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Abstract

Characterizations of noncompact AE(0)- and AE(1)-spaces in terms of set-valued maps
are given.
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1. Introduction

There are several characterizations of compact AE(()-spaces in terms of set-val-
ued maps (see, for example, [6,9,12]). On the other hand we know only one such
result for noncompact spaces [17]. Below in Section 2 we introduce a class of
set-valued maps and show that a completely regular space X is an AE(0) if and
only if every map F:Y — X from this class, where dim Y =0, has a continuous
selection. As a consequence of the above characterization of AE(0)-spaces we get
the following result, which is new even in the compact case: A space X is an AE(0)
if and only if for every countable functionally open cover % of X there is a
countable functionally open cover 2” of X refining % such that for any 0-dimen-
sional space Y, any C-embedded subset 4 of Y and any two maps f:Y — X and
g: A — X, where g is Z-close to f | A, there exists a continuous extension g:Y —> X
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of g such that g is Z-close to f. In Section 3 we extend the corresponding result
of Dranishnikov [6] characterizing AE(1)-spaces as continuum-valued upper semi-
continuous retracts of infinite powers of the real line. Using this result we give an
external characterization of Cech-complete AE(1)-spaces. An internal characteri-
zation of éech-complete AE(1)-spaces is also given. Let us note that the proofs in
Section 3 are quite different from the proofs of the corresponding results in the
compact case.

All spaces considered are completely regular and Hausdorff and all single-val-
ued maps between topological spaces continuous. Below N, I and R denote
respectively the natural number series, the closed unit interval and the real line in
their natural topologies. 7 always denotes an infinite cardinal. We say that the
R-weight of a space X does not exceed a cardinal 7 (and write R-w(X) < 7)if X
can be embedded in R™ as a C-embedded subspace. Evidently, the class of spaces
with a countable R-weight coincides with the class of Polish (i.e., completely
metrizable and separable) spaces. For amap f: X - Y let C(f):C(Y) - C(X) be
the operator induced by f, where C(X) is the set of all real-valued (continuous)
maps on X. If X CY, then C(Y)| X is the set of all elements of C(X) extendable
to the whole of Y. Clearly, the equality C(X)=C(Y)|X characterizes the
C-embedded subspaces. Below, dim stands for the dimension defined by finite
functionally open covers.

A space X is called (see [2,3]) an absolute extensor in dimension n{(n =0, 1,...)
(briefly, AE(n)-space) if for any space Z of dimension dim Z < n and any subspace
Zy of Z each map f:Z,— X such that C(fXC(X)) cC(Z)| Z, can be extended
onto Z.

It is known that each AE(0)-space is realcompact [3]. Below we need the
definition of n-soft maps only between realcompact spaces [3, Proposition 1.8]: A
surjection f: X - Y between realcompact spaces is said to be n-soft (n =0, 1,...)
if for any realcompact space Z of dimension dim Z < n, any closed subspace Z, of
Z, and any two maps g:Z,— X and h:Z — Y such that C(gXC(X)) c C(Z)| Z,,
there exists a map k:Z — X such that f-k=h and k|Z,=g.

All set-valued maps F: X — Y are closed-valued. If B is a subset of Y then
F~Y(B) stands for the set {x €X: F(x)NB # @} and F*(B)={xeX: F(x)CB}.
Recall that a set-valued map F: X — Y is lower (respectively, upper) semi-continu-
ous (briefly, 1.s.c. respectively, u.s.c.) if for each open subset U of Y the set F~'(U)
(respectively, F*(U)) is open in X. By a usco map we mean a u.s.c. compact-val-
ued map. If Y is a subset of X then F is called a retraction provided F(x) = {x}
for every x €Y.

All the undefined notions concerning inverse spectra can be found in [3,13,14].

2. Maps having the selection-factorization property and AE(0)-spaces

Nedev [11] gave a unified method for proving selection and factorization
theorems for set-valued maps. The key role in Nedev’s paper is played by the
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notion of a set-valued map having the selection-factorization property. We con-
sider maps with a similar property.

A set-valued map F: X — Y has the weak selection-factorization property (briefly,
F is w.s.f.p.) if for any functionally closed subset H of X and any countable family
% consisting of functionally open subsets of Y such that F- (%)= {F~'(U):
U< %} covers H, there is a locally finite functionally open (in H) cover of H
refining F~{(%).

The following fact was actually proved in [11]: Let F: X > Y be a Ls.c. map.
Then F is w.s.f.p. if X is paracompact or X is normal and F is compact-valued.

Lemma 2.1. I[fany w.s.f.p. map F:Y — X, where dim Y = 0, has a selection, then X
is an AE(0)-space.

Proof. Consider X as a C-embedded subset of R” for some 7. There exists a
functionally closed 0-invertible map f from N7 onto R” (see [3, Proposition 1.14]).
The definition of a O-invertible map is omitted here, but we will note below how
the O-invertibility of f is used. Define a set-valued map G: N™ - X by

G(y)z{f(y), if yef(X);

X, otherwise.

Let H be a functionally closed subset of N7 and % be a countable family
consisting of functionally open subsets of X such that G~ (%) covers H. Since
f(H) is a functionally closed subset of R”, the set X — f(H) is functionally open in
X. Hence, #* = % U{X — f(H)} is a countable functionally open cover of X. Take
a countable functionally open cover # ** of R” such that Z* =% ** | X. This is
possible because X is C-embedded in R". Obviously, f~ (% **)| H is a countable
functionally open cover of H, refining G~ (%). Choose a locally finite functionally
open cover of H, refining f (% **)| H. Thus, G is w.s.f.p. By our assumption, G
has a selection, say g. Consequently, g | f~'(X)=f| f '(X). Consider a space Z
of dimension dim Z =0, a subset Z, of Z and a map p:Z,— X such that
C(pXC(X)) cC(Z)| Z,. Clearly, C(pXC(R™)) c C(Z)| Z,. Since R™ is an AE(0)-
space, there is a map g:Z — R™ such that g |Z,=p. By the O-invertibility of f,
there exists a map h:Z —» N7 with f-h = gq. It remains to note that g-k|Z,=p.
Thus, X is an AE(0)-space. O

Proposition 2.2. The following conditions are equivalent for a space X:
(i) X is a Polish space;
(ii) any w.s.f.p. map F:Y — X, where dim Y =0, has a selection.

Proof. (i) — (ii). Let F:Y - X be a w.s.f.p. map and dim Y = 0. We use the same
arguments as in the proof of [11, Lemma 3.1] (see also [5]). First we show there
exist:
(a) asequence (7, ={V": a €A,}: n = N} of open locally finite coverings of X;
(b) a sequence (%, = {U": @ €A4,}: n € N} of disjoint open coverings of Y;
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(c) a sequence {m,: n € N} of mappings =,: A4,,, = A, such that:
(DU'cF Y (V") forevery n€N and a €4,
) U" U{U"+1 B € w; ()} for every n and a€A,
Qvr= U{V”+l B € m, a)} for every n and a EA
) dlam(V") < 27" for every n and a € A4,,
(5) card(A4,) < @ for every n.

Fix a sequence {#, ={W;": B €B,}: n €N} of countable locally finite open
covers of X, such that dlam(WB") < 27" for every n and B € B,. We can choose a
locally finite functionally open cover {G BEB}of Y Wthh is an index-refine-
ment of F~(#"). Since dim Y = 0, there isa dlS]OlI‘lt open cover {Uy: l:BEB}of Y
such that U1 CG1 for each B €B, [8]. Now put 4, =B, and V! = W} for every
a eA Let a EA Consider the family y, = {V! n W2 B €B,}. Obv1ously, Ulc

l(ya) Since U 3 is functionally closed in Y and F is w s.fp., there exists a locally
f1n1te functionally open cover {GjlB B € B,} of U} which is an index-refinement of

F~'(y,). Take a disjoint open cover {UJ;: B EBz} of U, such that U, c G2 for
every B €B,. This is p0531b1e because d1m Ul=0. Put A,=A4,XB,, V(ﬁ 5=V
N W and U2, g = UaB Define m: A, — A, to be the natural projection. The next
steps are obvious.

Now for every n and a € A, choose a point x/, € V.. Define maps g, :Y — X,
neN, by g (y)=x if ye U Clearly, g, are continuous, and for every n and
y €Y there is @ €4, such that g,(y), g,.,(y) € V. This allows us to define a
continuous map g:Y — X by g(y)=I1im g,(y). Let us note that g is a selection
for F.

(ii) — (i). By Lemma 2.1, X is an AE(0)-space. It should be observed that each
closed subspace of any space satisfying condition (ii) also satisfies this condition.
Consequently, each closed subspace of X is an AE(0)-space. The last implies X is
a Polish space. Indeed, suppose the contrary. Then X is not metrizable [4]. By [4,
Theorem 3], X contains a copy of the Cantor cube D®!. Hence, each closed
subspace of D*!, being an AE(0)-space, satisfies the countable chain condition [3,
Theorem 4]. Contradiction. Thus, X is a Polish space. O

A closed-valued map F: X —Y is said to have a countable singularity if the
collection of all images of F, containing at least two points, is countable and
consists of functionally closed subsets of Y.

Theorem 2.3. The following conditions are equivalent for any space X:

(i) X is an AE(Q)-space;

(i) any w.s.f.p. map F:Y — X with a countable singularity, where dim Y =0,
has a selection.

Proof, (i) — (ii). Let F:Y —> X be a w.s.f.p. map with a countable singularity and
dim Y = 0. By Proposition 2.2, we can assume that X is not a Polish space. Then,
by [3], X is represented as a limit space of a factorizing sigma-spectrum .# =
{X,, p?, A} consisting of Polish spaces and 0-soft limit projections p,. Let {F,:
n € N} be the countable collection of nontrivial images of F. Since .# is a
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factorizing sigma-spectrum and each F, is functionally closed in X, there is an
index a €4 and a collection {Z,: n €N} of closed subsets of X, such that
F,=p;'(Z,) for each n. Consider the w.s.f.p. map F,:Y — X, defined by F (y) =
p (F(y)), y €Y. By Proposition 2.2, the map F, has a selection g:Y — X,. Put
Y,={y €Y: card(F(y)) = 1} and define a map f:Y, = X by f(y) = F(y) for each
y €Y,. Clearly, f is continuous and p,-f=g|Y,.

Claim. C(fXC(X)) c C(Y)Y,,.

Proof. Let ¢ € C(X). Define a set-valued map G:Y > R, G(y) = cl{e(F(y))),
y €Y. Obviously, G is w.s.f.p. Consequently, by Proposition 2.2, G has a selection
. It is easy to see that ¢ extends ¢ f and hence C(fXC(X)) cC(Y)|Y,. The
claim is proved.

Now, the 0-softness of p, implies the existence of a map #:Y — X such that
h|Y,=f and p,-h =g. One can easily verify that & is the desired selection for F.
(i) — (). This implication is actually proved in Lemma 2.1. O

Let  be a cover of a space X and f and g be two maps from a space Y to X.
We say that f and g are #-close if for every y €Y there is U € % such that f(y),
g(y)eU.

Corollary 2.4. A space X is an AE(0) if and only if for every countable functionally
open cover % of X there is a countable functionally open and locally finite cover 77
of X refining % such that for any O-dimensional space Y, any subset A of Y and any
two maps f:Y > X and g: A - X with C(gXC(X) CcC(Y)| A and g is P-~close to
f | A, there exists a continuous extension g:Y — X of g such that g is %-close to f.

Proof. Let X € AE(0) and % be a countable functionally open cover of X. Choose
countable functionally open and locally finite covers 7= {V;: i =1, 2,...} and & of
X such that 7" is a closure-refinement of & and .% is a closure-refinement of Z.
Suppose Y is a 0-dimensional space, ACY and f:Y— X, g: A —» X are two maps
such that g is Z<close to f|A and C(gXC(X))cC(Y)| A. Since X € AE(0),
there is a continuous extension g,:Y — X of g. Put W= U{V,; X V;:i € N}. Then
W is open in X2 and the set P = cl ,2(W) is functionally closed in X2 because X2
is k-metrizable as an AE(0)-space [18]. Hence, the set B =(f a g,)~'(P) is also
functionally closed in Y and A4 C B, where f A g,:Y — X ? is the diagonal product
of f and g,. Let g, =g, | B. Define a set-valued map F:Y - X by

_ |82(¥); y €B;
cy(sto(f(¥))), vé&B.

Here st ,( f(y)) is the star of f(y) with respect to /. Since ./ is locally finite, for
every y € B the set F(y) is a finite union of closures cl(V), V€. Thus, the
family {F(y): y & B} is countable and consists of functionally closed subsets of X.
So, F has a countable singularity. We prove that F is ws.f.p. Let H be a
functionally closed subset of Y and #* ={U: i € N} be a countable family of

F(y)
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functionally open subsets of X such that {F~'(U): i € N} covers H. Obviously,
F~Y(U)= gz_l(U) U (f‘l(stM(U)) B), i € N. Since each U is functionally open

PROREp. Jy
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Thus, f~'(st(U)) — B is a functionally open subset of Y. Let W, =g;'(U), i € N.
It is easily seen that for every y € B there is V. € 7" with f(y), g,(y) € cl (V).
This implies that g, is &/-close to f|B and g5 (U)cCf (st (U;). Then o=
{f st (U) —B, W,Nnf (st (U)), i €N} is a countable family of functionally
open subsets of Y such that o refines F~(%*) and o covers H. Choose a locally
finite functionally open cover of H refining o. Hence F is w.s.f.p. Now, by
Theorem 2.3, there is a continuous selection g for F. Clearly, g is an extension of
g and g is #-close to f.

To prove the sufficiency consider X as a C-embedded subset of R” for some 7.
Take a O-invertible map k& from N” onto R” [3]. Using the 0O-invertibility of k one
can see that it is enough to show the map k, =k |k '(X) has a continuous
extension k: N™ — X (see the proof of Lemma 2.1). Let % = {X}. By our assump-
tion, there is a countable functionally open cover #” of X such that for any
O-dimensional space Y, any subset A4 of Y and any two maps f:Y—>X and
g:A—X with C(gC(X)cC(Y)| A and g is Z~close to f| A, there exists a
continuous extension g:Y — X of g so that g is #-close to f. Let Z”* be a
countable functionally open cover of R™ such that 7 *| X = 2. Since dim N =0
and k(%) is a countable functionally open cover of N7, there is a countable
open, locally finite and disjoint cover {V;: i € N} of N refining k~'(#*). Put
Z =k~ X) and for every i choose a point x(i) € k(V;NZ) (if V;NZ =4, then
x(i) is an arbitrary point in X). Define a continuous map f: N = X by f(y) =x(i)
provided y €V, Clearly, k, and f|Z are Z<close. We have C(k XC(X))C
C(N7)| Z because X is C-embedded in R". Therefore, there exists a continuous
extension k: N"> X of k;. D

3. Upper semi-continuous maps and AE(1)-spaces

Lemma 3.1. Let #={Y,, g/*!, N} be an inverse sequence and r,: X —Y; be a usco
map, i € N. Suppose q’+1 r,,1=1; for each i € N. Then there is a usco map r: X

— lim .# such that q;-r =r,; for every i.

Proof. For any point x € X consider the inverse sequence #(x) = {r,(x), /"', N},
where /"' =g{"!|r;, (x). Define a compact-valued map r: X — lim .¥ by r(x)
= lim f(x) x€X. Clearly, g, r =r; for each i. An easy verification of the upper
sermi- mi-continuity of r is left to the reader ]

A us.c. map r: X — Y is said to be strongly u.s.c. if for any functionally open
subset U of Y there is a functionally open subset W(U) of X such that r#*(U)c
W) cr*(cly(U)) N G5(r*(U)). Here Gy(r*(U)) is the Gj-closure of r*(U) in
X, i.e., the set {x € X: every Gs-subset of X containing x intersects r*(U)}.
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Remark 32. If r: X > Y is a strongly u.s.c. retraction then W(U)cr~'(U) for
every functionally open subset U/ of Y (in particular U c W(U)).

Proof. Let x € W(U). Suppose r(x)cY—U. Then x €r*(Y—U) N G4(r*(U)).
But r#*(Y — U) is a Gs-set in X because Y — U is functionally closed in Y. Hence,
F(Y - U)Nr¥(U) # 0, which is impossible. Thus, r(x)NU=9. So, W(U)c
r"U). O

Lemma 3.3. Let .7, ={X,, p?, A} and 7, ={Y,, qP, A} be two factorizing sigma-
spectra with surjective lzmzt pro;ectlons and r:lim lim .7y — lim .7, be a strongly usco
map. Then the set A* = {a € A: there is a usco map Yy X - Y withq, r=r, p,}
is cofinal and sigma-complete [14] in A.

Proof. Let X =lim %y and Y =lim.#,. Consider the following relatlon LcA*:

(a, B)eLif B > « and there is a usco mapr,g:Xg—Y, suchthatq, r=r,; pg.

Claim 1. For each a € A there exists an index B € A such that (a, B) € L.

Proof. Fix a finitely additive countable open base #(a)={U,: n € N} of Y,. For
every n let W(n)=W(g;'(U,)) be a functionally open subset of X such that

r*(a;'(U,)) cW(n) cr(cy(a; ' (Uy))) N Gs(r*(a. '(U,)))- (1)
Since .7y is a factorizing sigma-spectrum, there is 8 €4 and open sets V,, n €N,
of X, with pg 7 '(V,) = W(n) for each n € N. We can assume S > a. Let us show
that qa(r(xl)) q,(r(x,)) for any two points x,,x, €p; '(b), where b is an
arbitrary point of X,. Since #(a) is a finitely additive base and g (r(x,)) is a
compact subset of Ya, there is U, € #(a) such that g, (r(x,)) C U,. This implies, by
(1), x, € W(n). Consequently, by the choice of B8, x, € W(n). It follows from (1)
that g,(r(x,)) is contained in the closure of U,. Thus, g,(r(x,)) contains g,(r(x)).
Analogously, g, (r(x,) <q(r(x,)). Hence, g (r(x,) =q(r(x,)). Therefore, we
can define a compact-valued map r, 5 Xz =Y, by r, 4(b)=q,(r(p; (b)), b € X,
Obviously, g, -r=r, 8 Pp: It remains to prove that r, ; is us.c. Let r, (b)c U
where b € X, and U is open in Y,. Take U, € Z(a) such that ry5(b) C U ccl(U,)
c U. Then p “Wb)cW(n), ie., beV and for every z €V, we have r, (z)c
cl(U,). Thus, r, 4 is u.s.c. So, (a B) eL

Claim 2. If (a, B) €L and y > B, then (a, y) E L.
Proof. Define a uscomap r,,: X, =Y, by r, =r,5 "D

Claim 3. Let {a;: i € N} CA be a countable chain in A and (a;, B) €L for each i.
Then (a, B) € L, where a = sup «;.

Proof. The validity of this claim follows from Lemma 3.1. and continuity [14] of the
spectrum .%y.

Thus, the relation L has the properties formulated in the above claims.
Consequently, by [14, Proposition 1.3], the set 4A* = {a € 4: (a, a) € L} is cofinal
and sigma-complete in A. D
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Lemma 3.4. Let f: X =Y be a functionally open surjection between AE(0)-spaces.
Suppose that X is C-embedded in the product Y X R* and f = | X, where w:Y X R
— Y is the natural projection. If there is a continuum-valued strongly u.s.c. retrac-
tion r: Y X R® — X such that f-r =, then f is 1-soft.

Proof. First suppose that Y is a Polish space. Since the projection 7 is a trivial
fibration with the fiber R, each fiber of 7 is connected and the family {7~ '(y):
y €Y} is equi-LC® in the sense of Michael [10]. One can easily verify that the
existence of a continuum-valued u.s.c. retraction r with f-r =1, implies that all
fibers of f are connected and the family { f~'(y): y € Y} is also equi-LC®. Hence,
by [3, Proposition 1.12], f is 1-soft.

Now, consider the case R-w(Y)>w. Represent Y as a limit space of a
factorizing sigma-spectrum 7, = {Y,, ¢?, A} consisting of Polish spaces and 0-soft
limit projections q,, « €A [3]. Then .#=(Y, X R“, g# X id, A} is also a factoriz-
ing sigma-spectrum such that Y X R® =(limf and =(lim ,, where 7, :Y, X R®
— Y, denotes the natural projections. Put X, = cl{(g, X id)(X)) and pP = (g? x
id)| X, for each a, B €A, a <B. Since X is closed and C-embedded in Y X R,
Fx ={X,, pB, A} is a factorizing sigma-spectrum with X = lim .#y. By [3] and the
spectral theorem for sigma-spectra [14], without loss of generality we can assume
that all limit projections p, of %y are O-soft (in particular, X, = (g, X id}X),
a €A). [3, Theorem 1.19] implies that all f, ==, | X, and all limit square dia-
grams (formed by the limit projections p_, g, and the maps f and f,) can be
supposed to be, respectively, open surjections and pullback squares. By Lemma
3.3, there exists at least one index @« €4 and a continuum-valued u.s.c. map
r,:Y, X R®—> X, such that p,-r=r,-(q, X id). It follows from our construction
that r, is a continuum-valued us.c. retraction and f,-r,=m,. Then, by the
previous case, f, is 1-soft. Finally, since the corresponding limit square diagram is
a pullback square, we can conclude that f is 1-soft. O

Let r: R4 — X be a u.s.c. retraction. Below we use the following notations: If B
is a subset of A, 7 is the natural projection from R“ onto R?, X, = 74(X) and
X(B) =7z (Xg). If CcB, w8 denotes the projection from R® onto R¢. The
restrictions 7, | X and 72| X, are denoted respectively by p; and pZ.

Let r: R > X be a us.c. retraction. A subset B of A is called r-admissible if
pp(r(x)) = mp(x) for every x € X(B).

Lemma 3.5. Let r: R* — X be a strongly u.s.c. retraction. Then we have:
(1) A union of r-admissible sets is r-admissible;
(ii) every countable set C C A is contained in a countable r-admissible set B.

Proof. (i) Suppose {B(s): s € S} is a family of r-admissible sets and B = U{B(s):
s € S}. Let x € X(B). Since X(B) c X(B(s)), s € S, we have Py (r(x)) =mp(x)
for every s € S. This implies pg(r(x)) =mg(x). So, B is r-admissible.

(ii) First we construct by induction an increasing sequence {B(n): n € N} of
countable subsets of 4 such that B(1)=C and Py, (r(x)) =mp(x) for any
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x € X(B(n + 1)), n € N. Assume we have already constructed B(i) for i < n. Take
a countable base & of Xp,,, and for every Uew let W(U ) be a functlonally open
subset of R such that \pB(n))_ UycwU)cr \\pB(n); Ycl(U))) (see Remark
32). By a result from [19], there is a countable set B(U) c A with
(mpy) ~ (rpy (WU = W(U). Put B(n+1)=B(n) U U(BW): UeR). If xe
X(B(n+ 1)) then there is y<€X such that T+ (X)) =Ppn+1(¥). Hence,
T %) =Pp(¥) =2. Let z€ U*, where U* €%. Then y € W(U*), and since
B(U*)cB(n + 1), x is contained in W{(U *). The last implies Ppn(r(x)) Ccl(U*).
Consequently, we prove for every U €% the set cly, (U ) contains pg,(r(x))
provided U contains wB(n)(x) Thus, Pg,(r(x))= 'n'B(,,)(x) for each x e X(B(n +
1)). So, the inductive step is finished. Finally, let B = U{B(n): n € N}. Obviously,
B is countable. It remains to prove B is r-admissible. Suppose x € X(B). Since
X(B)c N{X(B(n)): neN}, x is contained in each X(B(n)). Consequently,
Pa(r(x)) = my,(x) for every n. Hence, pg(r(x)) = wy(x). Therefore, B is r-ad-
missible. O

Lemma 3.6. Let r: R — X be a strongly usco retraction. Suppose B is an r-admissi-
ble subset of A. Then:
(1) Py is a functionally open map;
(i) X is a C-embedded AE(0)-subspace of R® and there is a usco retraction ry
from R® onto Xp;
(i) for every r-admissible set C with C C B there is a usco retraction r&: X, X
RB7C > X, such that p&-rf=wZ|(X. xR ).

Proof. (i) Let U be a functionally open subset of X. Take a functionally open
subset W(U) of R such that UcC W(U) cr*(cl(U)) N Gs(r*(U)). Since the
projection 75 is functionally open, it suffices to show that py(U) = mz(W(U)) N X.
Suppose m4(x) € Xz Nawy(W(U)), where x € W(U). Then x € X(B) and by the
r-admissibility of B, we have m(x) = py(r(x)). By Remark 3.2, W(U) cr~ X U).
Therefore, r(x) N U # @. This implies mz(x) = Py(r(x)) € Py(U). Thus, mwx(W(U))
N Xy C Pg(U). The inverse inclusion is obvious.

(11) Let ig: R®? - R be an embedding with 7, iy =idgs. Then rgz: R - X,
defined by ry=pg-r-ig, is a usco retraction. Hence, by [17, Lemma 7 and
Theorem 1], X is a C-embedded AE(0)-subspace of RB.

(i) Put rZ =rgz|(X. X RE~C), where r, is the usco retraction defined in the
proof of (i1). O

A continuum-valued u.s.c. map F from X to Y is said to be minimal
continuum-valued if every continuum-valued u.s.c. map F*: X —Y such that
F*(x) cF(x) for each x € X, coincides with F. It follows from the Kuratowski—
Zorn lemma that every continuum-valued u.s.c. map has a minimal continuum-val-
ued u.s.c. selection.
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Lemma 3.7. Let X be perfectly k-normal in the sense of S¢epin [13].

(i) If M is Gy-dense in X, i.e., Gs(M) =X, then every continuum-valued u.s.c.
map from M to a compact space Y can be exiended io a continuum-valued u.s.c. map
fromXtoY.

(ii) Suppose G4(U) is open for every open set U in X. Then any minimal
continuum-valued u.s.c. map F: X —'Y has the following property: Gy(F*(V)) c
F*(cly (V) for each open Vin'Y.

Proof. (i) Let F: M —>Y be a continuum-valued u.s.c. map. For every x €X
denote by #(x) a local base at x in X. Then the usco map F, defined by
Fx)=N{cl (FIUNM)): Ue%(x)} is an extension of F (see [17, Lemma 8]).
Suppose there is x, € X — M such that Fi(x,) is not connected. Then Fy(x,) = H,
U H,, where H, and H, are nonempty disjoint closed subsets of Y. Take disjoint
open neighborhoods V; and V, in Y of H, and H,, respectively. Since F, is u.s.c.,
U=F{V,UV,) is an open neighborhood of x, in X. Let U,=F*(}), i=1, 2.
Obviously, U; and U, are open disjoint subsets of M and UNnM=U, U U,. It
follows from Gs(M) =X that x,€ G,(UNM) = Gs(U)) UGy U,). Assume x,<
Gs(U)). The set W=Inty(cl,(U,)) is functionally open in X because X is
perfectly k-normal. So, G4(U;) c W. Hence, x,€ W. Then WN U € #(x,) and
WnUNM=U,. Therefore, F|(x,)Ccly,(FIWNUNM)) Ccly(V,). This implies
H,=§. Thus, F|(x) is connected for each x € X.

(ii) Let F be a minimal continuum-valued u.s.c. map from X to a space Y. Take
an open set ¥ in Y and a point x*e Gy(F*(V))—-F*(V). Put M=X—
(G(F*(V)) — F*(V')). Clearly, G;(M) = X. By (i), the map F,: X — BY, F(x)=
ﬂ{clBY(F(UﬂM)): U< %(x)} is a continuum-valued u.s.c. extension of F|M. It
is easily seen that F\(x) C F(x) for every x from X. Hence, F, coincides with F.
Since G4(F*(V)) is open in X, there is an U € #(x*) with U € G,(F*(V)). Then
F(x*)=F(x*) is contained in clg, (F(UNM)). But UNnM =UnF*(V). Thus,
F(x*)cclgy(V)NY=cl, (V). O

Corollary 3.8. Let X be an AE(0)-space. Then any minimal continuum-valued u.s.c.
map, defined on X, is strongly u.s.c.

Proof. et F: X > Y be a minimal continuum-valued u.s.c. map. X being an
AE(0)-space is k-metrizable [18]. Thus, X is perfectly k-normal. We show that
G4(U) is functionally open for every open subset U of X. By [17], there are a
closed embedding of X into R“, where A =w(X), and a usco retraction r from
R4 onto X. Since, by [19], the set G4(r*(U)) is functionally open in R“, it suffices
to prove that G5(r*(U)) N X = G4(U). Obviously, G4(U) is contained in G5(r*(U))
NX. Let x€Gy(r*(U)NX and H be a Gy-subset of X containing x. Then
r*(H) is G5 in R4 and xer*(H). Thus, r*(U)Nr*(H)+@. This implies
UNnH#@. Hence, G;(r*(U)) N X c G4(U). So, G5(U) is functionally open. Fi-
nally, if V' is open in Y, put W(V) = Gy(F*(1)). It follows from Lemma 3.7 that
F*(V)c W) c F*(cl,(V)) N Gs(F*(V)). Therefore F is strongly us.c. 0O
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Theorem 3.9. The following conditions are equivalent for any space X:
(i) X is an AE(1)-space:;
(i) for any C-embedding of X into R™ there is a continuum-valued u.s.c.
retraction from R" onto X
(iii) there exists a C-embedding of X into R™ (for 7 = R-w(X)) and a continuum-
valued u.s.c. retraction from R™ onto X.

Proof. (i) — (ii). Let X be a C-embedded subset of R”. Embed R” into the cube I”
as a dense subspace and consider an open monotone surjection f: 7T — I", where T
is an AE(0)-compactum with dim T =1 [7, Theorem 9]. Put K=f"'(R") and
g=f1K. Since f is open, K is dense in T. Consequently, by [1, Corollary 7],
dim K = 1. Denote K,=g~'(X) and g,=g|K,. Since X is C-embedded in R",
we can conclude that C(g X C(X)) c C(K)|K,. Thus, there is a map A: K > X
such that 4| K, =g,. Then r=h-g ': R™ > X is a continuum-valued u.s.c. retrac-
tion because g is a perfect and monotone map.

(ii) — (iii). This implication is obvious.

(iii) — (i). First consider the case 7 = w. Then X is a Polish space. The existence
of a continuum-valued u.s.c. retraction from R“ onto X implies that X € LC? and
C". Hence, by [3, Proposition 1.11], X is an AE(1)-space.

Now consider the case w <7=R-w(X). Let 4 ={a: a <7}. Fix a continuum-
valued u.s.c. retraction r: R —> X. Without loss of generality we can suppose r is
a minimal continuum-valued u.s.c. retraction. Since R is an AE(0)-space, by
Corollary 3.8, r is strongly u.s.c. By Lemma 3.5(ii), for every a <7 choose a
countable r-admissible set B(a) CA containing «. Let A(a)= U{B(B): B <a},
a <7. Denote X, =X, and p;*'=pe*D In this way we obtain a transfinite

inverse spectrum .#={X_, p*!, 7} of length 7. It is easy to see that X = lim .7,

By Lemma 3.5(i), .# is a continuous spectrum and every set A(a) is r-admissible.
According to Lemma 3.6, all X, are AE(0)-spaces and all limit projections p, are
functionally open. Hence, the maps p%*! are also functionally open. The retrac-
tion r,,,: R4Y - X, from Lemma 3.6(ii) is continuum-valued (see the proof of
Lemma 3.6(ii)). Thus, by the case 7 = w, X, is an AE(1)-space. According to [3], it
remains to prove that p®*' is 1-soft for every @ < r. Fix an «. By Lemma 3.6(iii),

there is a usco retraction r§ ' =rgla* D X x RMeD-A® L x  with
pg+1 . r5+1 — wlﬁ(ao;+l) Xa XRA(Q+I)_A(Q). (2)

It follows from the proof of Lemma 3.6(iii) that r®*! is continuum-valued. So,
r&*! can be supposed to be minimal continuum-valued. Then (2) remains true.
Since X, and RA@+D-A® are AE(0)-spaces, their product is also an AE(0).
Consequently, by Corollary 3.8, r@*1 is strongly u.s.c. Let us note that X, .1 18
C-embedded in X, X RH** D=4 (see Lemma 3.6(ii)). Finally, by Lemma 3.4,

a+1

petis 1-soft. O

Corollary 3.10. An AE(0)-subspace X of R* is an AE(1)-space if and only if for any
usco retraction r : R — X there is a continuum-valued u.s.c. retraction ®: R - X
such that r(x) C ®(x) for every x € R4,
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Proof. Let X € AE(1) and r: R“ — X be a usco retraction. Then, by [17, Lemma
7], X is C-embedded in R*. Hence, according to Theorem 3.9, there exists a
continuum-valued u.s.c. retraction r, : R* — X. Define a set-valued map F: R4 —
R* by F(x) = clg«conv(r(x))). F(x) is a compact convex subset of R“ for each
x € R* because r(x) is compact. We show that F is u.s.c. Let x,€R* and U be
an open neighborhood of F(x,) in R“. There are a finite set B CA and a convex
open subset ¥ of R® such that 74(F(x,)) CV Cclga(V) Cmg(U) and the closure
of W=mz(V)in R4 is contained in U. Take a neighborhood O(x,) of x, in R*
with r(x)cWnX for every x € O(x,). This implies F(x)CclzW)cU, x €
O(x,). Thus, F is u.s.c. Now, let ®(x) =r (F(x)), x € R*. It is easily seen that ¢
is a continuum-valued u.s.c. retraction from R“! onto X and r(x) c ®(x) for each
x € R“. The “only if” part of the corollary follows directly from Theorem 3.9. O

An embedding j of X in Y is said to be a g-embedding if for every open subset
U of j(X) there exists an open subset e(U) of Y such that the following conditions
are fulfilled:

(1) e(@ = 0 and e(j(X))=Y;

2 e(U)nj(X)=U;

R eU)ne(V)=elUnNV),

@it UNnV=0then eUUV)=e(U)Uell).

If there is a continuum-valued u.s.c. retraction r from Y to a space X, then X
is g-embedded in Y (in this case e(U)=r*(U)). On the other hand, every
g-embedded subset of a connected space is also connected. Now we give an
external characterization of locally connected éech—complete AE(1)-spaces. An-
other external characterization of compact AE(1)-spaces was given by Shirokov
[15,16].

Theorem 3.11. Let X be a locally connected éech-complete space. Then the following
conditions are equivalent
(i) The Hewitt-realcompactification vX of X is a Lindelif Cech-complete AE(1)-
space;
(ii) every C-embedding of X in any space is a g-embedding ;
(iii) X is a g-embedded subset of R4, for some A.

Proof. (i) — (ii). Suppose X is a C-embedded subset of a space Y. Consider an
embedding j of X in RX such that clzen(j(X) =vX. Let h:Y —> R be a
continuous extension of j. By Theorem 3.9, there is a continuum-valued u.s.c.
retraction r from RSO onto »X. Then for every open U in X put e(U)=
A= '(r*(W(U))), where W(U)= U{W:W is open in vX and Wnj(X)cj(U)}.
Clearly, e(U) are open in Y and the conditions (1)-(3) are satisfied. We show that
(4) is also true. It suffices to prove that W(U U V)=W(U)uU W) provided
UNnV=0. Let x€ W(UUV). Then there is an open set W in vX containing x
such that WNj(X) cj(U U V). Assume cl,,((U) Ncl,,(j(V)) N W= @. Clearly,
clx (U =cl, x(W(U)) and cl, ,(j(V)) = cl, x(W()). Since vX is perfectly k-
normal (as an AE(0)-space), each of the sets H, = cl,,(j(U)) and H,=cl,,(j(}'))
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is G; in vX. So, the set H=H, N H,NW is also G; in vX. But j(X) is G;-dense
in vX. Consequently, H Nj{X) = @, which is impossible because U N V' = @. Thus,
x¢H NH, Let x&H,. Then x € W~ H,. Obviously, W — H, is open in vX and
(W —-Hy) nj(X)cjlU), ie., xe W(U). Therefore, W{UUV)cWU)UWI).
The inverse inclusion is obvious. Hence, WU U V)=W(U)U W(VV). As it was
noted, this implies that (4) is true. So, X is g-embedded in Y.

(ii) — (iii). This implication is obvious.

(iii) = (). Let X be a g-embedded subset of R for some A4 and e be the
corresponding g-operator from the topology of X to the topology of R4 If A4 is
countable, then X is a locally connected and connected Polish space. Thus, X is
LC? and C°. Hence, by [3], X € AE(1). So, we can assume that A is uncountable.
By [17, Theorem 4], the Gs-closure G5(X) of X in R4 is a Lindeldf Cech-com-
plete AE(0)-space and G;(X) is homeomorphic to »X. Consider the natural dense
embedding of R“ in I and put Y = cl;«(X). Define a usco mapping r from R*
to Y by r(x)= N{cly(U): x €e(U)}. Clearly, r(x)={x} for every x € X. Using
the g-embeddability of X in R (precisely, property (4) of the operator e), one
can easily show that r is continuum-valued. Without loss of generality we can
suppose r is minimal continuum-valued. Then, by Corollary 3.8, r is strongly u.s.c.

Claim 1. r(x) = {x} for every x € vX.

Proof. We have already noted that »(x) ={x} for every x € X. Let x €vX — X and
U be an open neighborhood of x in Y. Then x € G4(r#(U)). Indeed, if H is a
Gs-subset of R containing x, then x € HN U, which is G; in vX. Hence,
HNUNX#0.But UnHNX cr*U).So Hnr*(U) # 0. Now, by Lemma 3.7(ii),
x € Gy(r*(U)) cr*(cl,(U)). Thus, r(x)C cl (U). This implies r(x)=x.

Claim 2. G,(r*(» X)) =r*(v X).

Proof. Since vX is Lindeléf and Cech-complete, there is a countable family (H;:
i € N} of compact G-subsets of Y such that Y— U{H,: i € N} =vX. For every i
take a countable finitely additive open cover y(i) of Y — H, with cl,(U)CY - H,
for each U ey(i) and put W(i) = U{r*(U): U< y(i)}. The sets U{G;(r*(U)):
U € y(i)} are functionally open in R“ because any set Gy(r*(U)), U €y(i), is
functionally open [19]. Hence, G(W(i)) = U{G(r*(U)): U € y(i)}. Since r*(vX)
C W), i €N, we have G5(r*(v X)) c G;(W(i)), i €N. Let x € G4(r*(vX)). Then
for every i € N there is U(i) € y(i) such that x € G,(r*(U(i))). Consequently, by
Lemma 3.7(ii), r(x) c N{cl, (UG)): ieN}c N{Y-H:ieN}=vX.

By, Claim 1, r is a continuum-valued u.s.c. retraction from *(»X) onto vX.
Since r*(vX) is Gy in R* and Gy(r*(vX)) =r*(vX), there is a countable set
B C A such that r*(v X) = 75 (Z), where Z is a Gs-subset of R (see [17, Lemma
1]). According to [17], there exists a countable subset C of A4 containing B such
that 7 |vX is functionally open and 7~(vX) is a Polish space. Then w (v X) X
RA7C is contained in r*(rX). Thus, r is a continuum-valued retraction from
(v X)X R onto vX. But m(vX)=m-(X) and since X is connected (as a
g-embedded subset of R*), m~(X) is also connected. It follows from the locally
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connectedness of X and the openness of 7 |vX that w-(X) is locally connected.
So, m-(X) is an AE(1)-space. Consequently, m-(X) X R4~ € is also an AE(1)-space.
it follows from Theorem 3.9 that every continuum-valued u.s.c. retract of an

AE(1)-space is an AE(1)-space. Therefore, vX € AE(1). O

A family Z of open subsets of a space X is said to be a 1-base if for every open
set U in X there is a subfamily y(U) of % such that the following conditions are
satisfied:

(1) Xey(X);

Q@ Uy =U;

G yUD AU =W, 0 W,: W, e y(U), i=1, 2y cy(U N U,)

(4) for any W e y(U) and any two points x, y € W there is a connected set
C(x, y)with x, yeC(x, y)c U.

The above definition is a simple modification of the definition of an n-regular
base for n =1, given by Shirokov [16] (in [16] a k-metrizable compact space is
shown to be an AE(n) if and only if it has an n-regular base).

Corollary 3.12. A Cech-complete AE(0)-space X is an AE(1) if and only if X has a
1-base.

Proof. First we prove that every AE(1)-space X has a 1-base. Let r be a
continuum-valued u.s.c. retraction from R“ onto X for some A (see Theorem 3.9)
and & be a standard open base for R“. We can assume R4 €%. Let ¥ ={WN X:
W ). For every open subset U of X put y(U)={WnX:WeBand Wcr*(U)).
Obviously, the conditions (1)—(3) in the definition of a 1-base are fulfilled. Suppose
WnXeyU) and x, y€ WNX. Since W is connected and W c r*(U), the set
r(W) is also connected and x, y € r(W) c U. Hence, % is a 1-base.

Suppose X is a Cech-complete AE(0)-space with a 1-base %. Let X be
C-embedded in R, for some A. Then there is a usco retraction r from R onto
X [17]. 1t follows from the conditions (1) and (4) that X is connected and the
components of all open subsets of X are open. So, by (4), if W e y(U) then there
is a unique component supp,, (W) of U containing W. Now, for every open subset
U of X we denote

v,(U) = {W & #: there is an open subset V' of X such that W e y(V), supp, (W) cC
U and for any component C of V either Cc U or CNnU =@},

y,(U) ={W & #: there is an open subset V of U with W e y,(V)}
and
e(U) = U{r*(W): Wey,(U)).

Let U, V' be open subsets of X and U V. Then y(U) Cy (U) and y,(U) Cy,(V).
This implies e(X)=R", e(U)NX=U and e(U)ce(}V), ie., e is a monotone
operator.

Claim 1. e(U)) N e(U,) = e(U, N U,) for any open subsets U, and U, of X.
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Proof. Let x € e(U,) Ne(U,). Then x € r*(W, N W,), where W, € y,(U), i =1,2. 1t
follows from the definition of y, and vy, that there are open sets V; C U. and P(i)
such that W, € y(P(i)), suppp(W,) C V; and for every component C of P(i) either
CcVior CNnV,=@,i=1,2. Let W=W,\W,, V=V,nV, and P=P(1) N P(Q2).
Then W € y(P) because y(P(1)) A y(P(2)) < y(P). It is casily seen that supp,(W)
cV and any component of P is contained in V or it does not meet V. Hence,
Wey (V). Since VclU, NU,, Wey,(U NU,). Thus, x € e(U, N U,). Therefore
e(U) Nne(U,) ce(U, N U,). The inverse inclusion is also true because e is mono-
tone.

Claim 2. e(U, U U,) = e(U,) U e(U,) provided U, N U, = §.

Proof. It suffices to prove e(U, U U,) Ce(U;) Ue(U,). Let x €e(U, U U,). Then
x € r*(W) for some W € y,(U, U U,). Thus, there are two open subsets V' and P
of X such that V' c U, U U,, We y(P), suppp(W) CV and any component of P is
contained in V' or it does not meet V. Put V,;=VnU, i=1,2. Then V=V, UV},
and since suppp(W) is connected, we have supp (W) V, or suppp(W)CV,.
Suppose supp (W) C V,. Obviously, every component C of P is contained in V; or
C NV, = 0. Therefore, W € y(V}). This implies W € y,(U,). So, x € e(U)).

It follows from Claims 1 and 2 that e is a g-operator. Hence X is g-embedded
in R4. Since X is realcompact as a closed subset of R“, by Theorem 3.11,
XeAE(Q). O
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