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Abstract

We introduce a concept of the bounded rank (with respect to a positive constant) for
C∗-algebras as a modification of the usual real rank and present a series of conditions i
that bounded and real ranks coincide. These observations are then used to prove that for
n andK > 0 there exists a separable unitalC∗-algebraZK

n such that every other separable un
C∗-algebra of bounded rank with respect toK at mostn is a quotient ofZK

n .
 2003 Elsevier B.V. All rights reserved.

MSC:primary 46L05; secondary 54F45

Keywords:Real rank; Bounded rank; Direct limit

1. Introduction

The concept of the real rank plays an important role in a variety of problems rela
general classification problems ofC∗-algebras. Despite of this widely recognized fact
still see continuing attempts of defining “right dimension” (such as stable [14], ana
[10], tracial [8], exponential [13], completely positive [15] ranks) for unitalC∗-algebras.
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Definition of the real rank [1] (as well as ofits prototype—topologicalstable rank [14])
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of unital C∗-algebras is based on the following standard result from classical dime
theory (see [7,11,12,6]) characterizing the Lebesgue dimension dim of compact space

The Lebesgue dimensiondimX of a compact spaceX is the least integern such that the
set{f : C(X,Rn+1): 0 /∈ f (X)} is dense in the space3 C(X,Rn+1) of all continuous
maps ofX into the Euclidean spaceRn+1.

A map f ∈ C(X,Rn+1) may be identified with the(n + 1)-tuple (π1 ◦ f, . . . , πn+1 ◦
f ), whereπk :Rn+1 → R is a projection onto thekth coordinate,k = 1, . . . , n + 1.
The condition0 = (0, . . . ,0) /∈ f (X) may be equivalently expressed as the condi∑n+1

k=1 f 2
k (x) �= 0 for any x ∈ X. This, in turn, can be equivalently rephrased as

invertibility of the element
∑n+1

k=1 f 2
k . These two observations lead us to the definition

the real rank:

The real rank rr(X) of a unital C∗-algebra is the least integern such that each
(n + 1)-tuple (x1, . . . , xn+1) of self-adjoint elements ofX can be arbitrarily closely
approximated by another(n + 1)-tuple (y1, . . . , yn+1) of self-adjoint elements so th
the element

∑n+1
k=1 y2

k is invertible.

Of course, the analogy is quite formal and does not go far beyond the ob
observation—rr(X) = dimΩ(X), whereΩ(X) is the spectrum of the commutative uni
C∗-algebraX,—and a few other straightforward extensions of certain basic facts fro
classical dimension theory to a non-commutative situation. But there are difficulties
finding proper algebraic interpretations in terms of the concept of the real rank
non-commutative unitalC∗-algebraX of such an immediate geometric consequenc
the condition dimΩ(X) � n as the possibility not only to remove the image of a
f :Ω(X) → Rn+1 from 0, but even to push this image by anε-move outside the ope
ball O(0, ε) of radiusε > 0. As it turns out in the presence of some form of functio
calculus (as in the commutative or the real rank zero cases—see Corollaries 3.12 and 3
there exists a satisfactory analog of the above mentioned geometric fact. As for the gene
case, the situation remains unclear and we, as a consequence, are unable to an
question

Is it true thatrr(
∏{Xt : t ∈ T }) � n for any collection of unitalC∗-algebrasXt such

that rr(Xt) � n for eacht ∈ T ?

The corresponding topological fact—dimβ(
⊕{Ω(Xt): t ∈ T }) � n—is easy to

establish.4 Perhaps the easiest way of proving the desired inequality in terms of the
given characterization of dim is first to approximate (as close as we wish) each of
restrictionsft :Ω(Xt) → Rn+1, t ∈ T , of an arbitrarily given mapf :β(

⊕{Ω(Xt): t ∈

3 Compact-open topology is being considered.
4 βK stands for the Stone–Čech compactification of a spaceK .
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gt (Ω(Xt)) outside of the open ballO (centered at0) of the appropriate radius by sma
moves (independent oft ∈ T ). This way we get a mapg :

⊕{Ω(Xt): t ∈ T } → Rn+1 \ O .
Since the imageg(

⊕{Ω(Xt): t ∈ T }) has a compact closure,g can be extended to a ma
g̃ :β(

⊕{Ω(Xt): t ∈ T }) → R
n+1 \ O which would be the required approximation off

whose image misses0.
Analysis of this elementary reasoning leads us to the concept ofboundedrank (to be

more specific—bounded rank with respect to an a priori given positive constant) wh
defined in Section 3 (we intend to extend this definition to non-unitalC∗-algebras and stud
its properties in a separate note). We present certain geometric conditions guarante
coincidence of the real and bounded ranks. Despite the fact that there is no satis
theory of joint spectra for non-commuting tuples of unitalC∗-algebras, these conditions a
formulated in terms of properties of joint spectra in order to emphasize a “non-geom
nature” of possible differences between the real and bounded ranks. Bounded a
ranks coincide for commutative unitalC∗-algebras as well as for unitalC∗-algebras of rea
rank zero.

One of the main advantages of bounded rank is that the corresponding analog
above stated question has a positive answer(Proposition 3.16). This fact is then used
the construction of a separable unital universalC∗-algebra of the given bounded ran
(Theorem 4.4). A motivation for such a result lies, once again, in classical dime
theory. It is a well-known observation (see, for instance, [6, Theorem 1.3.15]) tha
Menger cubeµn contains a topological copy of any at mostn-dimensional metrizable
compact space. This means that everycommutative separable unitalC∗-algebra of rea
rank at mostn is a quotient of theC∗-algebraC(µn). We extend this result to the no
commutative case. A similar result forn = 0 has been obtained in [3].

We recall the concept of aC-invertibility introduced in [3]. For a given classC of
separable unitalC∗-algebras theC-invertibility of a unital ∗-homomorphismp :Y → Z

means that for any unital∗-homomorphismg :Y → X, with X ∈ C, there exists a unita
∗-homomorphismh :Z → X such thatg = h ◦ p. It is easy to see that if there exists
C-invertible unital∗-homomorphismp :C∗(F∞) → ZC such thatZC ∈ C, whereC∗(F∞)

denotes the groupC∗-algebra of the free group on countable number of generators, theZC

is an universal element in the classC. Indeed, since every elementX of C can be represente
as the image ofC∗(F∞) under a surjective∗-homomorphismg :C∗(F∞) → X, the C-
invertibility of p guarantees that there exists a surjective∗-homomorphismh :ZC → X

such thatg = h ◦ p.
In Section 4 we consider the caseC = BRK

n , whereK > 0 andBRK
n denotes the clas

of all separable unitalC∗-algebras of bounded rank with respect toK at mostn, and prove
that there indeed exists aBRK

n -invertible∗-homomorphismp :C∗(F∞) → ZK
n such that

ZK
n ∈ BRK

n which, as noted, implies thatZK
n is a universalC∗-algebra in the classBRK

n .
It is interesting to note that not onlyZK

n is universal in the above sense, but for every un
∗-homomorphismg :C∗(F∞) → C the pushoutZK

n �CC, generated byp andg, is also
BRK

n -universal. To see this take any separable unitalC∗-algebraX such that brK(X) � n

and consider the unital∗-homomorphismh :C → X. Sincep is BRK
n -invertible, there

exists a unital∗-homomorphism̃h :ZK
n → X such that̃h◦p = h◦g. The homomorphism

h andh̃ uniquely determine the unital∗-homomorphismϕ :ZK
n �CC → X as required.
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2. Preliminaries
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All C∗-algebras below are assumed to be unital. When we refer to a unitalC∗-sub-
algebra of a unitalC∗-algebra we implicitly assume that the inclusion is a unital∗-
homomorphism. The set of all self-adjoint elements of aC∗-algebraX is denoted byXsa .
The product in the category of (unital)C∗-algebras, i.e., the�∞-direct sum, is denoted b∏{Xt : t ∈ T }. For a given setY and a cardinal numberτ the symbol expτ Y denotes the
partially ordered (by inclusion) set of all subsets ofY of cardinality not exceedingτ .

Recall that a direct systemS = {Xα, i
β
α ,A} of unital C∗-algebras consists of

partially ordered directed indexing setA, unital C∗-algebrasXα , α ∈ A, and unital∗-
homomorphismsiβα :Xα → Xβ , defined for each pair of indexesα,β ∈ A with α � β , and

satisfying the conditioniγα = i
γ
β ◦ i

β
α for each triple of indexesα,β, γ ∈ A with α � β � γ .

The (inductive) limit of the above direct system is a unitalC∗-algebra which is denoted b
lim−→S. For eachα ∈ A there exists a unital∗-homomorphismiα :Xα → lim−→S which will
be called theαth limit homomorphism ofS.

If A′ is a directed subset of the indexing setA, then the subsystem{Xα, i
β
α ,A′} of S is

denotedS|A′.
In Section 4 we use the concept of a directC∗

τ -system introduced in [2].

Definition 2.1. Let τ � ω be a cardinal number. A direct systemS = {Xα, i
β
α ,A} of unital

C∗-algebrasXα and unital∗-homomorphismsiβα :Xα → Xβ is called adirect C∗
τ -system

if the following conditions are satisfied:

(a) A is aτ -complete set (this means that for each chainC of elements of the directed s
A with |C| � τ , there exists an element supC in A; see [4] for details).

(b) The density ofXα is at mostτ (i.e.,d(Xα) � τ ), α ∈ A.
(c) Theαth limit homomorphismiα :Xα → lim−→S is an injective∗-homomorphism for

eachα ∈ A.
(d) If B = {αt : t ∈ T } is a chain of elements ofA with |T | � τ andα = supB, then the

limit homomorphism lim−→{iααt
: t ∈ T } : lim−→ (S|B) → Xα is an isomorphism.

Proposition 2.2 [2, Proposition 3.2].Let τ be an infinite cardinal number. Every unit
C∗-algebra X can be represented as the limit of a directC∗

τ -systemSX = {Xα, i
β
α ,A}

where the indexing setA coincides withexpτ Y for some(any) dense subsetY of X with
|Y | = d(X).

Lemma 2.3 [2, Lemma 3.3].If SX = {Xα, i
β
α ,A} is a directC∗

τ -system, then

lim−→SX =
⋃{

iα(Xα): α ∈ A
}
.

The real rank of a unitalC∗-algebraX, denoted by rr(X), is defined as follows [1]. We
say that rr(X) � n if for each(n + 1)-tuple (x1, . . . , xn+1) of self-adjoint elements inX
and everyε > 0, there exists an(n + 1)-tuple(y1, . . . , yn+1) in Xsa such that

∑n+1
k=1 y2

k is

invertible and‖∑n+1
k=1(xk − yk)

2‖ < ε.
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Lemma 2.4. The following conditions are equivalent for a unitalC∗-algebraX:
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(i) rr(X) � n;
(ii) for each (n + 1)-tuple (x1, . . . , xn+1) in Xsa and for eachε > 0, there exists an

(n+1)-tuple(y1, . . . , yn+1) in Xsa such that
∑n+1

k=1 y2
k is invertible and‖xk −yk‖ < ε

for eachk = 1,2, . . . , n + 1;
(iii) for each(n+1)-tuple(x1, . . . , xn+1) in Xsa , with ‖xk‖ = 1 for eachk = 1, . . . , n+1,

and for eachε > 0, there exists an(n + 1)-tuple (y1, . . . , yn+1) in Xsa such that∑n+1
k=1 y2

k is invertible and‖xk − yk‖ < ε for eachk = 1, . . . , n + 1.

Proof. (i) ⇒ (ii). Let (x1, . . . , xn+1) be an (n + 1)-tuple in Xsa and ε > 0. By (i),
there exists an(n + 1)-tuple (y1, . . . , yn+1) in Xsa such that

∑n+1
k=1 y2

k is invertible and

‖∑n+1
k=1(xk − yk)

2‖ < ε2.
Since xk − yk ∈ Xsa , it follows [9, Theorem 2.2.4] that(xk − yk)

2 � 0 for each
k = 1, . . . , n + 1. Then, by [9, Lemma 2.2.3],

∑n+1
k=1(xk − yk)

2 � 0. Note also tha∑n+1
i=1 (xi − yi)

2 − (xk − yk)
2 = ∑n+1

i=1,i �=k(xi − yi)
2 � 0, k = 1, . . . , n + 1, which

guarantees that(xk − yk)
2 �

∑n+1
i=1 (xi − yi)

2 for eachk = 1, . . . , n + 1. By [9, 2.2.5
Theorem],‖xk − yk‖2 = ‖(xk − yk)

2‖ � ‖∑n+1
i=1 (xi − yi)

2‖ < ε2. Consequently‖xk −
yk‖ < ε, k = 1, . . . , n + 1. This shows that condition (ii) is satisfied.

The implication (ii)⇒ (iii) is trivial.
(iii) ⇒ (i). Let (x1, . . . , xn+1) be an(n+1)-tuple inXsa andε > 0. We can assume th

eachxi �= 0. Consider the(n+ 1)-tuple( x1‖x1‖ , . . . ,
xn+1

‖xn+1‖ ). By (iii), there exists an(n+ 1)-

tuple (ȳ1, . . . , ȳn+1) in Xsa such that
∑n+1

k=1 ȳ2
k is invertible and‖ xk‖xk‖ − ȳk‖ <

√
M·ε
n+1,

k = 1,2, . . . , n + 1, whereM = 1
max{‖xk‖2: k=1,...,n+1} . Now let yk = ‖xk‖ · ȳk for each

k = 1, . . . , n + 1. Then we have‖(xk − yk)
2‖ = ‖(xk − yk)(xk − yk)

∗‖ = ‖xk − yk‖2 =
‖‖xk‖ · xk‖xk‖ − ‖xk‖ · ȳk‖2 = ‖xk‖2‖ xk‖xk‖ − ȳk‖2 < ε

n+1, k = 1, . . . , n + 1. Consequently

‖∑n+1
k=1(xk − yk)

2‖ �
∑n+1

k=1 ‖(xk − yk)
2‖ < ε, which shows that rr(X) � n. �

3. Bounded rank, real rank and joint spectra

One of our main goals in this section is to define the bounded rank of unitalC∗-algebras.
Formal definition makes it not very easy to see how this new concept differs from
concept of real rank. Intuitive geometrical interpretation does not really help. More
we show that in the presence of a nice joint spectrum real and bounded ranks are
identical. Such situations include the commutative case as well as the case of real r
zero.

3.1. Axioms of generalized joint spectra

Let K(Cm) denote the collection of compact subsets ofCm. Let M ∈ N ∪ {∞}.
A generalized jointM-spectrum (or simply spectrum) on an unitalC∗-algebraX is a
collection{σ̃m: m � M} of mapsσ̃m :Xm →K(Cm) satisfying conditions (I)–(III) below
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(I) σ̃m(x1, . . . , xm) is a non-empty compact subset ofCm.
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(II) If x ∈ X, thenσ̃1(x) = σ(x), whereσ(x) denotes the usual spectrum of the elemenx.
(III) p(σ̃m(x1, . . . , xm)) = σ̃n(p(x1, . . . , xm)), wherep = (p1, . . . , pn) :Cm → Cn is a

polynomial mapping.

We also consider the following two properties:

(IV) There exists a constantK > 0 (called a polynomial spectral constant) such that
any rationalδ > 0, for anym-tuple (x1, . . . , xm) in X (respectively, inXsa) and for
any polynomial mappingp = (p1, . . . , pm) :Cm → Cm (respectively, having rea
coefficients) with‖p − idCm‖ � K · δ, there exists anm-tuple (y1, . . . , ym) in X

(respectively, inXsa) such that̃σ(y1, . . . , ym) = p(σ̃m(x1, . . . , xm)) and‖xk − yk‖ �
δ for eachk = 1, . . . ,m.

(V) There exists a constantK > 0 (called a general spectral constant) such that
any rationalδ > 0, for anym-tuple (x1, . . . , xm) in X (respectively, inXsa) and
for any mapf from σ̃m(x1, . . . , xm) into Cm (respectively, intoRm ⊆ Cm) with
‖f − idσ̃m(x1,...,xm)‖ � K · δ, there exists anm-tuple(y1, . . . , ym) in X (respectively,
in Xsa) such thatσ̃ (y1, . . . , ym) = f (σ̃m(x1, . . . , xm)) and‖xk − yk‖ � δ for each
k = 1, . . . ,m.

Few comments are in order:

(A) Concerning property (I), it is not usually required (in a much more general se
though) that the spectrum of every tuple of non-commuting elements be non-em

(B) Properties (I)–(III) are standard axioms [16] of joint spectra (for commuting tup
in Banach algebras. Property (III) is known as the spectral mapping property ofσ̃ .

(C) It is easy to see [16] that properties (II) and (III) imply the inclusionσ̃m(x1, . . . , xm) ⊆∏{σ(xk): k = 1, . . . ,m} for anym-tuple(x1, . . . , xm) in X.
(D) Note that if, in property (III), them-tuple (x1, . . . , xm) consists of self-adjoin

elements and the polynomialspk , k = 1, . . . ,m, have real coefficients, then them-
tuple p(x1, . . . , xm) = (p1(x1, . . . , xm), . . . ,pm(x1, . . . , xm)) also consists of self
adjoint elements.

(E) In property (IV), we do not specify whether them-tuple (y1, . . . , ym) is obtained as
the image of them-tuple(x1, . . . , xm) under the polynomialp. Nevertheless, in ligh
of (D), we require that allyk ’s are self-adjoint provided that allxk ’s are self-adjoint
and all the coefficients of the polynomialspk are real.

(F) This is a similar comment with respect to property (V). If allxk ’s are self-adjoint and
f (σ̃m(x1, . . . , xm)) ⊆ Rm ⊆ Cm, then allyk ’s are also assumed to be self-adjoint.

(G) If T is a compact space and(x1, . . . , xm) is an m-tuple in C(T ), let define
σ̃m(x1, . . . , xm) = ∆{xk: k = 1, . . . ,m}(T ), where∆{xk: k = 1, . . . ,m}(t) = (x1(t),

. . . , xm(t)) for eacht ∈ T . The generalized joint spectrum so obtained has all
properties (I)–(V) withK = 1.

(H) For any C∗-algebraX the usual spectrumσ(x), x ∈ X, provides an example o
a generalized joint 1-spectrum. This follows from spectral mapping theorem a
considerations related to the functional calculus.
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3.2. Real rank in terms of generalized joint spectra

l rank
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Before introducing the concept of bounded rank we illustrate how the usual rea
can be characterized in terms of generalized joint spectra. This result will be used later
compare real and bounded ranks.

Lemma 3.1. Let X be a unitalC∗-algebra with a generalized jointm-spectrum. Then th
following conditions are equivalent for anym-tuple (y1, . . . , ym) of self-adjoint element
in X:

(a) The element
∑m

k=1 y2
k is invertible.

(b) 0 /∈ σ̃m(y1, . . . , ym).

Proof. Sinceyk = y∗
k it follows that σ̃1(yk) = σ(yk) ⊆ R and consequently, by prope

ties (II) and (III) (see comment (C)) of the joint spectrum,σ̃m(y1, . . . , ym) ⊆ R
m. Con-

sider the polynomialp(t1, . . . , tm) = ∑m
k=1 t2

k . By property (III), p(σ̃m(y1, . . . , ym)) =
σ̃1(p(y1, . . . , ym)) = σ(

∑m
k=1 y2

k ) ⊆ [0,∞). This implies that0 /∈ σ̃m(y1, . . . , ym) if and
only if σ(

∑m
k=1 y2

k ) ⊆ (0,∞). Finally, note that the invertibility of
∑m

k=1 y2
k is equivalent

to σ(
∑m

k=1 y2
k ) ⊆ (0,∞). �

As a corollary we obtain the following statement

Proposition 3.2. If there exists a generalized joint(n+1)-spectrum on a unitalC∗-algebra
X, then the following conditions are equivalent:

(a) rr(X) � n;
(b) For every very(n+ 1)-tuple(x1, . . . , xn+1) of self-adjoint elements inX and for every

ε > 0 there exists an(n + 1)-tuple(y1, . . . , yn+1) of self-adjoint elements such that
(i) ‖xk − yk‖ < ε for eachk = 1, . . . , n + 1;
(ii) 0 /∈ σ̃n+1(y1, . . . , yn+1).

3.3. Bounded rank—main definitions

We begin this section with our main definitions.

Definition 3.3. Let K > 0. We say that anm-tuple(y1, . . . , ym) of self-adjoint elements o
a unitalC∗-algebraX is K-unessentialif for every rationalδ > 0 there exists anm-tuple
(z1, . . . , zm) of self-adjoint elements ofX satisfying the following conditions:

(a) ‖yk − zk‖ � δ for eachk = 1, . . . ,m;
(b) The element

∑m
k=1 z2

k is invertible and‖(∑m
k=1 z2

k)
−1‖ � 1

K ·δ2 .

1-unessential tuples are referred to asunessential.

Remark 3.4. Obviously ifK1 � K2, then everyK2-unessentialm-tuple isK1-unessential
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Definition 3.5. Let K > 0. We say that thebounded rankof a unital C∗-algebraX

l

s

t

in the

any

n

with respect toK does not exceedn (notation: brK(X) � n) if for any (n + 1)-tuple
(x1, . . . , xn+1) of self-adjoint elements ofX and for anyε > 0 there exists aK-unessentia
(n + 1)-tuple(y1, . . . , yn+1) in X such that‖xk − yk‖ < ε for eachk = 1, . . . , n + 1. For
simplicity br1(X) is denoted by br(X) and it is called abounded rank.

We record the following statement for future references.

Proposition 3.6. rr(X) � brK(X) for any unitalC∗-algebraX and for anyK > 0.

Proof. Let brK(X) = n and (x1, . . . , xn+1) be an(n + 1)-tuple of self-adjoint element
in X. Let also ε > 0. Since brK(X) = n, there exists aK-unessential(n + 1)-tuple
(y1, . . . , yn+1) such that‖xk − yk‖ < ε

2 for eachk = 1, . . . , n + 1. This in turn means tha
for a rational numberδ with δ � ε

2 there is an(n + 1)-tuple(z1, . . . , zn+1) of self-adjoint
elements such that

(a) ‖yk − zk‖ � δ for eachk = 1, . . . , n + 1;
(b) The element

∑n+1
k=1 z2

k is invertible and‖(∑n+1
k=1 z2

k)
−1‖ � 1

K ·δ2 .

Clearly‖xk − zk‖ � ‖xk − yk‖ + ‖yk − zk‖ < ε
2 + δ � ε, k = 1, . . . , n + 1. According to

(b),
∑n+1

k=1 z2
k is invertible which shows that rr(X) � n. �

3.3.1. Bounded rank and polynomial spectral constant of a joint spectrum
In this subsection we investigate relations between bounded and real ranks

presence of a generalized joint spectrum satisfying condition (IV).

Lemma 3.7. LetX be a unitalC∗-algebra with a generalized jointm-spectrum satisfying
condition(IV) . If K is a polynomial spectral constant of the joint spectrum, then for
m-tuple(y1, . . . , ym) of self-adjoint elements ofX we have(a)⇒ (b) ⇒ (c), where

(a) 0 /∈ σ̃m(y1, . . . , ym).
(b) For any rationalδ > 0, there exists anm-tuple(z1, . . . , zm) of self-adjoint elements i

X such that
(i) ‖zk − yk‖ � δ for eachk = 1, . . . ,m.
(ii) σ̃m(z1, . . . , zm) ⊆ Rm \ O(0, K

2 · δ).
(c) (y1, . . . , ym) is K2

4 -unessential.

Proof. (a) ⇒ (b). Choose a rational numberδ > 0. Our goal is to find anm-tuple
(z1, . . . , zm) such that

(i) ‖yk − zk‖ � δ for eachk = 1, . . . ,m.
(ii) σ̃m(z1, . . . , zm) ⊆ Rm \ O(0, K

2 · δ).

Since0 /∈ σ̃m(y1, . . . , ym), there exists a numberC > 0 such thatO(0,C)∩ σ̃m(y1, . . . ,

ym) = ∅. Without loss of generality we may assume thatC � K ·δ
2 .
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Consider the functionrδ :R → R defined by letting

l

s

e

rδ(t) =




t, if |t| � K ·δ
2 + C,

K ·δ
2 + C, if C � t � K ·δ

2 + C,

−(
K ·δ
2 + C

)
, if − K ·δ

2 − C � t � −C,(
K ·δ
2C

+ 1
) · t, if |t| � C.

Let pδ :R → R be a polynomial such that|pδ − rδ| � C. Next consider the polynomia
p̃δ(t1, . . . , tm) = (pδ(t1), . . . , pδ(tm)) :Rm → Rm. Note that

‖p̃δ − id‖ = |pδ − id | � |pδ − rδ| + |rδ − id | � C + K · δ
2

� K · δ. (3.1)

By property (IV), there exists anm-tuple(z1, . . . , zk) such that‖zk − yk‖ � δ for each
k = 1, . . . ,m and

σ̃m(z1, . . . , zm) = p̃δ

(
σ̃m(y1, . . . , ym)

)
. (3.2)

If (t1, . . . , tm) ∈ σ̃m(y1, . . . , ym), then for at least onek = 1, . . . ,m, we must have|tk| �
C (recall thatO(0,C) ∩ σ̃m(y1, . . . , ym) = ∅). Hence,|rδ(tk)| � K ·δ

2 + C. Consequently
there are two possibilities{

rδ(tk) − C � pδ(tk) � rδ(tk) + C

rδ(tk) � K ·δ
2 + C

�⇒ pδ(tk) � rδ(tk) − C � K · δ
2

or {
rδ(tk) − C � pδ(tk) � rδ(tk) + C

rδ(tk) � −K ·δ
2 − C

�⇒ pδ(tk) � rδ(tk) + C � −K · δ
2

which simply means that|pδ(tk)| � K ·δ
2 . Therefore,

∥∥p̃δ(t1, . . . , tm)
∥∥ = max

{∣∣pδ(ti)
∣∣: i = 1, . . . ,m

}
�

∣∣pδ(tk)
∣∣ � K · δ

2
. (3.3)

By (3.2) and (3.3),

σ̃m(z1, . . . , zm) ⊆ R
m \ O

(
0,

K · δ
2

)
. (3.4)

(b) ⇒ (c). Letδ > 0 be rational. We fix anm-tuple(z1, . . . , zm) of self-adjoint element

of X satisfying conditions (i) and (ii) from (b). In order to prove that(y1, . . . , ym) is K2

4 -
unessential, we need only to check that‖(∑m

k=1 z2
k)

−1‖ � 4
K2·δ2 . To this end, consider th

polynomialλ(t1, . . . , tm) = ∑m
k=1 t2

k . According to property (III), we have

σ

(
m∑

k=1

z2
k

)
= λ

(
σ̃m(z1, . . . , zm)

) ⊆ λ

(
R

m \ O

(
0,

K · δ
2

))
. (3.5)



172 A. Chigogidze, V. Valov / Topology and its Applications 140 (2004) 163–180

If (t1, . . . , tm) ∈ Rm \ O(0, K ·δ ), then there existsi = 1, . . . ,m such that|ti | � K ·δ and

s

,

in the
2 2

consequently,
∑m

k=1 t2
k � K2

4 · δ2. By (3.5), we finally obtain

σ

(
m∑

k=1

z2
k

)
⊆

[
K2

4
· δ2,∞

)
�⇒

∥∥∥∥∥
(

m∑
k=1

z2
k

)−1∥∥∥∥∥ � 4

K2 · δ2
. �

As a corollary of Lemma 3.7 we obtain the following statement.

Proposition 3.8. If there exists a generalized joint(n+1)-spectrum on a unitalC∗-algebra
X satisfying conditions(IV) , then the following are equivalent:

(a) rr(X) � n;
(b) brK2

4
(X) � n, whereK is a polynomial spectral constant of the joint spectrum.

Proof. The implication (b)⇒ (a) follows from Proposition 3.6. To prove the implication
(a) ⇒ (b), let ε > 0 and(x1, . . . , xn+1) be an(n + 1)-tuple of self-adjoint elements ofX.
By Proposition 3.2, there exists an(n + 1)-tuple (y1, . . . , yn+1) of self-adjoint element
of X such that‖xk − yk‖ < ε for eachk = 1, . . . , n + 1 and 0 /∈ σ̃n+1(y1, . . . , yn+1).

Then Lemma 3.7 yields that the(n + 1)-tuple (y1, . . . , yn+1) is K2

4 -unessential. Hence
brK2

4
(X) � n. �

3.3.2. Bounded rank and a general spectral constant of a joint spectrum
In this subsection we investigate relations between bounded and real ranks

presence of a generalized joint spectrum satisfying condition (V).

Lemma 3.9. LetX be a unitalC∗-algebra with a generalized jointm-spectrum satisfying
condition(V). If K is a general spectral constant of the joint spectrum, then for anym-
tuple(y1, . . . , ym) of self-adjoint elements ofX we have(a)⇒ (b) ⇒ (c):

(a) 0 /∈ σ̃m(y1, . . . , ym).
(b) For any rationalδ > 0 there exists anm-tuple(z1, . . . , zm) in X such that

(i) ‖zk − yk‖ � δ for eachk = 1, . . . ,m,
(ii) σ̃m(z1, . . . , zm) ⊆ Rm \ O(0,K · δ).

(c) (y1, . . . , ym) is K2-unessential.

Proof. (a)⇒ (b). For a given rationalδ > 0 we need to find anm-tuple(z1, . . . , zm) such
that

(i) ‖yk − zk‖ � δ for eachk = 1, . . . ,m.
(ii) σ̃m(z1, . . . , zm) ⊆ Rm \ O(0,K · δ).
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Consider the functionrδ :Rm \ {0} → Rm, defined by letting

.7,

ences
rδ(t) =
{

t, if ‖t‖ � K · δ,
tK ·δ
‖t‖ , if 0 < ‖t‖ � K · δ,

wheret = (t1, . . . , tm) ∈ R
m \ {0}. Since0 /∈ σ̃m(y1, . . . , ym), the restriction maprδ |σ̃m(y1,

. . . , ym) : σ̃m(y1, . . . , ym) → Rm is well defined. Note thatrδ(σ̃m(y1, . . . , ym)) ⊆ Rm \
O(0,K · δ). Since‖rδ|σ̃m(y1, . . . , ym) − idσ̃m(y1,...,ym) ‖ � K · δ, by property (V), there
exists anm-tuple (z1, . . . , zm) in X such that‖zk − yk‖ � δ for eachk = 1, . . . ,m and
σ̃m(z1, . . . , zm) = rδ(σ̃m(y1, . . . , ym)). It only remains to note that

σ̃m(z1, . . . , zm) = rδ
(
σ̃m(y1, . . . , ym)

) ⊆ R
m \ O(0,K · δ).

(b) ⇒ (c). For a given rationalδ > 0, we fix anm-tuple (z1, . . . , zm) of self-adjoint
elements ofX satisfying conditions (i) and (ii) of (b). As in the proof of Lemma 3
implication (b)⇒ (c),

σ

(
m∑

k=1

z2
k

)
= λ

(
σ̃m(z1, . . . , zm)

) ⊆ λ
(
R

m \ O(0,K · δ)), (3.6)

whereλ(t1, . . . , tm) = ∑m
k=1 t2

k . Note that if (t1, . . . , tm) ∈ Rm \ O(0,K · δ), then there
existsi = 1, . . . ,m such that|ti | � K · δ and consequently,

∑m
k=1 t2

k � K2 · δ2. By (3.6),

σ

(
m∑

k=1

z2
k

)
⊆ λ

(
R

m \ O(0,K · δ)) ⊆ [
K2 · δ2,∞)

�⇒
∥∥∥∥∥
(

m∑
k=1

z2
k

)−1∥∥∥∥∥ � 1

K2 · δ2
. �

As a corollary of Lemma 3.9 we obtain the following statement.

Proposition 3.10. If there exists a generalized joint(n + 1)-spectrum on the unitalC∗-
algebraX satisfying condition(V), then the following are equivalent:

(a) rr(X) � n;
(b) brK2(X) � n, whereK is a general spectral constant of the joint spectrum.

Proof. By Proposition 3.6, (b)⇒ (a). If rr(X) � n, let ε > 0 and(x1, . . . , xn+1) be an
(n + 1)-tuple of self-adjoint elements inX. By Proposition 3.2, there exists an(n + 1)-
tuple (y1, . . . , yn+1) of self-adjoint elements ofX such that‖xk − yk‖ < ε for each
k = 1, . . . , n+ 1 and0 /∈ σ̃n+1(y1, . . . , yn+1). Then Lemma 3.9 implies that(y1, . . . , yn+1)

is K2-unessential. Thus, brK2(X) � n. �
3.4. Further properties of bounded rank

As it has been already noted in the Introduction, we can show now that all differ
between “invertible” andK-unessential commuting tuples disappear whenK � 1.
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Proposition 3.11. Let (y1, . . . , ym) be a commutingm-tuple of self-adjoint elements of the

er

ce
ts

ct

n
n

osi-
unital C∗-algebraX. If
∑m

i=1 y2
i is invertible, then(y1, . . . , ym) is K-unessential for any

positiveK � 1.

Proof. It suffices to prove that(y1, . . . , ym) is 1-unessential. Take a rational numb
δ > 0 and consider theC∗-subalgebraY of X generated by the given commutingm-
tuple (y1, . . . , ym) and the unit element. By Gelfand duality there is a compact spaT

such thatY is isometrically isomorphic toC(T ). Consequently we can identify elemen
of our m-tuple with real-valued functions defined onT . Consider the diagonal produ
y = ∆{yi: i = 1, . . . , n + 1} :T → Rm defined byy(t) = {y1(t), . . . , ym(t)} ∈ Rm for
each t ∈ T . Since

∑m
i=1 y2

i is invertible, the imagey(T ) does not contain the origi
0 = {0, . . . ,0} ∈ Rm. LetO(0, δ) denote the open ball at0 of radiusδ. Consider a retractio

rδ :
(
R

m \ {0}) → (
R

m \ O(0, δ)
)
.

Since0 /∈ y(T ), the compositionrδ ◦ y :T → Rm \ O(0, δ) is well defined. Letzi =
πi ◦rδ ◦y :T → R, whereπi :Rm → Ri = R denotes the projection onto theith coordinate.
Note that‖yi − zi‖ � δ for eachi = 1, . . . ,m.

Take a pointt ∈ T . Since(z1(t), . . . , zm(t)) = rδ(y1(t), . . . , ym(t)) /∈ O(0, δ), it follows
that zj (t) /∈ (−δ, δ) for somej = 1, . . . ,m. Consequently(

∑m
i=1 z2

i )(t) = ∑m
i=1 z2

i (t) �
z2
j (t) � δ2. By [9, Example 1.2.1], this means thatσ(

∑m
i=1 z2

i ) ⊆ [δ2,∞). This, in turn,

implies that‖(∑m
i=1 z2

i )
−1‖ � 1

δ2 . �
Corollary 3.12. Let X be a commutative unitalC∗-algebra and0 < K � 1. Then
brK(X) = rr(X) = dimΩ(X), whereΩ(X) is the spectrum ofX.

Proof. By Proposition 3.6, rr(X) � brK(X). The opposite inequality brK(X) � rr(X)

follows from Proposition 3.11. The remaining part is well known (see [1, Prop
tion 1.1]. �
Corollary 3.13. Let X be a unitalC∗-algebra and0 < K � 1. ThenbrK(X) = 0 if and
only if rr(X) = 0.

Proof. According to Proposition 3.6, brK(X) = 0 yields rr(X) = 0. Conversely, if rr(X) =
0, then, by Proposition 3.11, brK(X) = 0. �

Proofs of the following lemma and its corollary are straightforward.

Lemma 3.14. Let K > 0 andp :X → Y be a surjective∗-homomorphism of unitalC∗-
algebras. If(x1, . . . , xm) is a K-unessentialm-tuple of self-adjoint elements inX then the
m-tuple(p(x1), . . . , p(xm)) is K-unessential inY .

Proof. Since(x1, . . . , xm) is a K-unessentialm-tuple of self-adjoint elements inX, for
any rationalδ > 0 there exists anm-tuple(y1, . . . , ym) of self-adjoint elements inX such
that
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(i) ‖xk − yk‖ � δ for eachk = 1, . . . ,m.

l

pt of
proof

t

ct

s

(ii) The element
∑m

k=1 z2
k is invertible and‖(∑m

k=1 z2
k)

−1‖ � 1
K ·δ .

Clearly‖p(xk) − p(yk)‖ � ‖xk − yk‖ � δ for eachk = 1, . . . ,m and∥∥∥∥∥
(

m∑
k=1

[
p(yk)

]2

)−1∥∥∥∥∥ =
∥∥∥∥∥
(

m∑
k=1

p
(
y2
k

))−1∥∥∥∥∥ =
∥∥∥∥∥
(

p

(
m∑

k=1

y2
k

))−1∥∥∥∥∥
=

∥∥∥∥∥p

((
m∑

k=1

y2
k

)−1)∥∥∥∥∥ �
∥∥∥∥∥
(

m∑
k=1

y2
k

)−1∥∥∥∥∥ � 1

K · δ2

which shows that(p(x1), . . . , p(xm)) is indeedK-unessential. �
As a corollary we obtain the following useful statement.

Proposition 3.15. Let K > 0 and p :X → Y be a surjective∗-homomorphism of unita
C∗-algebras. ThenbrK(Y ) � brK(X).

The following result is actually one of the main reasons of introducing the conce
bounded rank (see the corresponding discussion in the Introduction). It is used in the
of Theorem 4.4.

Proposition 3.16. Let K > 0 and{Xt : t ∈ T } be a family of unitalC∗-algebras such tha
brK(Xt) � n for eacht ∈ T . ThenbrK(

∏{Xt : t ∈ T }) � n.

Proof. Let (x1, . . . , xn+1) be an(n + 1)-tuple of self-adjoint elements of the produ
X = ∏{Xt : t ∈ T }, wherexk = {xt

k: t ∈ T } for eachk = 1, . . . , n + 1, and letε > 0. Our
goal is to find aK-unessential(n + 1)-tuple(y1, . . . , yn+1) in X such that‖xk − yk‖ < ε.
For a givent ∈ T consider the(n + 1)-tuple (xt

1, . . . , x
t
n+1) of self-adjoint element

in Xt . Since brK(Xt) � n, there exists aK-unessential(n + 1)-tuple (yt
1, . . . , y

t
n+1) in

Xt such that‖xt
k − yt

k‖Xt < ε
2 for eachk = 1, . . . , n + 1. Consider the(n + 1)-tuple

(y1, . . . , yn+1), whereyk = {yt
k: t ∈ T } for eachk = 1, . . . , n+1. Note thatyk ∈ X for each

k = 1, . . . , n + 1. Indeed‖yt
k‖Xt � ‖yt

k − xt
k‖Xt + ‖xk‖Xt � ε

2 + sup{‖xt
k‖Xt : t ∈ T } and

sup{‖yt
k‖Xt : t ∈ T } � ε

2 +sup{‖xt
k‖Xt : t ∈ T } < ∞. Also note that‖xk −yk‖ = sup{‖xt

k −
yt
k‖Xt : t ∈ T } � ε

2 < ε. It only remains to show that the(n + 1)-tuple(y1, . . . , yn+1) is K-
unessential inX. Indeed, letδ > 0 be rational. Since the(n + 1)-tuple (yt

1, . . . , y
t
n+1) is

K-unessential inXt , there exists an(n + 1)-tuple(zt
1, . . . , z

t
n+1) in Xt such that

(a)t ‖yt
k − zt

k‖Xt � δ for eachk = 1, . . . , n + 1.

(b)t ‖(∑n+1
k=1(z

t
k)

2)−1‖ � 1
K ·δ2 .

Next, consider the(n + 1)-tuple (z1, . . . , zn+1), where zk = {zt
k: t ∈ T } for each

k = 1, . . . , n + 1. As above,zk ∈ X and obviously

‖yk − zk‖ = sup
{∥∥yt

k − zt
k

∥∥
Xt

: t ∈ T
}

� δ, k = 1, . . . , n + 1.
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Finally, note that

stems

l

g

∥∥∥∥∥
(

n+1∑
k=1

z2
k

)−1∥∥∥∥∥ =
∥∥∥∥∥
{(

n+1∑
k=1

(
zt
k

)2

)−1

: t ∈ T

}∥∥∥∥∥
= sup

{∥∥∥∥∥
(

n+1∑
k=1

(
zt
k

)2

)−1∥∥∥∥∥
Xt

: t ∈ T

}
� 1

K · δ2

as required. �

4. Spectral decompositions of unital C∗-algebras of bounded rank n

In this section we investigate the behavior of bounded rank with respect to direct sy
and then use this to prove the existence of universal elements inBRK

n .

Proposition 4.1. Let K > 0 and letX = lim−→S, whereS = {Xα, i
β
α ,A} is a direct system

consisting of unitalC∗-algebras and unital∗-inclusions. IfbrK(Xα) � n for eachα ∈ A,
thenbrK(X) � n.

Proof. Since
⋃{Xα : α ∈ A} is dense inX (we identify eachiα(Xα) with Xα), for any

(n+1)-tuple(x1, . . . , xn+1) of self-adjoint elements ofX andε > 0, we can first findα ∈ A

and an(n + 1)-tuple (y1, . . . , yn+1) of self-adjoint elements ofXα with ‖xt
k − yt

k‖ < ε
2

for eachk = 1, . . . , n + 1. Then, using that brK(Xα) � n, there exists aK-unessentia
(n + 1)-tuple(z1, . . . , zn+1) in Xα such that‖yt

k − zt
k‖ < ε

2, k = 1, . . . , n + 1. Obviously,
‖xt

k − zt
k‖ < ε for eachk = 1, . . . , n + 1 and(z1, . . . , zn+1), beingK-unessential inXα , is

K-unessential inX. �
The following decomposition theorem is known to be true forn = 0 [3]. Proof below

works for the real rank as well.

Proposition 4.2. Let K > 0. The following conditions are equivalent for any unitalC∗-
algebraX:

(1) brK(X) � n.
(2) X can be represented as the direct limit of a directC∗

ω-system{Xα, i
β
α ,A} satisfying

the following properties:
(a) The indexing setA is cofinal andω-closed in theω-complete setexpω Y for some

(any) countable dense subsetY of X.
(b) Xα is aC∗-subalgebra ofX such thatbrK(Xα) � n, α ∈ A.

Proof. The implication(2) ⇒ (1) follows from Proposition 4.1.
In order to prove the implication(1) ⇒ (2) we first consider a directC∗

ω-system

SX = {Xα, i
β
α ,A} with properties indicated in Proposition 2.2. Next consider the followin

relationL ⊆ A2:
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L = {
(α,β) ∈ A2: α � β for each(n + 1)-tuple(x1, . . . , xn+1)

l

l

,

t

in (Xα)sa and eachε > 0 there exists aK-unessential

(n + 1)-tuple(y1, . . . , yn+1) in Xβ such that‖xk − yk‖ < ε

for eachk = 1, . . . , n + 1
}
.

Let us verify the conditions of [4, Proposition 1.1.29].
Existence. Let α ∈ A. We need to show that there existsβ ∈ A such that(α,β) ∈ L. For

an (n + 1)-tuple x̄ = (x1, . . . , xn+1) ∈ (Xα)n+1
sa and for a positive integerm ∈ N first we

prove the following assertion:

(∗)(α,x̄,m) There exist an indexβ(α, x̄,m) ∈ A, β(α, x̄,m) � α and aK-unessentia
(n+ 1)-tupleȳ = (y1, . . . , yn+1) in Xβ(α,x̄,m) such that‖xk − yk‖ < 1

m
for each

k = 1, . . . , n + 1.

Proof of (∗)(α,x̄,m). Since brK(X) � n, there exists aK-unessential(n + 1)-tuple ȳ =
(y1, . . . , yn+1) in X such that‖xk − yk‖ < 1

m
for eachk = 1, . . . , n + 1. SinceSX is a

directC∗
ω-system, it follows from Lemma 2.3 that for eachk = 1, . . . , n + 1, there exists

an indexβ(α, x̄,m, k) ∈ A such thatyk ∈ Xβ(α,x̄,m,k). SinceA is a ω-complete directed
set there exists, by [4, Corollary 1.1.28], an indexγ ∈ A such thatα,β(α, x̄,m, k) � γ for
eachk = 1, . . . , n + 1. This obviously implies that

Xα ∪ {y1, . . . , yn+1} ⊆ Xα ∪
n+1⋃
k=1

Xβ(α,x̄,m,k) ⊆ Xγ .

Note thatȳ is K-unessential inX, but it might not beK-unessential inXγ . We are going to
findβ(α, x̄,m) ∈ A such that̄y isK-unessential inXβ(α,x̄,m). To this end, for every rationa
δ > 0 fix an (n + 1)-tuple zδ = (z1, . . . , zn+1) of self-adjoint elements ofX such that
‖yk − zk‖ � δ for eachk = 1, . . . , n + 1, the elementz2

δ = ∑m
k=1 z2

k is invertible inX and
‖(z2

δ )
−1‖ � 1

K ·δ2 . Next, we chooseγ (δ) ∈ A with Xγ(δ) containing the set{z1, . . . , zn+1}
andγ (δ) � γ . Finally, by [4, Corollary 1.1.28], there exists an elementβ(α, x̄,m) ∈ A

such thatβ(α, x̄,m) � γ (δ) for every rationalδ. It follows from our construction that̄y is
aK-unessential(n + 1)-tuple inXβ(α,x̄,m). This finishes the proof of(∗)(α,x,m). �

For a given(n + 1)-tuple x̄ = (x1, . . . , xn+1) ∈ (Xα)n+1
sa consider indicesβ(α, x̄,m) ∈

A, satisfying conditions(∗)(α,x̄,m), m = 1,2, . . . . Applying [4, Corollary 1.1.28] once
more, there exists an elementβ(α, x̄) ∈ A such thatβ(α, x̄) � β(α, x̄,m) for eachm =
1,2, . . . . ObviouslyXα ⊆ Xβ(α,x̄). Note also that

(∗)(α,x̄) For anyε > 0 there is aK-unessential(n + 1)-tuple ȳ = (y
(α,x̄)
1 , . . . , y

(α,x̄)
n+1 ) in

Xβ(α,x̄) such that‖xk − y
(α,x̄)
k ‖ < ε for eachk = 1, . . . , n + 1.

SinceSX is a directC∗
ω-system, it follows (Definition 2.1(b)) thatXα is separable. So

there exists a countable dense subsetYα of (Xα)sa . For eachȳ = (y1, . . . , yn+1) ∈ Yn+1
α

consider an indexβ(α, ȳ) ∈ A satisfying condition(∗)(α,ȳ). SinceA is a ω-complete se
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and since|Yn+1
α | � ω, we conclude, by corollary [4, Corollary 1.1.28], that there exists an

t

s.

t

t the
indexβ = β(α) ∈ A such thatβ � β(α, ȳ) for eachȳ ∈ Yn+1
α .

We claim that(α,β) ∈ L. Indeed, letε > 0 andx̄ = (x1, . . . , xn+1) ∈ (Xα)n+1
sa . Since,

by the above construction,Yα is dense in(Xα)sa , there exists an(n + 1)-tuple ỹ =
(ỹ1, . . . , ỹn+1) ∈ Yn+1

α such that‖ỹk − xk‖ � ε
2 for eachk = 1, . . . , n + 1. By condition

(∗)(α,ỹ), there exists aK-unessential(n + 1)-tupleȳ = (y
(α,ỹ)

1 , . . . , y
(α,ỹ)

n+1 ) in Xβ(α,ỹ) such

that ‖ỹk − y
(α,ỹ)
k ‖ < ε

2 for eachk = 1, . . . , n + 1. Sinceβ = β(α) � β(α, ỹ), it follows
that Xβ(α,ỹ) ⊆ Xβ(α). This guarantees that̄y ∈ (Xβ(α))

n+1
sa . It only remains to note tha

‖xk − y
(α,ỹ)
k ‖ � ‖xk − ỹk‖ + ‖ỹk − y

(α,ỹ)
k ‖ < ε. Therefore(α,β) ∈ L.

Majorantness. Let (α,β) ∈ L andγ � β . We need to show that(α, γ ) ∈ L. Let ε > 0
andx = (x1, . . . , xn+1) ∈ (Xα)n+1

sa . Since(α,β) ∈ L, there exists aK-unessential(n + 1)-
tupley = (y1, . . . , yn+1) in Xβ such that‖xk − yk‖ < ε for eachk = 1, . . . , n + 1. Since
γ � β , it follows that (Xβ)sa ⊆ (Xγ )sa which shows thaty ∈ (Xγ )n+1

sa . Moreover,y is
K-unessential inXγ , so(α, γ ) ∈ L.

ω-closeness. Suppose that{αi : i ∈ ω} is a countable chain of indices inA. Assume
also that(αi , β) ∈ L for eachi ∈ ω and someβ ∈ A. Our goal is to show that(α,β) ∈ L,
whereα = sup{αi : i ∈ ω}. Let ε > 0 and(x1, . . . , xn+1) ∈ (Xα)n+1

sa . SinceSX is a direct
C∗

ω-system it follows (Definition 2.1(c)) thatXα is the direct limit of the direct system
generated byC∗-subalgebrasXαi , i ∈ ω, and corresponding inclusion homomorphism

Consequently, there exist an indexj ∈ ω and an(n + 1)-tuple(x
j
1, . . . , x

j
n+1) ∈ (Xαj )

n+1
sa

such that‖xk − x
j

k ‖ < ε
2 for eachk = 1, . . . , n + 1. Since(αj ,β) ∈ L, there exists a

K-unessential(n + 1)-tuple (y
j
1, . . . , y

j
n+1) in Xβ such that‖xj

k − y
j
k ‖ < ε

2 for each

k = 1, . . . , n + 1. Clearly ‖xk − y
j

k ‖ < ε for eachk = 1, . . . , n + 1. This shows tha
(α,β) ∈ L.

We are now in a position to apply [4, Proposition 1.1.29] which guarantees tha
setA′ = {α ∈ A: (α,α) ∈ L} is cofinal andω-closed inA. Note that(α,α) ∈ L precisely
when for eachε > 0 and for each(n + 1)-tuple (x1, . . . , xn+1) ∈ (Xα)n+1

sa there exists
a K-unessential(n + 1)-tuple (y1, . . . , yn+1) in Xα such that‖xk − yk‖ < ε for each
k = 1, . . . , n + 1. This obviously means that the directC∗

ω-system lim−→S ′
X = {Xα, i

β
α ,A′}

consists ofC∗-subalgebras ofX of bounded rank (with respect toK) at mostn. Clearly
lim−→S ′

X = X. Proof is completed. �
The following statement immediately follows form Proposition 4.2.

Corollary 4.3. LetK > 0. Every countable subset of a unitalC∗-algebraX with brK(X) �
n is contained in a unital separableC∗-subalgebraX0 such thatbrK(X0) � n.

Next, for anyK > 0, we construct a universal separable unitalC∗-algebraZK
n of

bounded rankn. We mean universal in the sense that any other separable unitalC∗-algebra
with bounded rank� n is its quotient.

Theorem 4.4. LetK > 0. The classBRK
n of all separable unitalC∗-algebras withbrK � n

contains an universal elementZK
n . More formally, there exists aBRK

n -invertible unital∗-
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homomorphismp :C∗(F∞) → ZK
n , whereZK

n is a separable unitalC∗-algebra such that

t

he

n

t

e

n)

cide.
tion 3.
al
brK(ZK
n ) = n.

Proof. Let A = {ft :C∗(F∞) → Xt , t ∈ T } denote the set of all unital∗-homo-
morphisms, defined onC∗(F∞), such that brK(Xt) � n. Next, consider the produc∏{Xt : t ∈ T }. Since brK(Xt ) � n for each t ∈ T , it follows from Proposition 3.16
that brK(

∏{Xt : t ∈ T }) � n. The ∗-homomorphismsft , t ∈ T , define the unital∗-
homomorphismf :C∗(F∞) → ∏{Xt : t ∈ T } such thatπt ◦ f = ft for each t ∈
T (here πt :

∏{Xt : t ∈ T } → Xt denotes the corresponding canonical projection∗-
homomorphism). By Proposition 4.2,

∏{Xt : t ∈ T } can be represented as the limit of t
C∗

ω-systemS = {Cα, i
β
α ,A} such thatCα is a separable unitalC∗-algebra with brK(Cα) �

n for eachα ∈ A. Suppressing injective unital∗-homomorphismsiβα :Cα → Cβ , we can,
for notational simplicity, assume thatCα ’s are unitalC∗-subalgebras of

∏{Xt : t ∈ T }. Let
{ak: k ∈ ω} be a countable dense subset ofC∗(F∞). By Lemma 2.3, for eachk ∈ ω there
exists an indexαk ∈ A such thatf (ak) ∈ Cαk . By [4, Corollary 1.1.28], there exists a
indexα0 ∈ A such thatα0 � αk for eachk ∈ ω. Thenf (ak) ∈ Cαk ⊆ Cα0 for eachk ∈ ω

(see also Corollary 4.3). This observation coupled with the continuity off guarantees tha
f (C∗(F∞)) = f (cl{ak: k ∈ ω}) ⊆ cl{f ({ak: k ∈ ω})} ⊆ clCα0 = Cα0.

Let ZK
n = Cα0 and p denote the unital∗-homomorphismf considered as th

homomorphism ofC∗(F∞) into ZK
n . Note thatf = i ◦ p, where i :ZK

n = Cα0 ↪→∏{Xt : t ∈ T } stands for the inclusion.
By construction, brK(ZK

n ) � n. Let us show thatp :C∗(F∞) → ZK
n is BRK

n -
invertible in the sense of Introduction. In our situation, for any unital∗-homomorphism
g :C∗(F∞) → X, whereX is a separable unitalC∗-algebra with brK(X) � n, we need
to establish the existence of a unital∗-homomorphismh :ZK

n → X such thatg = h ◦ p.
Indeed, by definition of the setA, we conclude thatg = ft for some indext ∈ T (in
particular,X = Xt for the same indext ∈ T ). Next observe thatg = ft = πt ◦ f =
πt ◦ i ◦p. This allows us to define the required unital∗-homomorphismh :ZK

n → X as the
compositionh = πt ◦ i. Hence,p is BRK

n -invertible which yields (see the Introductio
the universality ofZK

n . �

5. Concluding remarks

It would be interesting to find conditions under which bounded and real ranks coin
Some of them, formulated in terms of joint spectra, have been discussed in Sec
Let us consider one more, of a somewhat different nature. Let us say that a unitC∗-
algebraX has an openm-squaring map if the mapαm : (Xsa)

m → X+, defined by letting
αm(x1, . . . , xm) = ∑m

k=1 x2
k , is open.

Proposition 5.1. If the unital C∗-algebrasX has an open(n + 1)-squaring map, then
rr(X) � n.

Proof. Let (x1, . . . , xn+1) be an(n + 1)-tuple of self-adjoint elements ofX andε > 0.
Clearly σ(x) ⊆ [0,∞), wherex = αn+1(x1, . . . , xn+1) = ∑n+1

k=1 x2
k . Sinceαn+1 is open,
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there existsδ > 0 (generally speakingδ depends on the(n + 1)-tuple (x1, . . . , xn+1))

,

s
o

int

ility

46
such that for everyy ∈ X+ with ‖x − y‖ < δ there exists an(n + 1)-tuple(y1, . . . , yn+1)

of self-adjoint elements ofX with αn+1(y1, . . . , yn+1) = y and‖yk − xk‖ < ε for each
k = 1, . . . , n + 1. Next, consider a functionf :σ(x) → (0,∞) such that‖f (t) − t‖ < δ,
t ∈ σ(x). Functional calculus supplies the elementz ∈ C∗(x) corresponding tof such
that ‖z − x‖ < δ. Sincef ∈ C(σ(x)) is positive (becausef (σ(x)) ⊆ (0,∞)), z is also
positive. By the Spectral Mapping Theorem,σ(z) = f (σ(x)) ⊆ (0,∞). Consequently
z is invertible. Choice ofδ guarantees the existence of an(n + 1)-tuple (z1, . . . , zn+1)

of self-adjoint elements such thatαn+1(z1, . . . , zn+1) = z and ‖zk − xk‖ < ε for each
k = 1, . . . , n + 1. By Lemma 2.4(ii), this means that rr(X) � n. �

It would be interesting to understand how much stronger the requirement of opennes
of the(n+1)-squaring map is compared to the condition rr(X) � n and when do these tw
conditions coincide.5

Acknowledgement

We are grateful to Vladimir Kisil for information regarding general theory of jo
spectra for non-commuting tuples.

References

[1] L.G. Brown, G.K. Pedersen,C∗-algebra of real rank zero, J. Funct. Anal. 99 (1991) 131–149.
[2] A. Chigogidze, Uncountable direct systems and a characterization of non-separable projectiveC∗-algebras,

Mat. Stud. 12 (2) (1999) 171–204.
[3] A. Chigogidze, UniversalC∗-algebra of real rank zero, Infinite Dimensional Analysis, Quantum Probab

and Related Topics 3 (2000) 445–452.
[4] A. Chigogidze, Inverse Spectra, North-Holland, Amsterdam, 1996.
[5] A. Chigogidze, A. Karasev, M. Rørdam, Real rank and squaring mappings for unitalC∗-algebras,

math.FA/0201214.
[6] R. Engelking, Dimension Theory, PWN, Warsaw, 1978.
[7] W. Hurewitz, H. Wallman, Dimension Theory, Princeton University Press, Princeton, NJ, 1941.
[8] H. Lin, The tracial topological rank ofC∗-algebras, Proc. London Math. Soc. 83 (2001) 199–234.
[9] G.J. Murphy,C∗-Algebras and Operator Theory, Academic Press, London, 1990.

[10] G.J. Murphy, The analytic rank of aC∗-algebra, Proc. Amer. Math. Soc. 115 (1992) 741–746.
[11] J. Nagata, Modern Dimension Theory, North-Holland, Amsterdam, 1965.
[12] A.R. Pears, Dimension Theory of GeneralSpaces, Cambridge University Press, London, 1975.
[13] N.C. Phillips, SimpleC∗-algebras with the property (FU), Math. Scand. 69 (1991) 121–151.
[14] M.A. Rieffel, Dimension and stable rank in theK-theory of C∗-algebras, Proc. London Math. Soc.

(1983) 301–333.
[15] W. Winter, Covering dimension for nuclearC∗-algebras, math.OA/0107218.
[16] W. Zelazko, An axiomatic approach to joint spectra I, Studia Math. 64 (1979) 249–261.
5 This question is discussed in [5].


