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Abstract

We introduce a concept of the bounded rank (with respect to a positive constant) for unital
C*-algebras as a modification of the usual real rank and present a series of conditions insuring
that bounded and real ranks coincide. These observations are then used to prove that for a given
n and K > 0 there exists a separable uni(éff-algebrazf such that every other separable unital
C*-algebra of bounded rank with respectkoat mostn is a quotient 0125.
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1. Introduction

The concept of the real rank plays an important role in a variety of problems related to
general classification problems 6f-algebras. Despite of this widely recognized fact we
still see continuing attempts of defining “right dimension” (such as stable [14], analytic
[10], tracial [8], exponential [13], completely positive [15] ranks) for unitdl-algebras.
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Definition of the real rank [1] (as well as @ prototype—topologicadtable rank [14])
of unital C*-algebras is based on the following standard result from classical dimension
theory (see [7,11,12,6]) characterizifgtLebesgue dimension dim of compact spaces:

The Lebesgue dimensidim X of a compact spac¥ is the least integet such that the
set{f: C(X,R"t1): 0¢ f(X)} is dense in the spade” (X, R"*1) of all continuous
maps ofX into the Euclidean spacg”*1.

A map f € C(X,R"*1) may be identified with then + 1)-tuple (m1 0 f, ..., 410
f), wheren :R**1 — R is a projection onto thetth coordinatek = 1,...,n + 1.
The condition0 = (0,...,0) ¢ f(X) may be equivalently expressed as the condition

Z’j sz(x) # 0 for any x € X. This, in turn, can be equivalently rephrased as the

invertibility of the eIementZZj f. These two observations lead us to the definition of

the real rank:

The realrank r(X) of a unital C*-algebra is the least integer such that each
(n + 1)-tuple (x1, ..., x,4+1) of self-adjoint elements of can be arbitrarily closely
approximated by anothewm + 1)-tuple (y1, ..., yn+1) Of self-adjoint elements so that
the elemen} 77 y2 is invertible.

Of course, the analogy is quite formal and does not go far beyond the obvious
observation—i(X) = dim 22 (X), wheref2 (X) is the spectrum of the commutative unital
C*-algebraX,—and a few other straightforwarctensions of certain basic facts from
classical dimension theory to a non-commutsituation. But there are difficulties in
finding proper algebraic interpretations in terms of the concept of the real rank of a
non-commutative unitaC*-algebraX of such an immediate geometric consequence of
the condition dim2(X) < n as the possibility not only to remove the image of any
f:82(X) — R from 0, but even to push this image by armove outside the open

ball O(0, ¢) of radiuse > 0. As it turns out in the presence of some form of functional
calculus (as in the commutative or the realkaero cases—see Corollaries 3.12 and 3.13)
there exists a satisfactory analog of the abmentioned geometric fact. As for the general
case, the situation remains unclear and we, as a consequence, are unable to answer the
question

Is it true thatrr(J[{X;: ¢ € T}) < n for any collection of unitalC*-algebrasX; such
thatrr(X,) <n foreachr e T?

The corresponding topological fact—dpdD{s2(X;): ¢t € T}) < n—is easy to
establist Perhaps the easiest way of proving the desired inequality in terms of the above
given characterization of dim is first tqpproximate (as close as we wish) each of the
restrictionsf; : $2(X,) — R**1, ¢ € T, of an arbitrarily given mayy : BEP{R2(X,): t e

3 Compact-open topology is being considered.
4 K stands for the Ston€ech compactification of a spade
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T}) — R**1 by mapsg; : 2(X,) — R"*1\ {0} and then to move each of the images
g:(£2(X,)) outside of the open balh (centered ab) of the appropriate radius by small
moves (independent ofe T). This way we get a map: P{2(X,): t e T} — R*1\ 0.
Since the image (H{$2(X,): t € T}) has a compact closurg,can be extended to a map
Z:B@@D{R(X,): t € T})) — R\ 0 which would be the required approximation pf
whose image missds

Analysis of this elementary reasing leads us to the conceptlodundedrank (to be
more specific—bounded rank with respect to an a priori given positive constant) which is
defined in Section 3 (we intend totexd this definition to non-unitdl*-algebras and study
its properties in a separate note). We present certain geometric conditions guaranteeing the
coincidence of the real and bounded ranks. Despite the fact that there is no satisfactory
theory of joint spectra for non-commuting tuples of uni@&talgebras, these conditions are
formulated in terms of properties of joint spectra in order to emphasize a “non-geometrical
nature” of possible differences between the real and bounded ranks. Bounded and real
ranks coincide for commutative unit@f-algebras as well as for unitat-algebras of real
rank zero.

One of the main advantages of bounded rank is that the corresponding analog of the
above stated question has a positive ansiPeoposition 3.16). This fact is then used in
the construction of a separable unital univer6&talgebra of the given bounded rank
(Theorem 4.4). A motivation for such a result lies, once again, in classical dimension
theory. It is a well-known observation (see, for instance, [6, Theorem 1.3.15]) that the
Menger cubeu” contains a topological copy of any at mostlimensional metrizable
compact space. This means that evesynmutative separable unitél*-algebra of real
rank at most: is a quotient of theC*-algebraC (u"*). We extend this result to the non-
commutative case. A similar result far= 0 has been obtained in [3].

We recall the concept of &-invertibility introduced in [3]. For a given clas§ of
separable unital"*-algebras the&-invertibility of a unital x-homomorphisnp:Y — Z
means that for any unital-homomorphisng : Y — X, with X € C, there exists a unital
x-homomorphisnh : Z — X such thatg = & o p. It is easy to see that if there exists a
C-invertible unitalx-homomorphisnp : C*(F«) — Z¢ such thatZ¢ € C, whereC*(Fo)
denotes the groug*-algebra of the free group on countable number of generatorszihen
is an universal elementin the claddndeed, since every elemeXxitof C can be represented
as the image oC*(F.) under a surjective-homomorphisnmg : C*(F») — X, theC-
invertibility of p guarantees that there exists a surjectideomomorphismi: Z¢ — X
suchthaig =ho p.

In Section 4 we consider the caSe= BRX, wherek > 0 andBRX denotes the class
of all separable unital’*-algebras of bounded rank with respecki@t mostz, and prove
that there indeed existslﬁR,’f-invertible x-homomorphisnp : C*(Fy) — Z,f such that
ZK e BRK which, as noted, implies thatX is a universaC*-algebra in the clas8RX.
Itis interesting to note that not onX is universal in the above sense, but for every unital
x-homomorphisng : C*(F) — C the pushouZX % ¢C, generated by andg, is also
BRK -universal. To see this take any separable uiitablgebraX such that bg (X) <n
and consider the unital-homomorphismi:C — X. Since p is BRX -invertible, there
exists a unitak-homomorphisn : ZK — X such thati o p = h o g. The homomorphisms
h andh uniquely determine the unitarhomomorphisng : ZX s ¢C — X as required.
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2. Preliminaries

All C*-algebras below are assumed to be unital. When we refer to a dHitalib-
algebra of a unitalC*-algebra we implicitly assume that the inclusion is a unital
homomorphism. The set of all self-adjoint elements Gf‘aalgebraX is denoted byX,,.
The product in the category of (unitad)*-algebras, i.e., thé>-direct sum, is denoted by
[1{X:: r € T}. For a given set and a cardinal number the symbol expY denotes the
partially ordered (by inclusion) set of all subsetsfobf cardinality not exceeding.

Recall that a direct systens = {Xa,ig,A} of unital C*-algebras consists of a
partially ordered directed indexing sdt unital C*-algebrasX,, « € A, and unitalx-
homomorphisms’f Xo — Xﬁ, defined for each pair of indexes 8 € A with « < 8, and

satisfying the conditiosy, = zﬂ ozo, for each triple of indexes, 8,y € Awitha < 8 < y.
The (inductive) limit of the above direct system is a unif&talgebra which is denoted by
I|m S. For eachx € A there exists a unital-homomorphisni, : X, — I|m S which will
be called thevth limit homomorphism ofS.

If A”is a directed subset of the indexing ggtthen the subsystefiX,, if, A} of Sis
denotedS|A’.

In Section 4 we use the concept of a dir€¢tsystem introduced in [2].

Definition 2.1. Let t > w be a cardinal number A direct systefn={ X, i za , A} of unital

C*-algebrasX, and unitalx- homomorphlsmso, :Xo — Xp is called adirect C}-system
if the following conditions are satisfied:

(a) Aisar-complete set (this rans that for each chaif of elements of the directed set
A with |C| < 7, there exists an element s@pn A; see [4] for details).

(b) The density ofX,, is at mostr (i.e.,d(Xy) < 1),0 € A.

(¢) Theath limit homomorphismy, : X, — I|m S is an injectivex-homomorphism for
eacha € A.

(d) If B={o: t € T} is a chain of elements of with |T| < t anda = supB, then the
limit homomorphismﬂ)n{igt: teT}: I|_m) (S|B) — X, is an isomorphism.

Proposition 2.2 [2, Proposition 3.2]Let ¢ be an infinite cardinal number. Every unital
C*-algebra X can be represented as the limit of a direC}-systemSy = {Xa,iff, A}
where the indexing set coincides withexp, ¥ for some(any) dense subsef of X with
Y| =d(X).

Lemma 2.3[2, Lemma 3.3]If Sx = {X,, if, A} is a directC}-system, then
lim Sx = J{ia(Xa): @ € A}.

The real rank of a unital’*-algebraX, denoted by tX), is defined as follows [1]. We
say that r¢X) < n if for each(n + 1)-tuple (x1, ..., x,+1) of self-adjoint elements X
and every > 0, there exists atm + 1)-tuple (y1, . .., yo+1) in Xy, such thadd {1 y2 is

invertible and]| Y777 (xx — yi)?ll < é.
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Lemma 2.4. The following conditions are equivalent for a unit&t-algebraX:

@) rX)<n
(i) for each(n + 1)-tuple (x1,...,x,+1) in X;, and for eache > 0, there exists an
(n+1)-tuple(y1, .. ., yat1) in X4 such thafy 7112 is invertible and|xx — yill < &
foreachk=1,2,...,n+1;
(iii) foreach(n+ 1)-tuple(x1, ..., xy+1) in X5,, With ||x¢|| = 1foreachk =1, ..., n+1,
and for eache > 0, there exists ann + 1)-tuple (yl, .., Yu+1) In X, such that
Zk 1yk is invertible and||x; — yx|| <& foreachk=1,...,n+ 1L

Proof. (i) = (ii). Let (x1,...,x,+1) be an(n + 1)-tuple in X, and e > 0. By (i),
there exists ann + 1) tupIe (1, ..., yn+1) in Xy, such thatZ”Jrl y; Is invertible and
I TG — yo?l < €2

Sincexy — yx € Xm, it follows [9, Theorem 2.2.4] thatx; — yx)? > 0 for each
k=1,...,n+1. Then, by [9, Lemma 2.2.3}"*1(x; — yx)2 > 0. Note also that

Z"“(xl — )2 = (= 3% = Y (i — y)? >0, k =1.....n + 1, which
guarantees thaty, — yx)? < Z"H(x, —yi)? foreachk=1,....,n +1. By [9, 2.2.5

Theorem], | — yell? = [l — yi)?ll < 1| 201 (i — y)?)l < €2 . Consequentlyxi —
vkl <e,k=1,...,n+ 1. This shows that condition (ii) is satisfied.

The implication (ii)= (iii) is trivial.

(i) = (i). Let (x1, ..., x,41) be an(n + 1)-tuple in X, ande > 0. We can assume that

eachx; # 0. Consider then + 1)-tuple (24 ||x1|| ey Hi"ﬁ”) By (iii), there exists arfn + 1)-
tuple (71, .. ., Jat+1) in Xsq such thaty 71152 is invertible and| 2 T = el </ 2,
k=1,2,...,n+ 1, whereM = 1 . Now let y = [|lx¢|l - yx for each

max{||x¢|12: k=1,...,n+1}
k=1,...,n+ 1. Then we hav¢|(xk — 02l = |Gk — i) (xx — yk)*II = llxx — il =
ekl - ey =l - 3ll? = ek 12l ey ”Xk” P < g k=1...n+1. Consequently

I o — v 21l < 01 — i)l < &, which shows that () < a

3. Bounded rank, real rank and joint spectra

One of our main goals in this section is to define the bounded rank of dHitalgebras.
Formal definition makes it not very easy to see how this new concept differs from the
concept of real rank. Intuitive geometrical interpretation does not really help. Moreover,
we show that in the presence of a nice joint spectrum real and bounded ranks are indeed
identical. Such situations include theromutative case as well as the case of real rank
zero.

3.1. Axioms of generalized joint spectra
Let £(C™) denote the collection of compact subsets@*. Let M € N U {oo}.

A generalized jointM-spectrum (or simply spectrum) on an unitaf-algebraX is a
collection{s,,: m < M} of mapss,, : X" — KC(C™) satisfying conditions (I)—(1ll) below:
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() 6m(x1,...,x,) is anon-empty compact subset@©f.
() If x € X, theno1(x) = o (x), whereo (x) denotes the usual spectrum of the element
(my pGmx, ..., xm)) = 6n(p(x1,...,xm)), Wherep = (p1,..., pn):C" - C" is a
polynomial mapping.

We also consider the following two properties:

(IV) There exists a constark > 0 (called a polynomial spectral constant) such that for
any rationals > 0, for anym-tuple (x1, ..., x,») in X (respectively, inX,,) and for
any polynomial mapping = (p1, ..., pm):C™ — C™ (respectively, having real
coefficients) with||p — iden|| < K - §, there exists am-tuple (y1, ..., ym) in X
(respectively, inX,) such that (y1, ..., ym) = p(Gm(x1, ..., X)) and|xg — yx|l <
§ foreachk=1,...,m.

(V) There exists a constar > 0 (called a general spectral constant) such that for
any rationals > 0, for anym-tuple (x1,...,x,) in X (respectively, inX,,) and
for any map f from 6,,(x1,...,x,) into C™ (respectively, intoR™ < C™) with
I f —ids, (xy....0om | < K - 8, there exists am-tuple (y1. ..., yn) in X (respectively,
in Xg,) such thats (y1, ..., ym) = f(Gm(x1,...,xn)) and|lxy — yi|| < 8 for each
k=1,...,m.

Few comments are in order:

(A) Concerning property (1), it is not usually required (in a much more general setting
though) that the spectrum of every tuple of non-commuting elements be non-empty.

(B) Properties (I)—(lll) are standard axioms [16] of joint spectra (for commuting tuples)
in Banach algebras. Property (l11) is known as the spectral mapping propetty of

(C) ltis easy to see [16] that properties (11) and (111) imply the inclusigiix1, ..., x,;) C
[Tlo(xx): k=1,...,m}foranym-tuple(x1, ..., xp) in X.

(D) Note that if, in property (lll), them-tuple (x1,...,x,) consists of self-adjoint
elements and the polynomialg, k = 1, ..., m, have real coefficients, then the-
tuple p(x1,...,xm) = (p1(x1, ..., Xm)s ..., pm(x1,...,xy)) also consists of self-
adjoint elements.

(E) In property (IV), we do not specify whether thetuple (y1, ..., y») iS obtained as
the image of then-tuple (x1, ..., x») under the polynomiab. Nevertheless, in light
of (D), we require that all;’s are self-adjoint provided that atl,’s are self-adjoint
and all the coefficients of the polynomialg are real.

(F) Thisis a similar comment with respect to property (V). Ifaalls are self-adjoint and
f(Gm(x1,...,xy)) CR™ CC™, then ally,’s are also assumed to be self-adjoint.

(G) If T is a compact space antk1,...,x,) is an m-tuple in C(T), let define
Om(x1, ..., xm) =Alxi: k=1,...,m}(T), whereA{x;: k=1,...,m}@) = (x1(t),
...,xm(t)) for eachr € T. The generalized joint spectrum so obtained has all the
properties (I)—(V) withK = 1.

(H) For any C*-algebraX the usual spectrura(x), x € X, provides an example of
a generalized joint 1-ggtrum. This follows from spectral mapping theorem and
considerations related to the functional calculus.
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3.2. Realrank in terms of generalized joint spectra

Before introducing the concept of bounded rank we illustrate how the usual real rank
can be characterized in terms of generalizedtjspectra. This result will be used later to
compare real and bounded ranks.

Lemma 3.1. Let X be a unitalC*-algebra with a generalized joint-spectrum. Then the
following conditions are equivalent for amy-tuple (y1, ..., y,) Of self-adjoint elements
in X:

(a) The elemen}_}._; y2 is invertible.
(b) 0 ¢ 6m(y1, cee )’m)-

Proof. Sincey; = yj it follows thato1(yx) = o (yx) € R and consequently, by proper-
ties (1) and (lll) (see comment (C)) of the joint spectrudp,(y1, ..., ym) € R™. Con-
sider the polynomiap(r1, ..., tm) = > jo ltk By property (II), p(Gn (Y1, .- .s Ym)) =
61(p(y1, - ym)) =0 (O 4 lyk) C [0, 00). This implies that0 ¢ 6,,(y1, ..., ym) if and
onlyif o (34 y,f) C (0, 00). Finally, note that the invertibility op ;" ; yk is equivalent

too(3L,1v?) C(0,00). O
As a corollary we obtain the following statement

Proposition 3.2. If there exists a generalized joiti + 1)-spectrum on a unita’*-algebra
X, then the following conditions are equivalent

(@) mX) <n;

(b) Forevery veryn + 1)-tuple(x, ..., x,4+1) of self-adjoint elements i and for every
& > 0 there exists arin + 1)-tuple (y1, - .., yn+1) Of self-adjoint elements such that
(i) llxxk —ykll <eforeachk=1,...,n+1;
(i) O0¢Gur1(¥1s--vs Ynt1)-

3.3. Bounded rank—am definitions
We begin this section with our main definitions.
Definition 3.3. Let K > 0. We say that am-tuple(y1, ..., y,;) of self-adjoint elements of

a unitalC*-algebraX is K-unessentiaif for every rationals > O there exists am-tuple
(z1,.-.,zm) Of self-adjoint elements of satisfying the following conditions:

@) llyk — zxll < 8 for eachk 1,.

(b) The elemen} ;. 22 is invertible and|(Zk 1207 < e

1-unessential tuples are referred taiagssential

Remark 3.4. Obviously if K1 < K2, then everyKo-unessentiak-tuple is K1-unessential.
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Definition 3.5. Let K > 0. We say that thdéounded rankof a unital C*-algebraX
with respect toK does not exceed (notation: bk (X) < n) if for any (n + 1)-tuple
(x1, ..., xp+1) Of self-adjoint elements of and for anye > 0 there exists & -unessential
(n + 1)-tuple (y1, ..., ya+1) in X such thatl|x; — yx|| < e foreachk =1,...,n+ 1. For
simplicity bri (X) is denoted by iX) and it is called dounded rank

We record the following statement for future references.
Proposition 3.6. rr(X) < brg (X) for any unitalC*-algebraX and for anyK > 0.

Proof. Let brg (X) =n and(x1, ..., x,+1) be an(n + 1)-tuple of self-adjoint elements
in X. Let alsoe > 0. Since bk (X) = n, there exists aKk-unessentiakn + 1)-tuple
(¥1, .-+, yut1) such that|x, — y|l < 5 foreachk =1,...,n + 1. This in turn means that
for a rational numbes with § < 5 there is ann 4 1)-tuple (z1, . . ., zx41) Of self-adjoint
elements such that

(@) llyx —zx|| <8 foreachk =1,...,n+1;
(b) The elemen} "7 22 is invertible and| (Y71 22) 71| < 5.
Clearly [lxx — zxll < llxx — yell + llyk — 2kl < 5+ 8 <&, k=1,...,n+ 1. According to

(b), ZZ:% 72 is invertible which shows that(X) <n. O

3.3.1. Bounded rank and polynomial spectral constant of a joint spectrum
In this subsection we investigate relations between bounded and real ranks in the
presence of a generalized joint spectrum satisfying condition (IV).

Lemma 3.7. Let X be a unitalC*-algebra with a generalized joink-spectrum satisfying
condition(lV). If K is a polynomial spectral constant of the joint spectrum, then for any
m-tuple (y1, ..., yn) of self-adjoint elements of we havega) = (b) = (c), where

(@) 0¢m(y1,---s ym)-

(b) For any rational$ > 0, there exists am-tuple(z1, ..., z,;) of self-adjoint elements in
X such that
() llzk — ykll <S8 foreachk=1,...,m.
(i) Gm(z1,....2m) CR™\ 0(0, X .5).

© O1,---,ym) is KTZ—unessential.

Proof. (a) = (b). Choose a rational numbér> 0. Our goal is to find amnn-tuple
(z1,...,2m) such that

() llyxr —zxll < S foreachk=1,...,m.
(i) 6m(zt,....zm) CR™\ 0(0, £ .9).

Since0 ¢ 6,,(¥1, ..., ym), there exists a numbé&r > 0 such thaD (0, C) N6, (y1, - . .,
vm) = @. Without loss of generality we may assume thag KT‘S
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Consider the function; : R — R defined by letting

f, if 1] > 52+,

£ 1 c, ifc<r<&2+c,
rs(t) = K5

~-(&5+0), if —&2-—c<r<-C,

(82 +1).1, iflr1<C

Let ps:R — R be a polynomial such thaps — rs| < C. Next consider the polynomial
Ds(t1, ... tm) = (ps(t1), ..., ps(tn)) : R™ — R™. Note that
. . . K-$
I1ps —id |l =|ps —id| < |ps —rs| + |rs —id| < SC+——-<K-é (3.1)
By property (1V), there exists am-tuple (z1, ..., zk) such that|zx — yk|l < 8 for each
k=1,...,mand

&m(zl»---»zm):ﬁﬁ(&m()’lv---v))m))- (3.2)

If (t1,...,tm) €61, ..., ym), thenforatleastone=1, ..., m, we must havés| >
C (recall thatO(0,C) N6, (y1, ..., ym) = @). Hence,|rs(tx)| > % + C. Consequently
there are two possibilities

rs(t) — C < ps(tx) <rs(tx) +C K-S
> —-C>—
() > K3+ C = ps(te) 2rste) —C > 5
or
rs(t) — C < ps(te) <rs(tx) +C K-S
< <———
() < -K2 — ¢ = ps(tr) <rs(t) +C < >
which simply means thadps (#;)| > KT‘S Therefore,
- . K-é
[ Bs e, oootm) | =maX{|ps(e]: i =1,...om} > |ps(t)| > —— (33)
By (3.2) and (3.3),
K-é
om (21, s 2Zm) ng\ 0<07 T) (34)

(b) = (c). Lets > 0 be rational. We fix am-tuple(z1, ..., z,,) of self-adjoint elements
of X satisfying conditions (i) and (ii) from (b). In order to prove thiat, . .., ym) is 42
unessential, we need only to check the}j_; z9) 7| < KZ 52+ 10 this end, consider the
polynomiali(zy, ..., t,) = Zk:lfk . According to property (lll), we have

a<zz,§>:,\(&m(zl,...,zm))g/\(R’"\o(o, %)) (3.5)
k=1
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If (t1,....tm) € R\ O(0, £9), then there exists = 1,...,m such thatis;| > £2 and
consequentlyzk’":ltk2 > KTZ - 82. By (3.5), we finally obtain

(Sl o) = [(54)

As a corollary of Lemma 3.7 we obtain the following statement.

4

g—K2~62' O

Proposition 3.8. If there exists a generalized joitii + 1)-spectrum on a unita’*-algebra
X satisfying condition$lV), then the following are equivalent

(@) mX) <n;
(b) brg2(X) < n, wherek is a polynomial spectral constant of the joint spectrum.
K3

Proof. The implication (b)= (a) follows from Proposition 3.6To prove the implication
(@)= (b), lete > 0 and(x1, ..., x,+1) be an(n + 1)-tuple of self-adjoint elements of.
By Proposition 3.2, there exists &n + 1)-tuple (y1, ..., y,+1) of self-adjoint elements
of X such that|xy — yx|| < e foreachk =1,...,n+1 and0 ¢ 6,+1(y1, ..., Yn+1).
Then Lemma 3.7 yields that th@ + 1)-tuple (y1, ..., yp+1) iS KTZ-unessentiaI. Hence,
brLz X)<n. O

4

3.3.2. Bounded rank and a general spectral constant of a joint spectrum
In this subsection we investigate relations between bounded and real ranks in the
presence of a generalized joint spectrum satisfying condition (V).

Lemma 3.9. Let X be a unitalC*-algebra with a generalized joint-spectrum satisfying
condition(V). If K is a general spectral constant of the joint spectrum, then forany
tuple (y1, ..., yn) of self-adjoint elements df we havega) = (b) = (c):

(@) 0¢Gm(y1, .-\ ym)-

(b) For any rationalé > 0 there exists am-tuple(z1, ..., z,) in X such that
() llzx — yxll <8 foreachk=1,...,m,
(i) 6m(z1, ... 2m) SR"\ O(0,K - ).

(€) (y1,...,ym) is K?-unessential.

Proof. (a)= (b). For a given rational > 0 we need to find am-tuple (z1, ..., z,) such
that

() llyx —zxll < 8 foreachk =1,...,m.
(”) 5'm(Zla---,Zm)ng\O(OaK"S)-
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Consider the functions : R™ \ {0} — R™, defined by letting

t, if It > K -6,
rs(t) =

Hore O <ItI<K -5,

wheret = (1, ..., t,) € R™\ {0}. Since0 ¢ 6,, (y1, - . ., ym), the restriction maps|6,, (y1,
ey Ym) iom (1, ..., ym) — R™ is well defined. Note thats(6,,(v1, ..., ym)) € R™\
0(0,K - 8). Since|rs|om(y1, ..., ym) — 105, (y1,...y) | < K - 8, by property (V), there
exists anm-tuple (z1, ..., z,) in X such that||zx — yr|| <& foreachk =1,...,m and
om(Z1s .-y 2m) =rs(@m(¥1, ..., ym)). It Only remains to note that
Om (21, -+ s Zm) =r5(5m(y1, . --,ym)) CR"\O0(0,K-9§).

(b) = (c). For a given rationad > 0, we fix anm-tuple (z1, ..., z;») of self-adjoint
elements ofX satisfying conditions (i) and (ii) of (b). As in the proof of Lemma 3.7,
implication (b)= (c),

a<2z,§> =AM(Gm(z1, -, zm)) SA(R™\ OO, K - 8)), (3.6)
k=1

wherei(ty, ..., ty) = Z’k":ltkz. Note that if(t1,...,t,) € R™ \ O(0, K - §), then there
existsi =1, ...,m such thats;| > K - 8 and consequentiy_ /-, 12 > K2 82. By (3.6),

a(Zz,f) CA(R™\ O(0, K -8)) S [K?- 62, 0)

k=1

~|(&)

As a corollary of Lemma 3.9 we obtain the following statement.

__1
T K2.87

Proposition 3.10. If there exists a generalized joitt + 1)-spectrum on the unitat*-
algebraX satisfying conditior{V), then the following are equivalent

(@) mX) <n;
(b) brg2(X) < n, wherek is a general spectral constant of the joint spectrum.

Proof. By Proposition 3.6, (b= (a). If rr(X) <n, lete > 0 and(x1, ..., x,+1) be an
(n 4+ 1)-tuple of self-adjoint elements ii. By Proposition 3.2, there exists & + 1)-
tuple (y1,..., yn+1) Of self-adjoint elements of such that|x; — yi|| < & for each
k=1,...,n+1and0¢ 6,4+1(y1,---, yut1)- Then Lemma 3.9 implies th&pq, ..., y,4+1)
is K2-unessential. Thus, pg(X) <n. O

3.4. Further properties of bounded rank

As it has been already noted in the Introduction, we can show now that all differences
between “invertible” andS -unessential commuting tuples disappear wkeq 1.
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Proposition 3.11. Let (y1, ..., y) be a commuting:-tuple of self-adjoint elements of the
unital C*-algebraX. If >°/L; yl.2 is invertible, then(y1, ..., y,) is K-unessential for any
positiveK < 1.

Proof. It suffices to prove thatys, ..., y,) is 1-unessential. Take a rational number
3 > 0 and consider th&€*-subalgebral’ of X generated by the given commutimg
tuple (y1, ..., y») and the unit element. By Gelfand duality there is a compact space
such thatt is isometrically isomorphic t& (7). Consequently we can identify elements
of our m-tuple with real-valued functions defined dh Consider the diagonal product
y=Aly;: i=1,...,n+ 1}:T — R™ defined byy@#) = {y1(#), ..., yn(®)} € R™ for
eacht € T. Since Z;”:lyiz is invertible, the imagey(7) does not contain the origin
0={0,...,0} e R™. LetO(0, §) denote the open ball 8tof radiuss. Consider a retraction

rs: (R™\ {0}) > (R™\ 0(0,9)).

Since0 ¢ y(T), the compositionrs o y: T — R™ \ 0(0, §) is well defined. Let;; =
miorsoy:T — R, wherer; :R™ — R; = R denotes the projection onto thi coordinate.
Note that||y; — z;|| <d foreachi =1, ..., m.

Take a point € T. Since(z1(¢), ..., zm(t)) =rs(y1(t), ..., ym(t)) ¢ O(0, ), it follows
thatz;(t) ¢ (—8,8) for somej = 1,...,m. Consequently """, z2)(t) = Y1 1 22(t) >
22(1) > §2. By [9, Example 1.2.1], this means that} ", z2) < [82, o). This, in turn,

implies that]| (37, z2) 71| < 8% o

Corollary 3.12. Let X be a commutative unitaC*-algebra and0 < K < 1. Then
brg (X) =rr(X) =dim2(X), wheref2 (X) is the spectrum oX.

Proof. By Proposition 3.6, (tX) < brg(X). The opposite inequality RrX) < rr(X)
follows from Proposition 3.11. The remaining part is well known (see [1, Proposi-
tion1.1]. O

Corollary 3.13. Let X be a unitalC*-algebra and0 < K < 1. Thenbrg (X) =0 if and
only ifrr(X) =0.

Proof. According to Proposition 3.6, Ri(X) = 0 yields r(X) = 0. Conversely, if i(X) =
0, then, by Proposition 3.11, btX) =0. O

Proofs of the following lemma and its corollary are straightforward.

Lemma 3.14. Let K > 0and p: X — Y be a surjectives-homomorphism of unital’*-
algebras. If(x1, ..., x;,) is @ K-unessentiak-tuple of self-adjoint elements i then the
m-tuple (p(x1), ..., p(xm)) is K-unessential irt.

Proof. Since(xy,...,x,) is a K-unessentialz-tuple of self-adjoint elements i, for
any rationall > 0 there exists am-tuple (y1, ..., y;) Of self-adjoint elements iX such
that
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(1) llxx — yell < 8 for eachk 1,.
(i) The elemen_}_; z2is |nvert|ble anq|(2k 1D .

Clearly | p(xx) — pOi)ll < llxk — vl <8 foreachk =1, ..., m and

[(Seonr) || (oo )f - (p([ix%))l
() )f<) ()

which shows thatp(x1), ..., p(x,;)) is indeedK -unessential. O

<

K -82

As a corollary we obtain the following useful statement.

Proposition 3.15. Let K > 0 and p: X — Y be a surjective-homomorphism of unital
C*-algebras. Thebrg (Y) < brg (X).

The following result is actually one of the main reasons of introducing the concept of
bounded rank (see the corresponding discussion in the Introduction). It is used in the proof
of Theorem 4.4.

Proposition 3.16. Let K > 0 and{X;: t € T} be a family of unitalC*-algebras such that
brg (X;) <nforeacht € T. Thenbrg ([[{X;: t € T}) < n.

Proof. Let (x1,...,x,41) be an(n + 1)-tuple of self-adjoint elements of the product
X =Tl{X;: t €T}, wherex; = {x;: t € T} foreachk =1,...,n+ 1, and lete > 0. Our
goal is to find aK -unessentiain + 1)-tuple (y1, ..., ys+1) in X such that|x; — yx|l < e.
For a givent € T consider the(n + 1)-tuple (x’l,...,x,’l+l) of self-adjoint elements
in X;. Since bk (X;) < n, there exists & -unessentialn + 1)-tuple (y}, . '-vyf1+1) in

X, such that||lx; — y;llx, < § for eachk =1,...,n + 1. Consider then + 1)-tuple
(¥1, .-, ynt1), Wherey, = {y;: 1 € T} foreachk = 1, ..., n+1. Note thaty, € X foreach
k=1,....n+1. Indeed|y;|lx, < lly; — x;llx, + lxxllx, <5+ sudlix;lx,: € T} and
sufllyillx,: t € Ty < §+suf|lxllx,: t € T} < oo. Also note that|x; — vkl = sup[lx; —
yillx,: t €T} < 5 < e. Itonly remains to show that th@ + 1)-tuple (y1, ..., yu41) is K-
unessential inX. Indeed, les > 0 be rational. Since the: + 1)-tuple (y3, ..., y, 1) is
K-unessential irX,, there exists a + 1)-tuple (z], .. ., z;+1) in X; such that

@y Iy, — z,fllx, \Sforeachkzl,...,nJrl.
o) 11 @D < -
Next, consider then + 1)-tuple (z1, ..., z,4+1), Wherez; = {zj: t € T} for each

k=1,...,n+ 1. As abovez; € X and obviously

vk — zell =sup{||yi — 2|l r€ T} <8, k=1,....n+1
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Finally, note that

(59) |-l Eer) <l

o (5) ]

as required. O

4. Spectral decompositionsof unital C*-algebras of bounded rank n

In this section we investigate the behavior of bounded rank with respect to direct systems
and then use this to prove the sténce of universal elementsfiR X .

Proposition 4.1. Let K > 0 and letX = lim S, whereS = {X,, if, A} is a direct system
consisting of unitalC*-algebras and unitak-inclusions. Iforg (Xo) < n for eacha € A,
thenbrg (X) <n.

Proof. Since| J{Xq: @ € A} is dense inX (we identify eachi, (Xy) with X, ), for any
(n+1)-tuple(xy, ..., x,+1) of self-adjointelements of ande > 0, we canfirstfinde € A
and an(n + 1)-tuple (y1,..., y.+1) of self-adjoint elements ok, with [x; — vl < 5
for eachk =1,...,n 4+ 1. Then, using that kr(X,) < n, there exists & -unessential
(n+ 1)-tuple(z1, ..., za41) in X, such thatly; — z; |l < 5,k =1,...,n + 1. Obviously,
lx; —z;ll <eforeachk =1,...,n+1and(z1, ..., z.11), beingK-unessential irX,,, is
K-unessential irX. O

The following decomposition theorem is known to be truerfes 0 [3]. Proof below
works for the real rank as well.

Proposition 4.2. Let K > 0. The following conditions are equivalent for any unitt-
algebraX:

(1) brg(X) <n.
(2) X can be represented as the direct limit of a dir€t}-system{X,, ig, A} satisfying
the following properties
(a) The indexing seA is cofinal andw-closed in thes-complete seéxp, Y for some
(any) countable dense subsgtof X.
(b) X, is aC*-subalgebra ofX such thatorg (X,) <n,a € A.

Proof. The implication(2) = (1) follows from Proposition 4.1.

In order to prove the implicatiorfl) = (2) we first consider a direcC}-system
Sx = {Xq, i(f, A} with properties indicated in Propositi@.2. Next consider the following
relationL C AZ:
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L ={(a, B) € A% a < g for each(n + 1)-tuple(x1, ..., xu+1)
in (X4)sq and eachlr > 0 there exists & -unessential
(n+1D)-tuple(y1, ..., yut1) in Xg such thatlx, — yi|l <e
foreachk =1,...,n+1}.

Let us verify the conditions of [4, Proposition 1.1.29].

ExistencelLeta € A. We need to show that there exigtg A such thata, 8) € L. For
an(n + D-tuplex = (x1, ..., x,41) € (X4 )”Jrl and for a positive integern € N first we
prove the following assertlon

(%) (w.5,m) There exist an inde(«, x,m) € A, B(a, X, m) > « and ak- unessentlal
(n+1)-tupley = (y1, ..., Yut+1) iN Xg(a 5,m) SUCh thatlx; — yi|l < = for each
k=1...,n+1.

Proof of (#)(q,z,m)- Since bk (X) < n, there exists & -unessentialn + 1)-tuple y =
(¥1, ..., yn+1) In X such that||xy — yi|| < ﬁ foreachk =1,...,n + 1. SinceSy is a
direct C}-system, it follows from Lemma 2.3 that for eakh=1,...,n + 1, there exists
an indexg(«, x,m, k) € A such thaty, € Xg(q,z,m k- SinceA is aw-complete directed
set there exists, by [4, Corollary 1.1.28], an ingeg A such thatr, 8(«, x, m, k) < y for
eachk =1,...,n+ 1. This obviously implies that

n+1

XoU{y1,....yn+1} S Xq U U Xg(a,5,mk) S Xy.
k=1

Note thaty is K -unessential irk, but it might not beX -unessential ik, . We are going to
find B(c, X, m) € A suchthap is K -unessential irX g z,m). TO this end, for every rational
8 > 0 fix an (n + 1)-tuple zs = (z1, ..., zn+1) Of self-adjoint elements ok such that
lve —zll <6 for eachk = 1,...,n + 1, the element? = Y "I, z2 is invertible inX and
1z < 22 5 . Next, we choossy(a) € A with X, (5, containing the setzs, ..., znt1}
andy (8) > y. Finally, by [4, Corollary 1.1.28], there exists an elemgiig, x,m) € A
such thatB(a, x, m) > y(8) for every rationab. It follows from our construction that is
a K-unessentialn + 1)-tuple in X g4, z,m). This finishes the proof of) 4 x m). O

For a given(n + 1)-tuplex = (x1, ..., xp+1) € (X4 )"Jrl consider indice® («, x, m) €
A, satisfying conditionx) . z.m), m = 1,2, .... Applying [4, Corollary 1.1.28] once
more, there exists an elemefia, x) € A such thatﬁ(oz,i) > B(a, x,m) for eachm =
1,2,.... ObviouslyX, C Xg,x) . Note also that

(a,X) (a,X

(*)@.5 Foranye > 0 there is aK-unessentialn + 1)-tuple y = (y; ,...,yn+1)) in
Xp (a5 such that|x; — (“ Y| <eforeachk=1,...,n+1.

SinceSy is a directC-system, it follows (Definition 2.1(b)) thaX,, is separable. So,
there exists a countable dense suligetdf (X, )sq- FOr eachy = (y1, ..., yut1) € Y;}*l
consider an indeg(«, y) € A satisfying condition(x) 7). SinceA is aw-complete set
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and sianY§+1| < w, we conclude, by corollary [4, Corollary 1.1.28], that there exists an
index B = B(«) € A such thaig > B(q, ) for eachy € ¥/'+1.
We claim that(a, B8) € L. Indeed, lete > 0 andx = (x1,...,X,41) € (Xa)?jl. Since,
by the above constructiort, is dense in(Xy)s., there exists ar(n + 1)-tuple y =
1, ..., Yn+1) € Yg“ such that|; — x| < 5 for eachk =1,...,n + 1. By condition

(%) («,5), there exists & -unessentia{n + 1)-tuple y = (yi""y), o y;‘i’{)) in X (.5 such
that || x — y,i"’y) | <5 foreachk =1,....,n + 1. Sincep = B(a) > B(a, J), it follows
that X (.5 € Xp@). This guarantees that e (X)) L. It only remains to note that

Il — v < e = Fill + 1 — 37|l < e. Therefore(a, ) € L.

MajorantnessLet («, 8) € L andy > 8. We need to show thatr, y) € L. Lete >0
andx = (x1,..., Xp+1) € (Xa)?jl. Since(a, B) € L, there exists & -unessentialn + 1)-
tupley = (y1, ..., ynt1) in Xg such that|x; — yx|l < e for eachk =1,...,n + 1. Since
y = B, it follows that (Xg)s« € (X} )5« Which shows tha e (Xy)?jl. Moreover,y is
K-unessential ifX,,, so(«, y) € L.

w-closenessSuppose thate;: i € w} is a countable chain of indices ih. Assume
also that(e;, B) € L for eachi € w and some3 € A. Our goal is to show thak, ) € L,
wherea = sufy;: i € w}. Lete > 0 and(x1, ..., xp+1) € (Xa)?jl. SinceSy is a direct
C’-system it follows (Definition 2.1(c)) thaX, is the direct limit of the direct system
generated byC*-subalgebras(,,, i € o, and corresponding inclusion homomorphisms.

Consequently, there exist an indgx » and an(n + 1)-tuple (x{, ... x)_ ;) € (Xo,)%?
such that|jxy — x,ﬁ | <5 for eachk =1,...,n + 1. Since(a;, B) € L, there exists a
K-unessentiakn + 1)-tuple (y{.....y,,,) in Xp such that||x] — y/| < § for each
k=1 ...,n+ 1. Clearly ||x; — y,ﬁ | < e for eachk =1,...,n + 1. This shows that
(o, B) € L.

We are now in a position to apply [4, Proposition 1.1.29] which guarantees that the
setA’ ={a € A: (a,®) € L} is cofinal andw-closed inA. Note that(«, a) € L precisely
when for eache > 0 and for eachin + 1)-tuple (x1,...,x,+1) € (Xa)f;jl there exists
a K-unessentialn + 1)-tuple (y1, ..., yu+1) in X, such that|lx; — yx|| < ¢ for each
k=1,...,n+ 1. This obviously means that the dir@;-systemﬂ)nsg ={Xy, if, A%}
consists ofC*-subalgebras ok of bounded rank (with respect &) at mostn. Clearly
lim 8§y = X. Proof is completed. O

The following statement immedigly follows form Proposition 4.2.

Corollary4.3.LetK > 0. Every countable subset of a unitaf-algebraX with brg (X) <
n is contained in a unital separablé*-subalgebraXo such thatorg (Xo) < n.

Next, for any K > 0, we construct a universal separable unidtalgebrazX of
bounded rank. We mean universal in the sense that any other separable Ghibebra
with bounded rankS n is its quotient.

Theorem 4.4.LetK > 0. The clasBRKX of all separable unitaC*-algebras withorg < n
contains an universal elemeff . More formally, there exists BR X -invertible unitalx-
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homomorphisnp : C*(Foo) — ZK, wherezK is a separable unitaC*-algebra such that
brK (Z,f) =n.

Proof. Let A = {f;:C*(Fo) — X;, t € T} denote the set of all unitak-homo-
morphisms, defined of*(F), such that bg(X;) < n. Next, consider the product
[1{X:: t € T}. Since bk (X;) < n for eacht € T, it follows from Proposition 3.16
that bix ([[{X;: t € T}) < n. The x-homomorphismsf;, t+ € T, define the unitak-
homomorphismf :C*(Fs) — [[{X;: t € T} such thatz; o f = f; for eacht €

T (heren :[{X;: t € T} - X, denotes the corresponding canonical projection
homomorphism). By Proposition 4.P[{X;: t € T} can be represented as the limit of the
Cr-systemS = {C,, if, A} such thaitC,, is a separable unit&l*-algebra with bg (C,) <

n for eacha € A. Suppressing injective unitakhomomorphismsg :Cqy — Cg, We can,
for notational simplicity, assume that,’s are unitalC*-subalgebras of[{X;: r € T}. Let
{ar: k € w} be a countable dense subsetf(F,). By Lemma 2.3, for each € w there
exists an indexy, € A such thatf (ax) € Cq,. By [4, Corollary 1.1.28], there exists an
indexag € A such thaixg > oy for eachk € w. Then f(ax) € Cy, € Cq, for eachk €
(see also Corollary 4.3). This observation coupled with the continuity gharantees that
F(C*(Fso)) = f(Clax: k € w}) S cl{ f({ax: k € w})} € €l Coyy = Coy.

Let zX¥ = ¢4, and p denote the unitak-homomorphismyf considered as the
homomorphism ofC*(F) into ZX. Note that f =i o p, wherei:ZX = Cyy —
[1{X:: t € T} stands for the inclusion.

By construction, bg(ZX) < n. Let us show thatp:C*(Fs) — ZK is BRX-
invertible in the sense of Introduction. In our situation, for any unitilomomorphism
g:C*(F») — X, whereX is a separable unital™*-algebra with bg (X) < n, we need
to establish the existence of a unitshomomorphismi: ZK — X such thatg =% o p.
Indeed, by definition of the setl, we conclude thag = f; for some index € T (in
particular, X = X, for the same index € T). Next observe thag = f;, = n;, 0 f =
7, 0i o p. This allows us to define the required uniteahomomorphisnk : ZX — X asthe
compositions = 7, o i. Hence,p is BRX -invertible which yields (see the Introduction)
the universality ozX. 0O

5. Concluding remarks

It would be interesting to find conditions under which bounded and real ranks coincide.
Some of them, formulated in terms of joint spectra, have been discussed in Section 3.
Let us consider one more, of a somewhat different nature. Let us say that a@ihital
algebraX has an opem-squaring map if the magp,, : (X;,)" — X4, defined by letting
U (X1, -+, X)) = I pq X2, iS OpeN.

Proposition 5.1. If the unital C*-algebrasX has an openn + 1)-squaring map, then
m(X) <n.

Proof. Let (x1,...,x,+1) be an(n + 1)-tuple of self-adjoint elements of ande > 0.

Clearly o (x) C [0, 00), Wherex = oy 1(x1, .. ., ¥at1) = Y po3 x2. Sincea,+1 is open,
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there existss > 0 (generally speaking depends on thén + 1)-tuple (x1, ..., xy+1))
such that for every € X, with ||x — y|| < é there exists arn + 1)-tuple (y1, ..., yn+1)
of self-adjoint elements ok with o, +1(y1,..., yax1) =y and |lyx — xx|| < & for each
k=1,...,n+ 1. Next, consider a functiop : o (x) — (0, co) such that| f(¢) — ¢|| < 8,
t € o(x). Functional calculus supplies the element C*(x) corresponding tof such
that ||z — x| < 8. Since f € C(o(x)) is positive (becaus¢ (o (x)) C (0, 00)), z is also
positive. By the Spectral Mapping Theorem(z) = f(o(x)) € (0, c0). Consequently,
z is invertible. Choice of§ guarantees the existence of an+ 1)-tuple (z1, ..., Zn+1)
of self-adjoint elements such thatf,11(z1,...,2:+1) = z and ||zx — xi|| < ¢ for each
k=1,...,n+ 1. By Lemma 2.4(ii), this means tha{¥) <n. O

It would be interesting to understandviaonuch stronger the griirement of openness
of the (n + 1)-squaring map is compared to the conditiofXry < » and when do these two
conditions coincidé.
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