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Abstract

For any countable CW-complek and a cardinal number > » we construct a completely
metrizable spac& (K, t) of weight r with the following properties: e-diff (K, ) < K, X (K, 1)
is an absolute extensor for all normal spakesith e-dimY < K, and for any completely metrizable
spaceZ of weight < = and e-dinZ < K the set of closed embeddings— X (K, t) is dense in
the space”(Z, X (K, 7)) of all continuous maps fronZ into X (K, r) endowed with the limitation
topology. This result is applied to prove the existence of universal spaces for all metrizable spaces
of given weight and with a given cohomological dimensiarR001 Elsevier Science B.V. All rights
reserved.
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The existence of universal separable metric spaces for extension dimension with
respect to countable CW-complexes was proved by Olszewski in [12]. In the class of
all metric spaces of a given weight this problem was recently solved by Levin [11]. In
the present note we show the existence of universal metric spaces having some extra
properties (see Theorem 1 below). The concept of extension dimension was introduced
by Dranishnikov [5] (see also [2,6]). For a normal spaceand a CW-complexx we
write e-dimX < K (the extension dimension &f does not exceefl) if K is an absolute
extensor forX. This means that any continuous mapA — K, defined on a closed subset
A of X, admits a continuous extensigh X — K. Since not every CW-complex is an
absolute neighborhood extensor for normal spaces, we can enlarge the class of normal
spacesX with e-dimX < K (K is a CW-complex) by introducing the following notion
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(see [14, Definition 2.5]): A normal spacéis in the class¢(K) if every continuous map
from a closedA c X to K which extends to a map of a neighborhooddofo K can be
extendedto a map of to K. Obviously, ifK € ANE(X) (this, for example, holds for every
X admitting a perfect map onto a first countable paracompact space [8])Xtkesm(K)
if and only if e-dimX < K. We also adopt the following definition: a continuous map
f:X — Y is calledK-soft (respectivelyK -soft with respect to metrizable spaces) if for
any normal (respectively, metrizable) spatwith Z € «(K), any closedZp C Z, and any
two mapsg:Zo— X, h:Z — Y with f o g = h|Zo, there exists a map: Z — X such
that f ok =h andk|Zg=g.

For any CW-complex and any cardinal number> » let M (K, t) be the class of all
completely metrizable spacésof weightt with e-dimX < K. The following theorem is
our main result:

Theorem 1. For any countable CW-complex K and a cardinal number 7 > w there exists
a completely metrizable space X (K, ) and a K-soft map f(K,t): X (K, 1) — l2(7)
satisfying the following properties:
(a) X(K,t) e M(K, 7).
(b) X (K, t) isan absolute extensor for all normal spaces Y with Y € «(K).
(c) f(K,t) is strongly (K, t)-universal, i.e., for any open cover U/ of X (K, t), any
(complete) metric space Z of weight < z withe-dimZ < K andanymap g:Z —
X (K, 1) there exists a (closed) embedding 2:Z — X (K, t) U-close to g with
f(K,T)og= f(K,T)oh.

For the cas&X = S", n € N, Theorem 1 was proved in [4, Theorem 2.7]. Our proof of
Theorem 1 is based on the next few lemmas and the techniques developed in [3,4].

Lemma 2. For any countable CW-complex K and any separable (completely) metrizable
space X there exists a separable (completely) metrizable space Yx with e-dimYy < K and
akK-softmap f:Yx — X.

Proof. Let P be a Polish ANR homotopically equivalent % and ¢:X — P and

¥ P — X be two maps such thgt o ¢ is homotopic tadp andyr¢ is homotopic tddg.
For extension dimension with respectRathis lemma was proved in [2, Proposition 5.9].
So, for a given (complete) separable metric spdbere is a (complete) separable metric
spaceYy with e-dimYy < P and aP-soft mapf: Yy — X. According to next claimf

is K -soft.

Claim. If Z e a(K) isnormal, then Z € a(P).

Proof. SupposeZ € a(K) is a normal space. Since every Polish ANR is an ANE for
normal spacesZ € «(P) is equivalent toP € AE(Z). Take a mapg: A — P, where

A C Z is closed and consider the mapo ¢g: A — K. Becausez can be extended to a
map from a neighborhootl of A into P, ¥ o g can be extended to a map fraito K.
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SinceZ € a(K), there is an extensioh: Z — K of i o g. Then the restrictioriph)| A

is homotopic tog. Finally, using that the Homotopy Extension Theorem holds for normal
spaces and Polish ANRs, we conclude th& extendable to a map fro&iinto P. Hence
Zea(P). O

It remains only to show that e-diify < K. And this follows from e-dinYy < P
and the fact that the Homotopy Extension Theorem holds for metric spaces and CW-
complexes [8]. O

Lemma3 [11]. Let f: X — Y bea uniformly O-dimensional map of metrizable spaces X
and Y. Thene-dimX < edimY.

Recall thata mag : X — Y, whereX andY are metrizable spaces, is called uniformly
0-dimensional [10] if there exists a compatible metricXdmsuch that for every > 0 and
everyy e f(X) there is an open neighborhobdof y such thatf ~1(U) can be represented
as the union of disjoint open sets of dianz. It is well known [10] that every metric space
admits a uniformly O-dimensional map into Hilbert cufe

Lemma 4. For any countable CW-complex K and a (completely) metrizable space Y of
weight t there exist a (completely) metrizable space X of weight T and a K-soft map
f:X — Y suchthate-dimX < K.

Proof. It suffices to prove this corollary whanis the spacé (z). Fix a compatible metric
d1 onlz(r) and an uniformly 0-dimensional surjection (with respec{pg:i>(r) —> A
with A a separable metric space. By Lemma 2, there exists a separable metric space
Z with e-dimZ < K and aK-soft maph:Z — A. Let X be the fibered product of
I>(7) and Z with respect tog and/, and letf: X — [>(r) and p: X — Z denote the
corresponding projections of this fibered productdifis any metric onZ, thenp is
uniformly O-dimensional with respect to the metig? + d2)¥/2 (see [1]). Hence, by
Lemma 3, e-din¥ < K. The K-softness of: implies thatf is alsoK -soft.

It remains only to show that is completely metrizable. To this end IBk be the space
obtained fromB X by making the points o8 X — X isolated. According to [13, Lemma 2],
By is paracompact, and obviousHy is first countable.

Claim. eedimBx < K.

Proof. Lets: F — K be an arbitrary map, wheré C By is closed. Since e-ditki < K,

there exists an extension: F U X — K of s. Now we need the following result [8,
Theorem 11.2]: any contractible CW-complex is an absolute extensor for all spaces
admitting a perfect map onto a first countable paracompact space. This statement implies
that Coné€K) is an absolute extensor faByx. Therefore, there exists an extension
s2:Bx — Cond&K) of s1. Let H = sz’l(Cone(K) — {b}), whereb € CongK) — K. Fix

a retractionr: CondK) — {b} — K. Since H is clopen in By, it follows thatr o s
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can be extended to a map: Bx — K. Thenss is an extension of and, consequently,
e-dmBx < K. O

Now let us go back to the proof of the completenesXofConsideringX as a closed
subset ofBy and using the fact thdi(z) is an absolute extensor for paracompact spaces,
we can find a magy: By — I2(t) such thatg|X = f. Then, sincef is K-soft and
e-dimBx < K, there exists a retraction froBy onto X. Finally, applying the argument
from [13, the proof of Lemma 2], we conclude thats complete. O

Proof of Theorem 1. We will construct an inverse sequenge= {X,, p"*1, n € N} such
that:

(1) X1=1I(r)andX, € M(K, 7) foreachn > 1,

(2) eachp"*1:X,:1 — X, is a K-soft map such that for any completely metrizable
spaceZ of weight < t with e-dimZ < K and any mag: Z — X, there exists a
closed embedding: Z — X,41 with p"+tloh =g.

If X; and p£71 have already been constructed foe 1, 2, ..., n, then, by Lemma 4,
there exist a completely metrizable spa&g,; of weight ¢ and a K-soft map
hnt1:Xns1 — Xu x Ip(7) such that e-dink,+1 < K. Let p/*t = 7, o h,41, where
T, Xy x I2(t) — X, is the natural projection. Denote B( K, ) the limit space off and
by f(K, t) the limit projectionp1: X (K, t) — X1. Obviously,X (K, ) is a completely
metrizable space of weightand f (K, ) is K-soft. Following the proof of Lemma 2.6
from [4] one can show thay (K, t) is strongly (K, r)-universal. Finally, by the limit
theorem of Rubin—Schapiro [15], e-diXn( K, 7) < K. Observe thak (K, 7) is an absolute
extensor for all normal spacéswith e-dimY < K becauséx(t) is an absolute extensor
for normal spaces anfl(K, t) is K-soft.

We can apply Theorem 1 to obtain universal spaces for all metrizable spaces with a given
cohomological dimension and a given weight. Recall that, for any abelian @groaqd a
natural numben, the cohomological dimension dignX of X with a coefficient groups
is < n iff e-dim X < K (G, n), whereX is a normal space anki (G, n) is the Eilenberg—
MacLane complex. Let us agree the following notations: a nfiaig called (G, n)-soft
iffitis K (G, n)-soft, andf is strongly(G, n, t)-universal iff f is strongly(K (G, n), 7)-
universal.

Corollary 5. Let G be a countable (respectively, torsion) abelian group. Then for every
n € N and t > w there exists a completely metrizable space X, (G, n) of weight  and a
map f;(G,n): X.(G,n) — I2(t) such that:
(a) dimg X (G,n) =n.
(b) X:(G,n) isan absolute extensor for all normal (respectively, metrizable) spaces Y
withdimg Y < n.
(¢) f:(G,n) is strongly (G, n, t)-universal and (G, n)-soft (respectively, (G, n)-soft
with respect to metrizable spaces).

Proof. If G is countable, the proof follows directly from Theorem 1 wikh= K (G, n).
If G is torsion, by [7, Theorem B(a)], there exists a countable fam{l¢) of countable
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groups such that di;yY = maxX{dimy Y: H € o(G)} for any metrizable spacg. Then,
according to [9, Lemma 2.4], for eache N there is a countable compleX,, with
dimg Y < n if and only if e-dimY < K, Y is any metrizable space. Finally, apply Theo-
remltok,. O

Similarly, using Theorem 1 and [7, Theorem B(a),(b) and (f)], we can obtain the
following

Corollary 6. Let G bean arbitrary abelian group. Then for every n € N and t > w there
existsacompletely metrizable space Y, (G, n) of weight t andamap g; (G, n) : Y (G, n) —
I>(7) such that:
(@) dimg Y:(G,n) <n+1,
(b) Y;(G,n) isan absolute extensor for all metrizable spaces Z with dimg Z < n,
(¢) g:(G,n) isstrongly (G, n, t)-universal and (G, n)-soft with respect to metrizable
spaces.

For r = w weaker versions of Corollaries 5 and 6 were proved in [12].
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