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C*-ALGEBRAS OF INFINITE REAL RANK

A. CHIGOGIDZE AND V. VALOV

We introduce the notion of weakly (strongly) infinite real rank for unital C*-algebras.
It is shown that a compact space X is weakly (strongly) infine-dimensional if and only
if C(X) has weakly (strongly) infinite real rank. Some other properties of this concept
are also investigated. In particular, we show that the group C*-algebra C* (Fy) of
the free group on countable number of generators has strongly infinite real rank.

It is clear that some C*-algebras of infinite real rank have infinite rank in a very
strong sense of this word, while others do not. In order to formally distinguish these types
of infinite ranks from each other we introduce the concept of weakly (strongly) infinite
real rank. Proposition 1.1 characterises usual real rank in terms of infinite sequences of
self-adjoint elements and serves as a basis of our definition 2.1. We completely settle the
commutative case by proving (Theorem 2.9) that the algebra C(X) has weakly infinite
real rank if and only if X is a weakly infinite dimensional compactum. As expected,
the group C*-algebra C* (Fy,) of the free group on countable number of generators has
strongly infinite real rank (Corollary 2.10).

1. PRELIMINARIES

All C*-algebras below are assumed to be unital. The set of all self-adjoint elements
of a C*-algebra X is denoted by Xj,. ‘

The real rank of a unital C*-algebra X, denoted by rr(X), is defined as follows ([2]).
We say that rr(X) < n if for each (n + 1)-tuple (z,,...,ZTn41) of self-adjoint elements in

n+1
X and every € > 0, there exists an (n + 1)-tuple (yy,...,Yn41) in X, such that > y?Z is
ntl k=1
invertible and || 3 (zx — yk)2“ <eE.
k=1

1.1. ALTERNATIVE DEFINITIONS OF THE REAL RANK It is interesting that the real
rank can be equivalently defined in terms of infinite sequences.

PROPOSITION 1.1. Let X be a unital C*-algebra. Then the following condi-
tions are equivalent:
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(i) rr(X) < n

(ii) for each (n+1)-tuple (zy,...,Zn+1) in X, and for each € > 0, there exists
n+l
an (n + 1)-tuple (y1,...,Yns1) in X, such that Y y? is invertible and

l|ze — ye|l < € foreach k =1,2,...,n+ 1. k=1
(iii) for any sequence of self-adjoint elements {z;: i € N} C X,, and for any
sequence of positive real numbers {e;: i € N} there exists a sequence
{yi: i € N} C X,, such that
(a) ||zi —uil| < &, for eachi € N,
(b) for any subset D C N, with |D| = n + 1, the element Y y?

. . ieD
is invertible. €

(iv) for any sequence of self-adjoint elements {z;: i € N} C X,, and for any
€ > 0 there exists a sequence {y;: 1 € N} C X, such that
(a) |lzi —will <e, foreach i € N,
(b) for any subset D C N, with |D| = n+ 1, the element Y y?

. . i€D
is invertible. €

(v) for any sequence of self-adjoint elements {z;: i € N} C X,, such that
||zi|| = 1 for each i € N and for any € > 0 there exists a sequence {y;:
i € N} C X, such that
(a) ||z —wil| <e, foreach i € N,
(b) for any subset D C N, with |D| = n + 1, the element 3 y?

is invertible. €D

Proor: (i) = (ii). Let (z1,...,Zn4+1) be an (n + 1)-tuple in X,, and £ > 0. By
n+1

(i), there exists an (n + 1)-tuple (y1,...,Yn41) in X,q such that Y y? is invertible and
n+1 k=1
> (zk —we)?|| < €%
k=1
Since zx — yx € Xgq, it follows ([4, 2.24 Theorem]) that (zx — yx)? > 0 for each

n+1
k=1 ..,n+1. Then by [4, 2.2.3 Lemma), Z( zx — yx)? 2 0. Note also that Z(z,
—y) = (zp—ye)? = Z (zi—4)? 2 0,k =1,...,n+1, which guarantees that (xk—yk)
n+1 i=1,i%k
< Y (zi—y)?foreachk=1,...,n+1. By [4 2.2.5 Theorem], |lzx — y||® = ||(zx — yi)?||

b1
> (zi — ui)?|| < €?. Consequently, ||zx — ysll <€, k=1,...,n+ 1. This shows that

condition (ii) is satisfied.

(ii) = (iii). Suppose (ii) and let {z;: i € N} C X,, and {e;: ¢ € N} be sequences
of self-adjoint elements of X and positive real numbers, respectively. Denote by N, ,,
the family of all subsets of N of cardinality n+ 1. For every ¢ € Nand D € N, let
H; = {z € X0 : ||z — zi|| < 27%} and Hp = [[{H; : i € D} be the topological
product of all H;, i € D. We also consider the topological product H = [[{H; : i € N}
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and the natural prOJectlons 7p: H = Hp. Define the continuous maps ¢p: X2 — X,
Op(2i1; Zigy 1 Zing,) = Z 2z}, D € Npyy. Condition (ii) yields that #5'(G) is dense (and,
i=1

obviously, open) in X2 for every D € N, i, where G is the set of all invertible elements
of X. The last observation implies that each set Gp = ¢5'(G) N Hp is open and dense in
Hp. Consequently, each Up = n5'(Gp) is open and dense in H because the projections
np are continuous and open maps. Finally, using that H (as a product of countably
many complete metric spaces) has the Baire property, we conclude that the intersection
U of all Up is non-empty. Take any point (y;) from U. Then y; € H;, so y; € X,, and
llz: —will € 27'&; < ¢, for every i € N. Moreover, for any D € Npy; the point yp = (%:)iep
belongs to Gp, hence Y_{y? : i € D} is invertible.

Implications (iii) = (iv) and (iv) = (v) are trivial.

(v) = (i). Let (zi,...,Zp+1) be an (n + 1)-tuple of non-zero self-adjoint elements
in X and € > 0. Consider the sequence {Z;} of self-adjoint elements of X, where

T ..
2 ifign+1;

z; = { =il
1, if i>n+1.

By (iv), there exists a sequence {7;: ¢ € N} of self-adjoint elements of X such that

nf:l is invertible and ||Z; — 7| < (s/(ma.x{||a:,~||: i=1,...n+ 1})) for each i € N.

Now let y; = ||zi|| - ¥;, ¢ € N. Then for every : € n+ 1 we have

2 = wall = Mlzsll - 2 = {l2all - Till = llll - 125 — 5l

e
<zl -

<
max{|zll:i=1, .n+t1}

n+l
The invertibility of E 7? is equivalent to the validity of the equation 1 = Y z7;
i=1
n+1 ntl

for a suitable (n + 1)-tuple (2,...,2441). Clearly 1 = Z iz ” Nezllg; = Z Tz ” Y

which in turn implies the 1nvert1b1hty of Zy. : 0

i=1

1.2. BOUNDED RANK For the readers convenience below we present definitions and
couple of results related to the bounded rank. Details can be found in (3].

DEFINITION 1.2: Let K > 0. We say that an m-tuple (y1,...,ynm) of self-adjoint
elements of a unital C*-algebra X is K-unessential if for every rational § > 0 there exists
an m-tuple (21,...,2y) of self-adjoint elements of X satisfying the following conditions:

(a) |lyx — 2]l < 6 foreach k =1,.
m -1
(b) The element Z 2% is invertible and (Z Zf) , < 1
k=1

k=1 S K-8
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1-unessential tuples are referred as unessential.

DEFINITION 1.3: Let K > 0. We say that the bounded rank of a unital C*-algebra
X with respect to K does not exceed n (notation: brg(X) < n) if for any (n + 1)-tuple
(Z1, .- -, Zns1) Of self-adjoint elements of X and for any € > 0 there exists a K-unessential
(n + 1)-tuple (y1,...,Yn+1) in X such that ||z — y|| < e foreach k=1,...,n+ 1. For
simplicity br;(X) is denoted by br(X) and it is called a bounded rank.

PROPOSITION 1.4. Let(y,...,Yn) be acommuting m-tuple of self-adjoint el-
m
ements of the unital C*-algebra X. If Y y? isinvertible, then (yy, ..., Ym) is K-unessential

=1

for any positive K < 1.

COROLLARY 1.5. Let X be a commutative unital C*-algebra and 0 < K < 1.
Then brg(X) = rr(X) = dim Q{X), where Q(X) is the spectrum of X.

2. INFINITE RANK
We begin by presenting the definition of weakly infinite real rank.

2.1. WEAKLY (STRONGLY) INFINITE REAL AND BOUNDED RANKS

DEFINITION 2.1: We say that a unital C* algebra X has a weakly infinite real
rank if for any sequence of self-adjoint elements {z;: i € N} C X,, and any € > 0 there
is a sequence {y;: ¢ € N} C .X,, such that ||z; — y;|| < € for every i € N and the element
S 92 is invertible for some finite set D of indices. If X does not have weakly infinite
lri,gl rank, then we say that X has strongly infinite real rank.

The bounded version can be defined similarly.
DEFINITION 2.2: Let K > 0. A sequence of self-adjoint elements of a unital C*-

algebra is K-unessential if it contains a finite K-unessential (in the sense of Definition
1.2) subset.

DEFINITION 2.3: Let K > 0. We say that a unital C* algebra X has a weakly
infinite bounded rank with respect to K if for any sequence of self-adjoint elements
{zi: 2 € N} C X,, and any € > 0 there is a K-unessential sequence {y;: i € N} C X,,
such that ||z; — yi|| < € for every s € N. If X does not have weakly infinite bounded rank,
then we say that X has strongly infinite bounded rank.

For future references we record the following statement.

PROPOSITION 2.4. Every unital C*-algebra of a finite real rank has weakly
infinite real rank.

PRrooF: Apply Proposition 1.1. 0

Note that, as it follows from Proposition 2.12, the converse of Proposition 2.4 is not

true.
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PROPOSITION 2.5. Let f: X — Y be a surjective x-homomorphism of unital
C*-algebras. If X has weakly infinite real rank, then so does Y.

ProOF: For any sequence of self-adjoint elements {y;: ¢ € N} C Y;, and for any
€ > 0 we need to find a sequence {z;: i € N} C Y, such that

)y v — @)l < € for every i € N,
k
(ii}y for some k > 1 the element 3 22 is invertible.
i=1
For every i € N let z; be a self-adjoint element in X such that f(z;) = y;. Since X has
weakly infinite real rank, there exists a sequence {w;: i € N} of self-adjoint elements in
X such that

(i)x |lzi — wi|]| < € for every 1 € N,

k
(i1)x the element Y~ w? is invertible for some & > 1.

i=1
Let z = f(w), i € N. Clearly z € Yy, and ly; — zll = ||f(z:) — flwi)]]
= ||f(z: — wi)|| < |lzi — will < € for each i € N. By (ii)x, there exists an element
k k k k
a € X such that a- > w2 = 1. Clearly f(a)- 3 22 = f(a)- Y f(w;)? = f(a)~f<§:wi2)
=1 =1 i=1 i=1
k k ‘
=f <a~ > wf) = f(1) = 1 which shows that 3 2? is invertible. 0
i=1 =

PROPOSITION 2.6. LetK >0and f: X = Y bea surjective x-homomorphism
of unital C*-algebras. If X has weakly infinite bounded rank with respect to K, then so
does Y.

PRroOF: For a sequence {y;: i € N} of self-adjoint elements in ¥ and £ > 0 choose
a sequence {z;: i € N} C X,, such that f(z;) = y; for each i € N. Since X has weakly
infinite bounded rank with respect to K, there exists a K-unessential sequence {w;:
i € N} C X such that ||z; — w;|| < € for each i € N. We claim that {z; = f(w;): ¢ € N} is
a K-unessential sequence in Y. Indeed, let § > 0 be a rational number. Since {w;: i € N}
is K-unessential in X, there exists a finite subset D C N and a D-tuple (s;),., such that

(I)x Jlws — sill < & for each ¢ € D;
) -1 1
(i) x ”(,2:;, S‘) ” ST 52
Now consider the D-tuple (r; = f(s;));cp- Clearly
W)y Nz =7l < || f(wi) = f(s9)]|] < || f(wi — 83)|| < llwi — si]| < 6 for each i € D;

we (5 1=l (g ) 1<l(g) < s

Proof is completed. 1]

PROPOSITION 2.7. Let K > 0. If the unital C*-algebra X has weakly infinite
bounded rank with respect to K, then it has weakly infinite real rank.
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PRroOF: Let {z;: ¢ € N} be a sequence of self-adjoint elements in X and let € > 0.
Take a K-unessential sequence {y;: i € N} in X such that ||z; — y;]} < /2 for each i € N.
Since {y;: ¢ € N} is K-unessential, it contains a finite K-unessential subset {y;: ¢ € D},
D C N. As in the proof of Proposition 4.6, there exists a D-tuple (z;);cp such that

(i) |lyi — 2|l < é for each i € D,
(i) 3 2?2 is invertible,

i€D
Clearly, ||z; — z|| € llz: — wsll + lvi — 2| < €/2+¢€/2=¢,4 € D. According to (ii), > z?
ieD
is invertible, which shows that X has weakly infinite real rank. 0

COROLLARY 2.8. If a unital C*-algebra has strongly infinite real rank, then it
has strongly infinite bounded rank with respect to any positive constant.

2.2. THE COMMUTATIVE CASE If X is a finite-dimensional compact space, then, ac-
cording to Corollary 1.5, rr(C(X)) = br; (C(X)) = dim X for any positive K < 1. Our
next goal is to extend this result to the infinite-dimensional situation.

First, recall that a compact Hausdorff space X is called weakly infinite-dimensional
(1] if for any sequence {(F;, H;): © € N} of pairs of closed disjoint subsets of X there are

partitions L; between F; and H; such that ﬂ L; = ). Here, L; C X is called a partition
between F; and H; if L; is closed in X and X \L; is decomposed as the union U; U V] of
dlsJomt open sets with F; C U; and H; C V;. Since X is compact, ﬂ L; = { is equivalent

to ﬂ L; = 0 for some k € N. If X is not weakly infinite- dlmensmnal then it is strongly
i=1
infinite-dimensional.

A standard example of a weakly infinite dimensional, but not finite-dimensional,
metrisable compactum can be obtained by taking the one-point compactification a(EB{]I":
n e N}) of the discrete union of increasing dimensional cubes. The Hilbert cube @Q is, of
course, strongly infinite-dimensional.

THEOREM 2.9. Let X be a compact Hausdorff space and 0 < K < 1. Then the
following conditions are equivalent:
(a) C(X) has weakly infinite bounded rank with respect to K;
(b) C(X) has weakly infinite real rank;

(¢) X is weakly infinite-dimensional.

PROOF: (a)=(b). This implication follows from Proposition 2.7 (which is valid for
any — not necessarily commutative — unital C*-algebras). .

(b)==(c). Suppose that C(X) has a weakly infinite real rank. Take an arbitrary
sequence {(B;, K;): i € N} of pairs of disjoint closed subsets of X and define functions
fi: X = [-1,1] such that f;(B;) = —1 and f;(K;) =1 for every i € N. Then, according
to our hypothesis, there is a sequence {g;: i € N} € C(X) of real-valued functions and
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k
an integer k with ||f; — gl <1, i € N, and 3 g2(z) > 0 for each £ € X. If C; denotes the
i=1

set g;*(0), the last inequality means that fk] C; = 0. Therefore, in order to prove that
X is weakly infinite-dimensional, it only rezx_lelxins to show each C; is a separator between
B; and K. To this end, we fix i € N and observe that || f; — ¢;|| < 1 implies the following
inclusions: g¢;(B;) C [—2,0), ¢i(K:) € (0,2] and ¢;(X) C [-2,2]. So, X\C; = U;UV;,
where U; = ¢;'([-2,0)) and V; = ¢;'((0,2]). Moreover, B; C U; and K; C V;, that is,
C; separates B; and K;.

(c)=>(a). Let us show that the weak infinite-dimensionality of X forces C(X) to
have a weakly infinite bounded rank with respect to K. To this end, take any sequence
{fi: 1 € N} € C(X) of real-valued functions and any positive number €. It suffices to find
another sequence {g,-- i € N} of real-valued functions in C(X) such that || f; — g,'” g € for

every i € N and Z g%(z) > 0 for every z € X and some m € N. Indeed, if z g3(z) >0
i=1 i=1
for every x € X, then the function Eg, is invertible. This, according to Proposition

1 4, is equivalent to the K -unessentlallty of the m-tuple (g1, .., gm)- On the other hand,
Z gZ(z) > 0 for each z € X if and only if ﬂ g:71(0) = 0. F‘urther, since X is compact,

the existence of m € N with ﬂ g H0) =10 is equlvalent to ﬂ 971(0) = 0. Therefore, our

proof is reduced to constructmg, foreachi €N, a functlon g, which is e-close to f; and
such that the intersection of all g; l(0) s, 2 € N, is empty.

For every i € N let ¢; = 1nf{f, 1T € X} and d; = sup{f,-(a:) 1T € X}. We can
suppose, without loss of generality, that each interval (¢;, d;) is not empty and contains 0.
For every i we choose e 7 > 0 such that n; < €/2 and L; = [—n;,m] C (¢, d;), s € N. Let

Q= H[c,, di), Qo = H L; be the topological products of all [¢;, d;]’s and L;’s, respectively

Con51der the dlagonal product f = A{f;: i € N}: X — @ and note that H = ﬂH,,
where H = f~1(Qo) and H; = f;'(L;) for each i € N. We also consider the sets "

Fr = 7l ) and B = f7(fmod), s €N

Since H is weakly infinite-dimensional (as a closed subset of X), by [1, Theorem 19,
Section 10.4], there is a continuous map p = (p1,psz,.-.): H — Qo and a pseudointerior
point b = {b;: i € N} € Qp (that is, each b; lies in the interior of the interval L;) such
that

bgp(H), FrnHCp'({-n}), and FrnHCp;'({n}), ieN.
Since each b; is an interior point of L; = [—7;, 7], there exists homeomorphisms s;: L;
— L; which leaves the endpoints —7; and #; fixed and such that s;(b;) = 0. Let s = A{s;:

1 € N}: Qo — Qo and g = s o p. Obviously s(b) = 0 and O ¢ q(H), where 0 denotes the
point of Qg having all coordinates 0. Further observe that if ¢; = m;0q, where ¢;: Qo — L;
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denotes the natural projection onto the i-th coordinate, then
F-nHcCg'({-m}) and FFNnHCq'({m}), ieN.

Therefore, each g;, 1 € N, is a function from H into L; satisfying the following condition:
a(F7 NH) = fi(F7 N H;) = —y; and ¢;(F* N H) = f(F* N Hy) = n. Let hy: Hy = L;
be an extension of ¢;, 7 € N. Note that the restrictions of h; and f; onto the sets F, N H;
and F;' N H; coincide. Finally, define g;: X — [c;, d;] by letting

(z) = hi(x), if z € H;;
7 ), fre X - H,

To finish the proof of the if part we need to show that g;(z) is e-close to f;(z) for
each 7 € N and z € X, and that ﬂ g:71(0) = 0. Since g; and f; are identical outside H;,

the first condition is satisfied for z ¢ H;. If z € H;, then both f;(z) and g;(z) belong to

L;, so again | fi(z) ~ g,(z)| < €. To prove the second condition, observe first that z ¢ H

implies = ¢ H; for some j. Hence, g;(z) = fij(z) € L;, so gj(z) # 0. If z € H, then

9:(z) = ¢i(z) for all ¢ and, because O & g(H), at least one g;(z) must be different from 0.

Thus, N g;*(0) = 0. 0
i=1

Let C* (Fs) denote the group C*-algebra of the free group on countable number of
generators. It is clear that rr (C’* (IFOO)) > n for each n. Our results imply much stronger
observation.

COROLLARY 2.10. The group C*-algebra C* (F,) of the free group on count-
able number of generators has strongly infinite real rank.

PROOF: It is well known that every separable unital C*-algebra is an image of
C* (F) under a surjective *-homomorphism. In particular, there exists a surjective *-
homomorphism f: C* (Fy) = C(Q), where @ denotes the Hilbert cube. It is well known
(see, for instance, [1, Sections 10.5]) that the Hilbert cube Q is strongly infinite dimen-
sional. By Theorem 2.9, C(Q) has strongly infinite real rank. Finally, by Proposition
2.5, real rank of C* (F,,) must also be strongly infinite. 0

PROPOSITION 2.11. Let X and Y be unital C*-algebras with weakly infinite
real rank. Then X ® Y also has weakly infinite real tank.

PRrOOF: Let {(zi,4:): i € N} be a sequence of self-adjoint elements of X ® Y and
€ > 0. Since both X and Y have weakly infinite reak rank there exist sequences {z;:
i € N} and {w;: 7 € N} of self-adjoint elements of X and Y respectively such that
(i) ||z — #l)| < € for every i € N;
(i1) lyi — wi|| < € for every ¢ € N;
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n
(iii) for some 7 > 1 the element Y 22 is invertible;
i=1

m
(iv) for some m > 1 the element }_ w? is invertible.
=1
Without loss of generality we may assume that n > m. Obviously, according to (iv),
n
S w? is also invertible. Next consider the sequence {(z;,w;): i € N}. Note that

i=1

(i vs) = (zi wi)|| = || (zi — 21, 5 — wi)|| = max{||zs — zlf, lvs — will} <&
n n
and that, according to (iii) and (iv), Y (2, w:)? = 3_(2?, w?) is also invertible. D
i=1 i=1

Next statement provides a formal example of a unital C*-algebra of weakly infinite,
but not finite real rank.

PROPOSITION 2.12. Let X = o(&{I": n € N}) be the one-point compactifi-
cation of the discrete topological sum of increasing-dimensional cubes. In other words,
C(X) = [TI{CU™): n € N} (here [] stands for the direct product of indicated C*-
algebras). Then C(X) has weakly infinite, but not finite real rank.

PROOF: Obviously X is countably dimensional and hence, by [1, Corollary 1, Sec-
tion 10.5], it is weakly infinite dimensional. By Theorem 2.9, C(X) has weakly infinite
real rank. It only remains to note that rr(X) > n for any n € N. 0

In conclusion let us note that there exist non-commutative C*-algebras with similar
properties (compare with Corollary 2.10).

COROLLARY 2.13. There exist non-commutative unital C*-algebras of weakly
infinite, but not finite real rank. :

PRrROOF: Let X be as in Proposition 2.12 and A be a non-commutative unital C*-
algebra of a finite real rank. According to Propositions 2.4 and 2.11, the product C (X)®pA
has weakly infinite real rank, It is clear that C(X) @ A is non-commutative and does not
have a finite real rank. 0
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