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On @, Qum and Q y#-algebras

Abstract. The concepts of Q) and Q#— algebras were
defined in [4] as generalizations of Q— algebras. In this paper
we prove that, if X is a completely regular Hausdorff space,
then the uniform topology o is the only topology 7 on Cy(X)
which is coarser than o and possesses the following property:
A = (Cy(X),T) is a topological algebra and the above three
concepts are equivalent for A. We also construct a By-algebra
which is a Qpr-algebra, but it is not a Q-algebra.
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1. Introduction. Throughout this paper F is the field of real
numbers R or complex numbers C and A is a topological algebra over
F with unit e and associative jointly continuous multiplication. A
locally convez algebra is a topological algebra A which is a locally
convex space, in this case its topology can be given by means of a
family {]|.]|, : @ € A} of seminorms such that for each & € A there
exists B € A satisfying
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(1) Iz ylla < lzlls- lyll

for all z,y € A.

A complete metrizable locally convex algebra is called a By-algebra.
For a Bg-algebra A there exists a sequence of seminorms (110,
defining its topology and satisfying

(2) lzyll, < Il ng 19l

forn=1,2,...and all z,y € A.

A locally convex algebra; in particular a Bo-algebra, is said to be
locally multiplicatively convez (shortly m-convez) algebra if (1) can be
replaced by

lzylle < llzllo 1Yl

for all « € A and z,y € A.

The set of all invertible elements in A is denoted by G(A). If G(A)
is open, then A is called a Q-algebra. For z € A the set oalz) ={\ €
F:le—z & G(A)} is the spectrum of z in A. The spectral radius is
defined as: p,(z) = sup{|A| : X € o(z)} if oa(z) # 0 and py(z) =0,
otherwise. When no confusion can be expected we simply write o(z)
and p(z), respectively. '

By M(A), (resp., M#(A)) we denote the space of all non-zero
continuous and multiplicative (resp., non-zero multiplicative) linear
functionals on A with the weak™ topology.

For any = € A, 7 stands for its Gelfand transform: z(f) = f (z),
f € M#(A). Recall that Z(M#*(A) C o(z) for all z € A.

If A is a Q-algebra then M(A) = M#(A) and o(z) is a compact
set for each = € A.

2. Quq - algebras and Qj#- algebras. For some algebras
A, for example commutative complex Banach algebras, we have the
following very important property:

(m) T(M(A)) = o(z) for all z € A.
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In [4] the next two conditions are setting

(my) 2 (M (A)) is dense in o () for all z € A.
(ms) p(x) =sup{|A| : A € Z( M(A))} for all z € A.

Obviously, (m) = (m1) = (my), if o(z) # 0.

Most topological algebras do not possess property (m); if A is such
an algebra, then there exists € A such that Z(M(A)) is a proper
subset of o(x).

In [4] the "linear parts” Z (M (A)) and Z (M# (A4)) of the spec-
trum o (z) are introduced. The set opq(z) = Z(M(A)) (o pen(z) =
Z(M*#(A))) is called the M-spectrum (M#*-spectrum) of z.

An element x € A is said to be M-invertible (resp., M#-invertible)
if 0 ¢ or(z) (resp., 0 ¢ opq#(x)). The set of all M ( M#)-invertible
elements of A is denoted by G ( Gog#). Finally, we say that A is a
Qm (Qu#)-algebra if Gaq (G ) is open in A.

The next result appears as part of [4, Corollary 4.3].

LEMMA 1 If A satisfies (m2), then next three properties are equiva-
lent:

(a) A is a Q—algebra.
(b) A is a Q#-algebra.
(c) A is a Qur-algebra.

Let X be a completely regular space. We denote by Cj (X) the
algebra of all continuous bounded complex functions on X. Let 7 be a
topology on Cj, (X) such that (C,(X),7) is a topological algebra under
the pointwise operations and 7 is finer than the pointwise convergence
topology.

THEOREM 1 If 7 is coarser than the uniform topology o on Cy(X),
then the following conditions are equivalent:

L (Cy(X),7) is a Q -glgebra.
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2. (Cp(X),7) is a Qr# -algebra.
3. (Cy(X),7) is a Qrm-algebra.

4 r=a.

Proof Let A= (Cy(X), 7). Since 7 is between the pointwise
topology and o, we have X C M(A) C X = M#(A), where BX
is the Stone-Cech compactification of X. Moreover, o(f) = f(X) for
every f € A. Consequently, A satisfies condition (m;), and therefore,
(ms). Hence, by Lemma 2.1, conditions 1- 3 are equivalent. Obviously,
condition 4 implies condition 1.

Finally, suppose A satisfies condition 1. Then the map ¢ : A —
(Cp(M(A)),0), ¥(f) = f, is continuous (see Corollary 3.4 from [4]).
But the Banach algebra (Cy(M(A)), o) is isomorphic to (Cy(X), o)
because X C M(A) C fX. Thus, the identity transformation from
A onto (Cy(X),0) is a continuous bijective map. Since 7 C o we
conclude that 7 = ¢. Thus, condition 1 implies condition 4. [

Let X = N be endowed with the discrete topology. Then Cy(X) =
£> and the strict topology 3 ([5]) on C,(X) is given by the sequence
space cg of all null sequences, i.e., # is determined by the seminorms
[zll, = suPpsy [Tnyn| for o = (z)72; in £ and y = (yu)72; in co.
Clearly f is strictly coarser than the uniform topology o, so (Cy(X), 5)
is not a @ —algebra. In fact, (£*°, c¢y) has the following property which
is strongly opposite to that one of being a ()-algebra: the set of all non-
invertible elements of this locally convex algebra is dense in (£*°, ¢y).
Indeed, it suffices to show that any neighborhood of the identity 1
contains a non-invertible element. To this end, we fix ¢ > 0 and
a = (an),.; in ¢o and choose n > 0 such that 7 < € and there exists
n € N with 7 < |a,|. Then the non-invertible element z = (z,,)2; €
¢ defined by z,, = 1 if |a,| > 1 and z,, = 0 otherwise, belongs to the
[B-neighborhood of 1 determined by € > 0 and a. [J

3. An example. In this section we construct a By—algebra
which is a Q) rq—algebra but it is not a ()-algebra.

Let (amm), p > 1,n > 0, be an infinite matrix of positive real
numbers, satisfying the following two conditions:
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1) a'p,n S ap+1,n7
ii) apnim < Api1npiim

forp>1and n > 0.
The matrix algebra A (a,,) associated with the matrix (a, ) is the
By-algebra of formal power series with coefficients in C, defined by

Alapy) ={z = anz” : Z | 20| apn < 0o for all p > 1},
n=0 n=0

with the topology determined by the seminorms ||z|, = Z |20 apn,
n=0

p=1,12,..

By i) and ii) A(a,,) is a By -algebra under the Cauchy multipli-
cation and the usual linear operations.

The sequence (2")72 is a basis for A(a, ) and it is called a cyclic
basis. Since the algebra A(ay,,) is singly generated by z, every contin-
uous multiplicative linear functional on A(a,,) has the form fy(z) =
i N for some fixed ) €.

=1

It is shown in [2] that

(3) D, (0) Com(z) C D, (0)

(4) Dpg (0) C O'(Z) C Dpg (0),

where D, (0) and Dg (0) are the open disks in C around 0 with radii:
r= iglla(hm 711%1‘1 M=, = spglla(hm i%fl /O

and

R = sup(limsup {/|[2"[|,) = sup(lim sup {/a,).

p>1 n>1 p>1 n>1
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Now, we need a special matrix (b, ,) satisfying the following conditions
(see [1] for the construction of such a matrix):

(5) bpn>1forallp=1,2,..andn =0,1,...
(6) hm:gfl oy T kI
(7) imsup $/b,, =c, p=1,2,..

n>1

Therefore, the matrix algebra A(b,,) associated to (b,,) is a Bo-
algebra for which r =1 and R = o0.

It follows by (3) and (6) that every continuous multiplicative linear
functional on A(by,,) has the form fy(z) = > z,\", where X is any

=]

complex number with |A] < 1. Moreover, by (5) we have
S 2al €3 nl bpin < 00,
n:O T[.:O

for every x = ) z,2" in A(b,,). The last inequality implies that any
n=0

o0 s
T =Y x,2" € A(by,) generates the continuous function ¢, : D;(0) —

n=0
C, ¢,(\) = fa(z). Hence, since op(z) = {fa(z) : |A| < 1}, the set
om(x) is compact for every x € A(bp,,).

We are in a position now to show that A(b,,) is a Q-algebra. Let
T = ) z,2" be an M-invertible element of A(b,,). Then 0 ¢ o(z),

n=0
so min{|¢,(N)| : || < 1} = ¢ > 0. The set V = V(z, ||.||1,§) is a
neighborhood of z and for every y € V' we have

18201 = 16, < Y- 120 = vl < llo =y, < 5.
n=0

So, ¢, (N)]| > g > 0 for any A in D;(0), i.e. 0 & o(y). Therefore, any

y € V is M-invertible which implies that A(a, ) is a Qr-algebra. On
the other hand, A(b,,) is not a @ -algebra because, by (4) and (7),
o(z) is not bounded.
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