: supp(r(y)) is contained in f~'(y) for each
y € Y. Conversely, if there is a mapping r : ¥ — P, (X) such that
supp (r(y)) C f~y) for every y € Y, the fm‘nmla. u(g)y) = rly)g)
defines a regular averaging operator u for f. It is easily seen that if u is a
regular averaging operator for f, the mapping v(g) = (u(g), g — u(g).f)
is a linear homeomorphism from C,(X) onto C »(1) x E, where

E={g—-ulg).f:9€CyX)}.
Proposition 2.3. Let v = {U, : @ < 7} be an infinite locally finite
functionally open cover of a space X of cardinality 7. Suppose there is
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a space Y with Cp( cl x(Ua)) ~ Cp(Y') for each a < 1. Then Cp(X) ~
~ Cp(Y)T provided X contains an (-embedded copy of a topological sum
>, Fo such that Cp(Fa) ~ Cp(Y) for every a < 7.

T
Proof. For every a < 7 take an f, € Cp(X) such that f71(0) = X U,
and fo > 0. Without loss of gencrality we can suppose that 5~ f, =1

T

because v is a locally finite cover of X. Define f € C, ( ¥ il X(Uu))

< T

such that flcl x(Us) = fa|cl x(Ua) and consider the natural map-
ping p: Y clx(Us) — X with all finite preimages. Let r : X —

a<T

- P ( 0 cI_x(Uf_y}) be defined by r( =Y {fly)by:yep™(z)}. It

a<T
is casily seen that r is continuous and supp (r(z)) Cp~'(z) for every z €

€ X. Thus there is a regular averaging operator w: C’p( Y ol x(Ua }) —

T

— Cp(X) for p. Hence, C, ( > o __\-(Un)) ~ Cp(X) x E where F is

0T

a lincar subspace of €, ( 3 el x(Us }). Since Y F, is f-embedded

a<T T

in X we have C\,(X) ~ C, ( Y, Fﬂ,) et (X; > Fa) . Observe that

o T a<T

CP(Z ol x4l ]) ~ II Culelx(Uy)) ~ Cu(Y) ~ Cp(z Fq).

T < T T
Now, using the technique of Pelezynski [9] and Bessega [2] we have

W(X) (ZF ) %C, (x; ZFQ) -

y< T o<T

~ p(}r}r % Cp (‘Y: Z Fa) ~

a<T

ACHIY % o Col¥) % ... ) x C¥) % C, (X: v Fn) 5

o< T
s (LY X L OUY Y %) B OHX)
~(Co(X) X E%...Cpo(X) X E...) X Cp(X) ~ Co(X)¥ % B¥ ~
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~ (Cp(X) x E)* ~ C, (Z cl _\-(UO,]) v C(Y )T = Cp(¥) . 0
< T
Theorem 2.4. Let X be a metrizable space of weight 7 > w. Suppose
X admits an open cover by sets homeomorphic to open subsets of Y,
where Y is one of the spaces ¢, X, s € T, ly(1). Then Cp(X) ~ Cp(Y)".
Proof. Since every point of ¥ does not contain a compact neighbour-
hood in Y the space X can not be compact. So there is a locally finite
open cover {U, : a < 7} of X of cardinality 7 such that cl x(U,)
1s a regularly closed subset of ¥ for every « < 7. On the other

hand X contains as a closed subset a topological sum Y F, of reg-
a<lT
ularly closed subsets F,, of Y. Then, by Lemma 2.1 and Remark 2.2,

Cp(cl x(Ua)) ~ Cp(Fo) ~ Cu(Y) for every a < 7. Hence, by Prop. 2.3
Cp(X) ~ Cp(Y)". O

Remark 2.5. C,(X) 1s not homeomorphic to Cp(s x £) and Cp(o) is
not linearly homeomorphic to C,(X).

The first assertion follows from the observation that ¥ is o-com-
pact and s x ¥ is not o-compact and the following result of Okunev [7]:
if Cp(X) and C,(Y') are homeomorphic and X is o-compact then Y is
also g-compact.

Assume Cp(X) ~ Cy(e). By a result of Pestov [10] we have £ =
= |J ¥; such that:

=1

(i) each Y; is closed in X;

(1) for any ¢ and any y € ¥; there is an open neighbourhood V of y in
Y; such that V' is a union of finitely many its closed subspaces Ay
which can be embedded in o.

Since ¥ contains a copy of ), there is an m such that Y,, also contains
a copy of  i.e. Q CY,,. It follows from (ii) that for every y € Q C Y,
n

there exists an open neighbourhood V of y in Q with V = |J A,
k=1

where each Ay is closed in V and can be embedded in o. But V is
a complete metric space, so Int y(Ay) # 0 for some k'. Thus Ap,
contains a copy of ). Consequently o contains also a copy of ). Hence
@ is a union of countably many finite-dimensional compacta because ¢
is a such space. It is well known that this is not possible. Therefore
Cp(X) 1s not linearly homeomorphic to Cpy(a). ¢
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3. The spaces Cy(X)

Lemma 3.1. [11]. Suppose X is a metric space. Then Co(X; xI) ~

~ (IIC3 (X x I))z.

Corollary 3.2. Let X be one of the spaces o, £, s x X, €y(r). If

Y = ) X is a topological sum of X\ many copies of X, where A > w,
a<A

then CJ(Y') ~ (IIC;(Y))x

Proof. Since X x I is homeomorphic to X we have that ¥ x I is

homeomorphic to Y. Thus, by Lemma 3.1,

Co(Y) ~ Co(Y x I) ~ (ICH(Y x )2 ~ (IICH(Y)):. O
Lemma 3.3. [11]. Let {X, : a < 7} be an infinite family of spaces such
that each X, 1s closed in a metric space Y and contains a closed copy

Yo of Y. Then C3 (z Yn) ~ (Hc; (z xﬂ)) ~ C; (z X,,,)

a<T a<T T

16 (2 ) - (16 (2 7))

Proposition 3.4. [11]. Let {U, : @ < 7} be an infinite locally finite
functionally open cover of a space X. Suppose there is a space Y such

that C;(Y') ~ Co (Z el x(UQ}) ~ (HC’; ( ¥ il };[Uq))) . Then

< T T

Cp(X) ~ C3(Y) if X contains an €*-embedded copy of Y.

Theorem 3.5. Let X be a metrizable space of weight T > w. Suppose
X admits an open cover by sets homeomorphic to open subsets of Y,
where Y is one of the spaces 0, T, s x &, (7). Then Co(X) ~

Gall €5 (u;r Y).
Proof. Let {U, : a < 7} be a locally finite open cover of X of cardi-
nality T such that cl x(Us,) is a regularly closed subset of Y for every

a < 7. By Cor. 3.2 we have C; (Z }’) ~ (HC’; (Z Y)) . Since

< T
each set cl x(U,) is closed in ¥ and contains a closed copy of Y, it

follows from Lemma 3.3 that

2o (Z cl_\-[UO)) ~ (nc; (Z cl _\—(UOJ)) ~C; (z }’) :
T T & alr

Obviously X' contains a closed copy of 57 Y. Thus, by Prop. 3.4,

< T
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Ci(X) ~C: (z r). 0

el T
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