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Roberts-type embeddings and conversion
of transversal Tverberg’s theorem

S. A. Bogatyi and V.M. Valov

Abstract. Central in the paper are two results on the existence of ‘economical’
embeddings in a Euclidean space. The first result (Corollary 1.4) states the existence
of an embedding with image intersecting the large-dimensional planes in sets of
‘controllable’ dimension. The second result (Corollary 1.6) proves the existence
of maps such that each small-dimensional plane contains ‘controllably’ many points of
the image.

Well known results of Noébeling-Pontryagin, Roberts, Hurewicz, Boltyanskii, and
Goodsell can be obtained as consequences of these results. Their infinite-dimensional
version concerning an embedding in a Hilbert space is also established (Theorem 1.8).

Bibliography: 31 titles.

§ 1. Introduction

All the maps considered in our paper are assumed to be continuous and all the
spaces are at least completely regular. Throughout, II* C R™ is a d-dimensional,
not necessarily coordinate plane (a d-plane) in R™. Unless otherwise explicitly
stated, all function spaces in the paper are equipped with the source limitation
topology [1].

Our aim consists in the proof of Theorem 1.1 stated below and in establishing
several applications of this result.

Theorem 1.1. Let A;;, i = 1,2,...,q, j = 1,2,...,n; + 1, be points in R™
such that the set of their coordinates is algebraically independent. Assume that
0<t<d<T<mandlet II? be a d-plane in R™ parallel to some coordinate
planes II* ¢ TIT ¢ R™. If eitherd —t+1 < qgandni +ng+---+n5+1 <
(m—d)(g—1)—(T—d)(d—t), or g < d—t+1 and n1+na+- - -+ng+1 < (m—T)(g—1),
then there exists an inder i € {1,2,...,q} such that 1% is disjoint from the linear
hull H(Mi) Of the set Mi = {Ai71, ceey AiJlH—l}'

The first part of Theorem 1.1 for t =0, T = m, and d —t + 1 < g was stated as
a conjecture in [2], Conjecture 2 and [3], Conjecture 4.2.

Recall that a real number v is said to be algebraically dependent on real numbers
u,...,ux if v satisfies an equation po(u) + p1(u)v + -+ + pp(u)v™ = 0, where
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po(w),...,pn(u) are polynomials in wuy, ..., u; with rational coefficients, not all of
them equal to zero. A finite set of real numbers is algebraically independent if none
of them depends algebraically on the other numbers.

Corollary 1.2. Let K be a finite simplicial complex, 0: K — R™ a semilinear map
and assume that € > 0. Then there exists a semilinear map g: K — R™ such that
d(g(v),0(v)) < e for each vertex v of K, and for arbitrary integers n, d, t, T such
that 0 <t <d<T <mand d <m —n—1 and each d-plane ¢ ¢ R™ parallel to
some coordinate planes II* C TIT C R™, the number q of pairwise disjoint simplezes
of K of dimension < n with g-images intersecting II? satisfies the inequalities

n+n+T—m)(d-1t)

g<d+1—t+ P for n=(m—-—n—-T)(d-1t),
qél—l—% for n<(m—n-T)(d—1).
m-—n—

The idea of using algebraically independent sets for the proof of general-position
results similar to Corollary 1.2 goes back to Roberts [4]. This idea was also used
by Berkowitz and Roy in [5], where they suggested a version of Proposition 1.2
for t =0 and T = m. A proof of the Berkowitz—Roy theorem was carried out by
Goodsell in [6], Theorem A.1 (see also [7] for other applications of the Berkowitz—
Roy theorem).

Here are several applications of Corollary 1.2.

Theorem 1.3. Let f: X — Y be a perfect map of paracompact spaces such that
dimf < n and dimY = 0. Then for each m > n + 1 the space C*(X,R™) of
bounded continuous maps from X into R™ contains a dense Gs-subset H of maps g
such that dim g(f~1(y))NII% < n+d—m for eachy € Y and each d-plane I1¢ C R™
withm —n < d<m.

Corollary 1.4. Let X be a normal space with dim X < n and m > n+1. Then the
space C*(X,R™) equipped with the uniform-convergence topology contains a dense

Gs-subset 3 of maps g such that g(X) NT1% is at most (n -+ d —m)-dimensional for
each d-plane II* ¢ R™ withm —n < d < m.

We shall show how Corollary 1.4 follows from Theorem 1.3. By considering the
Stone-Cech compactification 3X of X and the function space C(8X, R™) in place
of X and C*(X,R™), respectively, we can assume that X is compact. Then we
apply Theorem 1.3 to a constant map f on X.

As Roberts proved in [4], Theorem 1.2, if X is a compact metrizable space of
dimension < n and n+1 < d < 2n+1, then C(X, R?"*1) equipped with the topol-
ogy of uniform convergence contains a dense Gs-subset consisting of maps g such
that dim g(X) NTI¢ < d—n — 1 for each d-plane 1 C R2"*1. From this result and
Hurewicz’s theorem on dimension-preserving metrizable compactifications Roberts
deduced the existence of such embeddings for separable metrizable spaces of dimen-
sion < n. Obviously, Roberts’s results follow from the combination of Corollary 1.4
and the Nobeling-Pontryagin embedding theorem.

Theorem 1.3 does not work for d < m—n—1. However, as the next result shows,
in that case we can prove slightly more: we can find a residual subset of C*(X,R™)
consisting of maps g such that g(f~!(y)) NII¢ is finite for each y € Y and each
d-plane in R™.
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Theorem 1.5. Let f: X — Y be a perfect map between metrizable spaces such
that dim f < n and dimY < 0. Then C*(X,R™) contains a dense Gs-subset K
of maps g such that for arbitrary integers d, t, T with0 <t < d <T < m and
d <m—n—1 and for each d-plane II* C R™ parallel to some coordinate planes
It c TIT C R™ each set f~(y)Ng~ (1), y € Y, contains at most q points, where

+(n+T—m)d—1t)

g=d+1—t+2
m-—n-—d

for n=(m—-—n—-T)(d-1t),

q=1+ ﬁ otherwise.

Corollary 1.6. Let X be a metrizable compactum with dim X < n and assume
that m > n+ 1. Then C(X,R™) contains a dense Gs-subset of maps g such that
for arbitrary integers d, t, T with0 <t <d<T <mand d<m—n—1 and each
d-plane TI¢ ¢ R™ parallel to some coordinate planes II* € IIT in R™ the inverse
image g~ (T1%) contains at most q points, where

n+n+T—m)(d—1t)

g=d+1—-t+
m—n—d
q= 1+# otherwise.
m—n-—T
Taking Y in Theorem 1.5 to be a point, and taking m =n+2, d=1, t =0,

and T = r, we obtain another consequence.

for n=z(m—-—n—-T)(d-1t),

Corollary 1.7. Let X be a metrizable compactum with dim X < n. Then the
space C(X,R"*2) contains a dense Gs-subset of maps g such that for each positive
integer r < n + 2 and each line II' C R™ parallel to some coordinate r-plane II"
in R™ the inverse image g~ (II') contains at most n + r points.

The maps obtained in this paper are never semilinear since each line contains
finitely many points from their ranges. However, for m > 2n + 1 we obtain embed-
dings which are moreover tame ([8], Theorem 5.1).

Theorem 1.8 below is an infinite-dimensional version of Theorem 1.5. For com-
pact X and a one-point space Y Theorem 1.8 was established by Boltyanskii [9]
under the additional constraint r = 0.

Theorem 1.8. Let f: X — Y be a perfect map between metrizable spaces such
that Y is a C-space. For arbitrary integers d and r let P(d,r) be the family of
all d-planes I C Iy parallel to some coordinate planes 11" C lo. Then C*(X, 1)
contains a dense Gs-subset of maps g such that for eachy € Y and each 1% € P(d, r)
the set f~1(y)Ng~ (%) contains at most d+1—r points if r < d and at most one
point if r > d.

This paper is organized as follows. We present the proofs of Theorem 1.1 and
Corollary 1.2 in §2. Section 3 is devoted to the proof of Theorem 1.3. Theorems
1.5 and 1.8 are discussed in §4. The final § 5 contains further applications of Theo-
rem 1.1 and Corollary 1.2. We also include in the final section several conjectures.

A few words about the source limitation topology [1]. For arbitrary spaces M
and K we denote by C(K, M) the set of all continuous maps from K into M.
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If (M, d) is a metric space and K an arbitrary space, then the source limitation
topology in C(K, M) is defined as follows: a subset U of C'(K, M) is open in
C(K, M) in the source limitation topology if for each g € U there exists a continuous
function a: K — (0, 00) such that B(g,a) C U. Here B(g,a) is the set

{he C(K,M) :d(g(x),h(z)) < a(z) for each x € K}.

It is well known (see, for instance, [10]) that if (M, d) is a complete metric space,
then C(K, M) has the Baire property in this topology. Hence C*(K, H) with the
source limitation topology also has the Baire property for each Banach space H.

The main results of this paper were established during the first author’s visit to
Nipissing University in May 2004. He thanks NSERC for the support of his visit
and the COMA Department of the Nipissing University for hospitality.

In conclusion we also wish to thank Prof. T. Goodsell, who provided us with his
proof ([6], Appendix) of the Berkowitz—Roy theorem.

§ 2. Proofs of Theorem 1.1 and Corollary 1.2

Proof of Theorem 1.1. Assume that II? intersects the linear hull TI(M;) of each
set M; and let Y; € II* NTI(M;), i = 1,...,q. It is sufficient to show that under
these assumptions we either have ni+ng+- - -4+nq+1 > (m—d)(¢—1)— (T —d)(d—t)
forg>d—t+lorni+ne+---4+ng+1>m—-T)(g—1) forl<g<d—t+1.
For what follows we shall need the inequality below (see [5] and [6]), which follows
from the properties of algebraically independent sets.

Proposition 2.1. Let A be an algebraically independent subset of R, and B a
subset of R such that each element of A depends algebraically on B. Then the
cardinality of A does not exceed the cardinality of B.

We shall also require the following constructions due to Roberts [4]. Let {r;}
be an infinite algebraically independent set: each finite subset of it is algebraically
independent. Let R; = {¢+ r; : ¢ € Q}, where Q is the set of rational num-
bers. Then each R; is a dense subset of R and distinct R; are disjoint. Moreover,
each finite set M containing at most one element from each R;, i = 1,2,..., is
algebraically independent.

We can assume that II* and II7 are the planes of the first ¢ and T coordinate
variables, respectively. Let 7 be the projection of R™ onto the space R™~t of the
last m — t coordinates. Then I1¢~* = 7(I1%) is a (d — t)-plane in R™~* parallel to
the coordinate plane II7~* = 7(II7"). Moreover, the set of coordinates of all points
B, j = m(A;, ;) is algebraically independent (as a subset of the set of coordinates of
the points 4; ;). Hence by considering the space R of the last m —t coordinates
and the projections B; ;, m(II?), and m(IIT) onto it we can assume that t = 0.

Since Y; € II(M;), there exist coefficients {)\M}?;"{l, Aii+ -+ XNin41 =1,
such that

Yi=Xiidii+ 4+ XinAins + XNins+14init1

=Xigdin 4 X A, + (L= Xin— = Xin) Ain 1 (1)
foreachi=1,...,q.
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At least one of the numbers {\; ; };Lz"{l is non-zero. We assume without loss of
generality that X\;1 # 0. (If some of the numbers {)\ivj}?;"{l are equal to zero,
then we can leave the corresponding points out of consideration and obtain a
subset {A4; ;} satisfying the assumptions of the theorem.) By (1) we can express A4; 1
as a linear combination of A; 2, ..., A; n,+1, Yi. Then we obtain n; additional coef-
ficients, Aj1,..., Ain;-

We have thus expressed the coordinates of all the points {4;;}, i = 1,...,q,
j = 1,...,n; + 1, in terms of the coordinates of the points {4;;},
i=1,...,9,7=2,...,n; +1; Y1,...,Y, and the numbers {X; ;}, i =1,...,¢,
j = 1, .oy NG

(I) Assume that ¢ < d+1. Since I1¢ is parallel to IT17, the plane Y; + 117 contains
all the points Y3,...,Y,. Thus,

T
n_lflzzai,jejy i:27"'7q7 (2)
i=1

where e; is the jth unit basis vector.

We have thus expressed all the coordinates of the points {4;;}, i =1,...,q,
j=2,...,n;+1; Yq,...,Y, and the numbers {)\; ;}, i =1,...,¢, 5 =1,...,n,
in terms of the coordinates of {4, ;},i=1,...,¢,5 =2,...,n; +1; Y7, and the
numbers {X; ;},i=1,...,¢,7=1,...,n a;;,1=2,...,¢q,5=1,...,T.

Hence by Proposition 2.1, gm < m+nq + -+ - +nq + T(g — 1), that is,

ni+--+ng = (m-—T)(g—1). (31)

We observe that (31) survives the replacement of m, d, and T by m — t, d — ¢, and
T — t, respectively. Hence (31) holds for each ¢ with 0 < ¢t < d.

(IT) Assume that ¢ > d + 1. Then there exist d + 1 points Y;, for instance,
Yi,..., Y441, such that each Y}, j =d+2,...,q, is a linear combination of the Y;,
i =1,...,d+1. Note that such d+1 points exist even if the linear hull of Y7, ...,Y]
has dimension < d. Hence

d d

5/3':25]',15@4-(1—25]'4)5/#1, J=d+2,....q
i=1 i=1

for some coefficients {8;,}, i =1,...,d,j=d+2,...,q.

In this case equations (2) hold for ¢ = 2,...,d + 1. We have thus expressed
all the coordinates of the points {4; ;},i=1,...,¢,7=2,...,n; + 1; Y1,..., Y,
and the numbers {\; ;}, ¢ =1,...,¢, j = 1,...,n,, in terms of the coordinates
of {4;;},i=1,...,¢,5=2,...,n; +1; Y7, and the numbers {)\; ;},i=1,...,¢,
j=1...n5 {Bii},i=d+2,...,q,i=1,....d; a;j,i=2,...,d+1, 5=
1,....T.

Hence by Proposition 2.1 we obtain gm < m+ny +---+ng+(¢—d—1)d+T4d,
or equivalently, nq +---+mnqy = (m —d)(g — 1) — (T — d)d. Replacing in the last
inequality m, d, and T by m — t, d — t, and T — t, respectively, we obtain

nit g > (m—d)(g— 1) — (T —d)(d—1). (3)

Inequalities (31) and (311) complete the proof of Theorem 1.1.
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Proof of Corollary 1.2. Let {v;} be the vertices of K, and R; the sets in the above-
discussed Roberts’s construction carried out for some denumerable algebraically
independent set. For each i we consider a point A; = (A4;(1),...,4;(m)) € R™
such that dist (G(Ui),Ai) < ¢ and Ai(s) € R(i—1)m+s- Then the set of all the
coordinates of {4;(k)} is algebraically independent. We define a map g: K — R™
by setting g(v;) = A; and extending ¢ linearly to each simplex of K. Obviously,
g(vi,) # g(vs,) for iy # ia. Moreover, the restriction of the map g to each n-simplex
of K is one-to-one. Let II? be a d-plane in R™ parallel to some coordinate planes
II* ¢ 17, and let ¢ be the number of disjoint simplexes of K of dimension not
exceeding n the g-images of which meet IT1%. That is, assume that K contains ¢ at
most n-dimensional disjoint simplexes o; = (v;; : j = 1,...,n; + 1) such that the
sets g(o;) = (A;j : 5 =1,...,n; + 1) intersect 1. We claim that

n+n+T—m)(d-—1t)
m—n-—d

g< Ny =d+1-t+ fornz (m—-—n—-T)(d—1t).

Assume that ¢ > d + 1 — t. Since II? intersects the images
g(oi) CO({Aij:j=1,...,n;+1})
of all the disjoint simplexes o;, 7 =1,...,q, it follows by Theorem 1.1 that
ni+---+ng=m—d)(g—1)— (T —d)(d—1).

Consequently,
ng > (m—d)(g—1) — (T — d)(d - t) (4)

because n; < n for each i. Relation (4) is equivalent to the required inequality
q < Ny.

If ¢ < d+1—t, then we have ¢ < N; because our assumption n > (m—n—T)(d—t)
means that d +1 —t < Nj.

We now show that

n

g< Ny =1+ forn < (m—n—-T)(d—1).

m-—n-—1T

Assume that ¢ < d+ 1 —t. Then, as before, ny +---+ny > (m—T)(g — 1) by
Theorem 1.1, and therefore

ng > (m—T)(q 1) (5)

since n; < n for all 4. Relation (5) is equivalent to the required inequality ¢ < Na.
Finally, assume that ¢ > d —t 4+ 1. Then ¢ < N; as already proved. On the
other hand, by our assumption n < (m —n — T)(d —t), that is, d + 1 — ¢t < Ny.
All this means that under our assumptions we have ¢ = d —t + 1 = N; and
n=(m-n-—T)d—t),sothat g=d—t+1= Ny = Ns.
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§ 3. Proof of Theorem 1.3

We prove Theorem 1.3 in the special case d = m — n first. We fix spaces X, Y
and a map f satisfying the assumptions of Theorem 1.3. Unless otherwise stated
we use throughout this section the following notation: g is the Euclidean metric in
R™, an e-disjoint subset of R™ is a subset that can be covered by a disjoint family
of open subsets of R of diameter < £ each. We say that a fixed subset A of R™
is of type (d,¢) if IIY N A is e-disjoint for each d-plane I1¢ in R™.

Let H., ¢ > 0, be the set of maps g € C*(X,R™) such that g(f~!(y)) is of
type (m — n, ) for each y € Y. Since C*(X,R™) equipped with the source limita-
tion topology has the Baire property, it is sufficient to show that each H. is open
and dense in C*(X,R™). Indeed, in that case H = (\;—, Hix is dense and Gs
in C*(X,R™). Moreover, if g € 3 and y € Y, then g(f~*(y)) NII is at most
0-dimensional for each (n —m)-plane IT C R™.

Lemma 3.1. Let A be a compact subset of X and assume that € > 0. Let go(A) be
a set of type (d,e) for some go € C*(X,R™) and d. Then there exist a neighbour-

hood U of A in X and & > 0 such that the set g(U) has type (d,€) for each map
g € C*(X,R™) such that g|U is d-close to go|U.

Proof. Assume that the conclusion of the lemma fails. To obtain a contradiction
we shall follow §2.4 in [4]. For each ¢ > 1 we consider a neighbourhood U; of A
such that U; C go 1(VV¢), where W; is the 1/i-neighbourhood of go(A4). There
exist g; € C*(X,R™) and d-planes II¢ such that g;|U; is 1/i-close to go|U;, but
gi(U;) NTI¢ is not e-disjoint. We choose points z; € g;(U;) N1I¢ and x; € U; such
that p(gi(z:),2) < 1/i, i > 1. Obviously, K = {2}, U go(A) is a compactum
intersecting each plane I1¢. Hence there exists a subsequence of {I1¢}5°; convergent
to a d-plane ITZ. We shall assume that the sequence {I1¢}2°, converges itself to II¢.

Let V be an open subset of R™ containing go(A) N IIg that is the union of a
disjoint finite family of open subsets of R™ having diameter < e. Because the
sets g;(U;) NII¢ are not e-disjoint, there exist points a; € U; and b; € g;(U;) N 1¢
such that V' does not contain the set {g;(a;),b;}32,. We can also assume that
0(bi, gi(a;)) < 1/i for all . This means the existence of a point b € go(A4) and a
subsequence of {b;} converging to b. We shall continue to write limb; = b. Then
b € TI¢ because {II¢} converges to II¢. Hence b € go(A) NI C V. Consequently,
b; € V for some 4, which contradicts the choice of b;.

Corollary 3.2. Suppose that go(f~1(yo)) is of type (m—n, ) for some point yo € Y’
and go € C*(X,R™). Then there exist a neighbourhood V of yo inY and § > 0
such that the set g(f=1(V)) has type (m — n,e) for each g € C*(X,R™) such that
glf~H(V) is 8-close to go| f~1(V).

Proof. Applying Lemma 3.1 to f~!(yo) we obtain positive § and a neighbourhood U
of the set f~(yo) such that g(U) is of type (m—n, ¢) once g € C*(X,R™) and g|U is
d-close to go|U. Since f is a closed map, we can find a closed neighbourhood V of yq
in Y such that f=1(V) C U. Assume now that g|f~1(V) is §-close to go|f~1(V)
for some g € C*(X,R™). We extend g|f~1(V) to a map h € C*(X,R™) such that
h|U remains d-close to go|U. Then by our choice of U and ¢ the set h(U) has type
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(m — n,¢e). Finally, since h(f~1(V)) C h(U) and h|f~1(V) = g|f~(V), the proof
is complete.

Proposition 3.3. FEach set H. is open in C*(X,R™).

Proof. We fix g9 € H.. By Corollary 3.2, for each y € Y there exist a neighbour-
hood V, of y in Y and 8, > 0 such that if g € C*(X,R™) and o(g(z), go(x)) <
for all z € f~1(V,)), then g(f~1(V,)) has type (m — n,¢). Consider a locally finite
open cover w of Y refining {V;, : y € Y}, and for each W € w fix a point y(W) € ¥
such that W C V). We define a set-valued map ¢: Y — (0,00) by the for-
mula ¢(y) = U{(0,0,w)] : y € W}. Obviously, ¢ is convex-valued and lower
semicontinuous. By [11], Theorem 6.2 the map ¢ admits a continuous selection
B:Y — (0,00); let « = B o f. It is sufficient to show that if g € C*(X,R™) and
0(g0(x), g(x)) < a(x) for each x € X, then g € H.. In fact, let y € ¥ and consider
W € w containing y such that a(z) < dyw) for each z € f~!(y). Consider a
function h, € C*(X,R™) coinciding with g on the set f~!(y) and satisfying the
inequality Q(hy(m), go(m)) < Oyw) for all z € X. In accordance with our choice
of Vyw), the set hy(f~1(Vyw,)) is of type (m — n,e), so that g(f~!(y)) has the
same type. Hence each map g € C*(X,R™) that is a-close to gy belongs to H.,
and therefore H, is open in C*(X,R™).

For an arbitrary space M and >0 let C,, .)(M,R™) be the set of g € C*(M,R™)
such that g(M) is of type (m —n,e) with m > n + 1.

Lemma 3.4. Let M be an n-dimensional compactum and assume that m > n+ 1.
Then C(p ) (M,R™) is dense in C(M,R™) for each € > 0.

Proof. Let go € C(M,R™) and assume that § > 0. Representing go as the compos-
ite of two maps ¢q;: M — Z and gs: Z — R™, where Z is a metrizable compactum
of dimension < n, and considering Z and ¢o instead of M and gy we reduce our
proof to the case when M is a metrizable compactum. Consider a positive number 7
satisfying the following conditions:

1)
5n < 3 and 9n(r+1) <e, where r=n(m+1—n). (6)
Since dim M < n, we can use a standard procedure to find a finite n-dimensional
complex K and maps h: M — K, 6: K — R™ such that 6 o h is §/2-close to go.
Moreover, we can assume that

diam(#(c)) <n for each simplex o € K. (7)

It is sufficient to find a map g: K — R™ in the §/2-neighbourhood of 6 such that
goh € Cupey(M,R™). To this end we use Corollary 1.2 (with d =m —n, t =0,
T = m, e =1, and n replaced by n — 1) to obtain a semilinear map g: K — R™
such that ¢(g(v),0(v)) < 7 for all vertices v of K and, for each (m — n)-plane
ITI € R™, the number ¢ of disjoint, at most (n — 1)-dimensional simplexes K with
g-images intersecting II is at most r» = n(m + 1 —n). We can choose g such that,
in addition to the above, g(v;) # g(v;) for each pair of distinct vertices v; and v;
of K.
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Let v; and v; be vertices of the same simplex A € K. Then by (7) and our choice
of g we obtain

0(g(vi), 9(v)) < o(g(vi), 0(vi)) + 0(0(vi), 0(vy)) + 0(0(vs), g(v;)) < 3n.
Consequently,
g(A) has diameter < 37 for each simplex A € K. (8)

Condition (8) means that o(g(y),0(y)) < 57 for all y € K. Hence by (6) the maps g
and 0 are ¢/2-close.

It merely remains to show that goh € C, )(M,R™) or, equivalently, that g(K)
has type (m — n,e). To this end we use an idea from [4] (proof of 2.3, p. 568).
We fix an (m — n)-plane II C R™. It is sufficient to show that each component of
g(K) NII has a diameter < 9(r 4+ 1)n, because 9(r + 1)n < £ by (6). Assume that
o(a,b) > 9(r + 1)n for some component P of g(K) NII and some points a € P,
b € P. Cousider an arc ab in P. By (8) each subarc of diameter > 37 must contain
at least one point of the boundary of a simplex of g(K), which therefore belongs
to a simplex of g(K) of dimension < n — 1. Next, we consider points a; € ab,
i=1,...,7+ 1, such that 3(3: — 2)n < o(a,a;) <3(3i—1)n,i=1,...,7+ 1, and
each a; belongs to a simplex g(o;) € g(K) of dimension < n—1. Then g(a;, a;) > 61
for i # j, which means in accordance with (8) that g(c;)Ng(o;) = @. We have thus
obtained r + 1 disjoint simplexes 0; € K, i = 1,...,7 4+ 1, of dimensions < n — 1
with g-images intersecting II. This is a contradiction because by our choice of g the
number of disjoint simplexes of K of dimension not exceeding (n — 1) with g-images
intersecting II is at most n(m —n + 1) =r.

We consider below the set-valued map ¢.: Y — C*(X,R™) defined by the for-
mula ¢ (y) = C*(X,R™) \ Hc(y), where H.(y) is the set of maps g € C*(X,R™)
such that g(f~1(y)) has type (m —n,¢).

The next statement in combination with Proposition 3.3 completes the proof of
Theorem 1.3 for kK =m —n.

Proposition 3.5. The set H, is dense in C*(X,R™).

Proof. We show first that the graph G of v is closed in Y x C*(X,R™), provided
that C*(X,R™) is equipped with the topology of uniform convergence induced by
the metric o. Let (yo0,90) € (Y x C*(X,R™)) \ G. Then go ¢ (o), therefore
go € Hc(yo)- By Corollary 3.2 there exist 6 > 0 and a neighbourhood V of yy in Y’
such that g(f~1(V)) has type (m — n,¢) for each map g € C*(X,R™) such that
glf~H(V) is d-close to go|f~1(V). Let W C C*(X,R™) be the set of all maps g
that are d-close to gg. Obviously, W is a neighbourhood of go in C*(X,R™) with
respect to the topology of uniform convergence, so that V' x W is a neighbourhood
of (yo, go) in Y x C*(X,R™) disjoint from G. Hence G is closed in Y x C*(X,R™).

Claim. B(go,a)\v¥-(y) # @ forally €Y, a: X — (0,00), and go € C*(X,R™).

Proof. We must show that B(go, o) NH.(y) # & for fixedy € Y, a € C(X, (0, 00)),
and go € C*(X,R™). Let § > 0 be the minimum value of o on f~!(y). Since
dim f~1(y) < n, it follows by Lemma 3.4 that there exists amap h € C(f~1(y), R™)
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S-close to go|f~1(y) such that h(f~1(y)) has type (m —n,¢e). For all z € f~1(y)
we obviously have o(h(x), go(2)) < a(x) Thus, each extension g € C*(X,R™) of h
belongs to H.(y). Hence we have reduced the proof to finding an extension of h that
also belongs to B(go, ). To this end we consider the set-valued map ®: X — R™
defined by the formula ®(z) = h(z) for z € f~'(y) and ®(z) = B(go(x), a(x))
for z ¢ f~1(y). Here B(go(z),a(z)) is the closed ball in R™ with centre at go(z)
and of radius a(z). This is a lower semicontinuous map with closed and convex
values in R™. Hence by Michael’s convex-valued selection theorem & admits a
continuous selection g, which extends h. Moreover, we can assume that « is
a bounded function, which means that g is also bounded. Thus, g € B(go, @),
which completes the proof of the claim.

We are now in a position to complete the proof of the proposition. We fix
go € C*(X,R™) and o € C*(X,(0,1)) and consider the constant set-valued map
0 Y — C*(X,R™), ¢(y) = B(go,a), where C*(X,R™) is equipped with the
topology of uniform convergence. We require the following result of Michael ([12],
Theorem 5.3):

Let Y be a paracompact space with dimY = 0, M a completely metrizable space,
and ¢: Y — M a lower semicontinuous closed-valued map. If v: Y — M is a
set-valued map with closed graph such that ¢(y) \ Y(y) # @ for each y € Y, then ¢
has a selection avoiding .

In our case ¢ and . satisfy the hypotheses of Michael’s theorem, therefore there
exists a map 0: Y — C*(X,R™) such that 0(y) € B(go, ) \ v.(y) for all y € Y.
Let g € C*(X,R™) be the map defined by the formula g(z) = 6(f(x)), z € X.
Then g € B(go, o) N Hc(y) for each y € Y. Consequently, g € B(go, o) N H. and
the proof is complete.

As already mentioned, it follows from Proposition 3.3 and Proposition 3.5 that
the set 3 is dense and Gs in C*(X,R™). This gives us a proof of Theorem 1.3
in the special case d = m — n. We now prove Theorem 1.3 in the general case. We
shall show that each g € HH satisfies the requirements of the theorem, that is, has
the following property: the compactum A = g(f~!(y))NII% is at most (n+d —m)-
dimensional for each y € Y and each d-plane m*cR™form—-n+1<d< m.
Fix some (m — n)-plane II™~" C II¢ and consider the orthogonal projection p
of I onto the (n + d — m)-plane II"*t4~™ C II? that is the orthogonal comple-
ment of II"™~" in II¢. Then the compactum B = p(g(f~*(y)) N1I¢) c I"+d—m
has dimension < n 4+ d — m. The fibres of the map p| 4° A — B are intersections
of g(f~1(y)) with some (m — n)-planes, therefore these fibres are zero-dimensional
by our choice of g. Hence by Hurewicz’s theorem on perfect zero-dimensional maps
dimA <dmB<n+d—m.

§4. Proofs of Theorem 1.5 and Theorem 1.8

Proof of Theorem 1.5. It is sufficient to show that for arbitrary integers d, ¢, T
such that 0 < t < d < T <mand d < m —n — 1, and for arbitrary coordi-
nate planes IT* C IIT in R™ the space C*(X,R™) contains a dense Gs-subset of
maps g such that f~1(y) N g~*(II¢) contains at most q points for each y € Y
and each d-plane II? C R™ parallel to II! C II”, where ¢ is the integer part of
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+(n+T—m)(d—1)
m—n—d

led—l—l—t—l—n forn > (m—n—T)(d—t) and the integer

part of No =1+ # otherwise. Thus, we fix integers d, t, T satisfying the
above inequalities and coordinate planes IT* ¢ IIT ¢ R™. We point out that we
always have ¢ > 1; and let P be the set of d-planes in R™ parallel to IT* c II7.
We now define the following concept, which is used in this section: a subset A
of an arbitrary metric space M is said to be of cotype (g,¢,g), where € > 0 and
g € C*(M,R™), if for each II% € P the set ANg~*(II¢) can be covered by at most q
disjoint open subsets of M of diameter < . Let K., € > 0, be the set of all maps
g € C*(X,R™) such that f~!(y) has cotype (q,¢,g) for each y € Y. Our proof
reduces to the verification that each set K. is open and dense in C*(X,R™).

Lemma 4.1. Let A be a compact subset of X having cotype (q,¢,go) for some
go € C*(X,R™) and € > 0. Then there exist a neighbourhood U of A in X and
d > 0 such that U has cotype (q, ¢, g) for each map g € C*(X,R™) such that g|U is
d-close to go|U.

Proof. Assume that the lemma fails. Then for each ¢ > 1 we consider a 1/i-
neighbourhood U; of A such that go(U;) lies in the interior of the 1/i-neighbourhood
of go(A) in R™. Then there exist g; € C*(X,R™) and a d-plane II¢ € P such that
9i|Ui is 1/i-close to go|U;, but g; *(II%) N U; is not covered by any disjoint family
of < ¢q open subsets of X of diameter < . Similarly to the proof of Lemma 3.1,
passing to subsequences we can assume that {II¢}>°, converges to a d-plane II¢.
Since all the Hf belong to P (that is, are parallel to II* C II7), it follows that
¢ € P. Hence ANgy *(TIE) is covered by a disjoint family {V;} of < q open subsets
of X of diameters < e. Consider points z; € g; *(II¢) N (U; \ V) and y; € A, such
that dist(z;,y;) < 1/i, ¢ = 1,2,..., where V = (JV;. We can assume that the
sequence {x;} converges to some point zg € A (recall that A is compact). Then
{gi(2:)} converges to go(zo) and go(zo) € go(A)NIE. Hence 2o € ANgy H(IId) C V,
and therefore x; € V for almost all 4, which is a contradiction.

The proof of the next result is similar to the proof of Corollary 3.2.

Corollary 4.2. Suppose that for some point yo € Y and some map go € C*(X,R™)
the set f~(yo) is of cotype (q,¢, go). Then there exist a neighbourhood V of yo in'Y
and § > 0 such that the set f~*(V) has cotype (q,¢, g) for each map g € C*(X,R™)
such that g|f~1(V) is §-close to go| f~1(V).

Proposition 4.3. Each set K. is open in C*(X,R™).

The proof follows the scheme of the proof of Proposition 3.3, but we now use
Corollary 4.2 instead of Corollary 3.2.

Lemma 4.4. Let M be a metrizable compactum of a dimension at most n. Then
the set Ko(M,R™) of all maps g € C(M,R™) such that g~ (I1?) contains at most q
points for each plane 1% € P is dense in C(M,R™).

Proof. Let Q be the system of disjoint families {V'1, V2, ..., V41} of ¢+1 elements
such that each V; belongs to a fixed countable base for M. Also for I' € Q let
Cr = {g € C(M,R™) : g~*(II) meets at most g elements of T for each II* € P}.
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Obviously,  is countable and Ko(M,R™) is the intersection of all sets Cr,
T" € Q). Hence our proof reduces to the verification that each Cr is dense and open
in C(M,R™).

Claim 1. FEach set Cr is open in C(M,R™).

Proof. We fixT" € Q and gg € Cr. Assume that for each ¢ there exists g; ¢ Cr that
is 1/i-close to go. Then we can find a plane TI¢ € P such that g; *(TI¢) intersects
each element of I'. Similarly to Lemma 3.1 we can assume that the sequence {II¢}
converges to some II¢ € P. Then g, 1(H‘Oi) intersects at most g elements of I', for
instance, the first ¢ sets. Now, for each ¢ we choose a point z; € g; 1(H§)qu+1 and
since M is compact, we can assume that the sequence {x;} converges to some point
xo € Vigy1. Then {gi(z;)} converges to go(xo) € IIE. Thus, zo € gy " (TIF) NV 441,
which is a contradiction.

Claim 2. FEach set Cr is dense in C(M,R™).

Proof. Let T' = {V1,Va,...,V4i1}, go € Cr, and assume that § > 0. Then there
exist an open cover w of M with mesh(w) <r/3, where r =min{dist(V;, V;) : i#j},
and a piecewise linear map h: L — R"™ such that g = how is §-close to gg. Here L is
the polyhedron underlying the nerve of w and w: M — L is the canonical map. By
Corollary 1.2 we can assume that for each plane II? € P the number of disjoint at
most n-dimensional simplexes o € L with images h(c) intersecting I1? is at most q.
We can also assume that w is of order < n+ 1, so that L is at most n-dimensional.
If there exists a plane IT* € P such that g~ (IT*) intersects each V;, then we choose
z; € g 1 (IT*) N'V;. Let w; be the family of elements of w containing the point z;.
Then each family w;, i =1,...,¢+ 1, generates a simplex o; € L of dimension < n
such that h(z;) € h(o;) NII* and 0; No; = @ for i # j. This contradicts our choice
of h.

Since Ko(M,R™) C K. (M,R™) for each £ > 0, where X.(M,R™) is the set of
maps g € C*(M,R™) such that M has cotype (g, €, g), Lemma 4.4 has the following
consequence.

Corollary 4.5. Let M be a metrizable compactum of dimension <n. Then each
set Ko (M,R™) is dense in C(M,R™).

The next result in combination with Proposition 4.3 completes the proof of
Theorem 1.5.

Proposition 4.6. Each set K. is dense in C*(X,R™).

Proof. Let ¢.: Y — C*(X,R™) be the set-valued map 9. (y) = C*(X,R™)\ K. (y),
where K. (y) is the set of all g € C*(X,R™) such that f~!(y) has cotype (g, ¢, g).
The rest of the proof follows the arguments in the proof of Proposition 3.5. To show
that the graph of 1. is closed we now use Corollary 4.2 instead of Corollary 3.2,
and we also replace Lemma 3.4 in the proof by Corollary 4.5.

Proof of Theorem 1.8. We shall prove that C*(X,l3) contains a dense Gs-subset of
maps g such that for y € Y and each plane I1% € P(d, r) the set f~1(y) N g1 (I1%)
contains at most d+ 1 —r points if » < d and at most one point otherwise. For fixed
integers d and 7 let Q be the set of d-planes parallel to the r-plane of the first r
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coordinate variables in l5. Similarly to Theorem 1.5 we introduce the concept of
subset of cotype (q,¢,g) of a metric space M by considering now planes II¢ € Q
and by setting ¢ = d+ 1 —r for d > r and ¢ = 1 otherwise. Let F, € > 0, be
the set of maps g € C*(X, l2) such that f~1(y) has cotype (g,¢,g) for each y € Y.
Since Il contains countably many coordinate r-planes, it is sufficient to show that
all the F. are open and dense in C*(X, l3). Following the proof of Theorem 1.5 we
can show that all the sets F. are open in C* (X, l3). For the proof of the density of
F. we use the following lemma.

Lemma 4.7. Let M be a metrizable compactum and assume that € > 0. Then
the set F.(M,l2) of maps g € C(M,l2) such that M has cotype (q,¢,g) is dense in
C(M,13).

Proof. Consider go € C(M,l2) and A > 0. Then there exist a finite complex K and
maps ¢: M — K and h: K — Iy such that h o ¢ is A\/2-close to go. Moreover, we
can assume that each fibre of ¢ has diameter < e. For each A C N we identify R4
with the subspace {y € Iy : y; = 0 for all ¢ ¢ A} of the Hilbert space Iz and denote
by m4 the canonical projection m4: lo — R4, Let dim K = n and let A be a finite
subset of N satisfying the following conditions:

(i) {1,...,r} C 4

(ii) |[A| Zr+d+2n+n-|d—r|+1, where |A] is the cardinality of A.

Since each projection 74 is an open map, we can show that so also is the map
Aa: C(K, o) — C(K,RY), Aa(g)=7aog.

Assume first of all that » < d. We observe that if T = m, then we have
(m—n—T)(d—r) = —n(d—r) < 0, therefore n > (m—n—T)(d—r). By Theorem 1.5
with m = T = |A| and ¢t = r we can now find a dense Gs-subset T4 of C(K, R%4)
n+n(d—r)

|Al—n—d

points for each d-plane IT% C R4 parallel to the r-plane of the first r coordinates
in R4, Since |A| > r+d+2n+4n-|d—r|+1, the inverse image of such a plane contains
at most 1+ d — r points. The set Azl(EFA) is also dense and Gy in C(K,l3). Hence
there exists a map g € Azl (ffA) that is A/2-close to h. Then g = go ¢ is A-close
to go. It remains to show that g € F.(M,ls). To this end consider TI¢ € Q. Since
¢ = 74(1%) is a d-plane in R parallel to the r-plane of the first r coordinates
in R4, the set g~(r; (II%)) contains < 1+ d — r points. The plane II% can
formally have dimension < d, but in this case the estimate on the cardinality of the
inverse image is even better. It follows from the inclusion ¢ C 7,'(I1%) that
the set g~'(II?) contains < 1+ d — r points. Hence (7) ' (II) = ¢~ *(g~*(11%))
consists of < 14 d —r fibres of . Since each fibre of ¢ has diameter < ¢, it follows
that g € F.(M, Iy).

Assume now that d < r. We apply Theorem 1.5 to A again, but now for m = |A|,
t =0, and T = r. Obviously, in this case (m—n—T)(d —t) > n. Hence there exists
a dense Gs-subset F4 of C (K, R*4) consisting of maps g such that g~ (I1%) contains
at most one point for each d-plane R# parallel to the plane of the first  coordinate
variables in R#. As before, we take a map g € Azl (ffA) that is A/2-close to h and
show that g = gop € F.(M, l3).

consisting of maps g such that g~!(I1%) contains at most 1 +d —r +



1598 S. A. Bogatyi and V. M. Valov

Proposition 4.8. Each set F. is dense in C*(X,l2).

Proof. We follow the proof of Proposition 3.5 and describe all the necessary changes.
In our case ¥.: Y — C*(X,l3) is defined by the formula 1. (y) = C*(X,l2) \ Fc(v),
where F. (y) is the set of all maps g € C*(X, l2) such that f~1(y) has cotype (g, ¢, g)
with ¢ =1+ d —r for r < d and ¢ = 1 otherwise. To show that . has a closed
graph we apply to the space C*(X,l2) an analogue of Corollary 4.2 in place of
Corollary 3.2. We also require the following result.

Claim. Let go € C*(X,l2), a: X — (0,00), and y € Y. Then for each ¢ > 0,
Ye(y) N B(go, @) is a Z-set in B(go, ) regarded as a subset of C*(X,l3) with the
topology of uniform convergence.

Proof. The proof follows in part the arguments from the proof of Lemma 8 in [13].
We must show that each map h: Q — B(go, @), where Q is the Hilbert cube, can
be approximated by a map hi: Q — B(go, @) avoiding the set . (y) N B(go, a)-
Thus, we fix a map h and n > 0. Then h induces a map u: @ x X — I,
u(z,z) = h(z)(x), such that dist(u(z,z), go(z)) < a(z) for each point (z,z) in
Q x X. We choose X € (0,1) such that Asup{a(z):z € f~1(y)} < n/2, and define
u1 € C(Q x f~1(y),l2) by the formula u;(z,x) = (1 — AN)u(z,x) + Ago(w). For each
(2,7) € Q x f~1(y) we have

dist(ui(z,z), go(z)) < a(z) and dist(ui(z,z),u(z,x)) <

IVIES

Assume that § < inf{n/2, a(z) — dist(u1(2, ), go(z)) : (z,7) € @ X f~(y)}. Then
there exists by Lemma 4.7 a map uz: Q x f~!(y) — Iz such that Q x f~1(y) has
cotype (g, €, us) and dist(u; (2, z), uz(z,x)) < § for each (z,z) € Q@ x f~1(y). Then
for (2,7) € Q x f~1(y) we have

dist(uz(z, ), go(z)) < a(z) and dist(uz(z, z),u(z,x)) <n.

The equality ha(2)(z) = uz(z, ) defines a map ha: Q — C(f~1(y),l2) with f=1(y)
of cotype (g,¢,ha(z)) for each z € Q. One can show that the projection map
pr: B(go,a) = C(f~1(y),12), pr(g) = g|f~*(y), is open in the topology of uniform
convergence and pr (E(go,a)) contains h2(Q). Hence hy can be lifted to a map
w: Q — B(go,a) such that w is 7-close to h. We observe that w avoids the

set e (y) N B(go, @) because f~1(y) is of cotype (q,¢, ha(z)) for all z € Q. This
completes the proof of the claim.

We now return to the proof of Proposition 4.8. For fixed g € C*(X, [l2) and a func-
tion a: X — (0, 1) consider the set-valued map ¢: Y — C*(X,12), ¢(y) = B(g, a),
where C*(X, lz) carries the topology of uniform convergence. In accordance with
the above claim, ¢(y) N (y) is a Z-set in ¢(y) for all y € Y. Moreover, Y is a
C-space, therefore we can apply Theorem 1.1 of [14] to find amap 0: Y — C*(X, l3)
such that 6(y) € B(g, a)\¢.(y) for ally € Y. Finally, we define amap g € C*(X, l5)
by the formula g(z) = 6(f(z)), z € X. Then g € B(g,a) NF.(y) for each y € Y.

Hence g € B(g, a) N F., which completes the proof of Proposition 4.8.

The proof of Theorem 1.8 is now also complete.
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§5. Appendix

We present several further applications of our results.

Theorem 5.1. Let f: X — Y be a perfect map between paracompact spaces and
let dimY = 0. Let {F;} be a sequence of closed subsets of X and {n;} a sequence
of integers such that dim f|F; < n; for alli. If n > n;, i =1,2,..., then for each
m = n+ 1 the space C*(X,R™) contains a dense Gs-subset of maps g such that
for each i and each d-plane II* C R™, where m — n; < d < m, the inequality

dimg(f ') NF) NI <nj +d—m

holds for all points y € Y.

Proof. The proof of Theorem 5.1 is based on Lemma 5.2 below. Indeed, for each ¢
we apply Theorem 1.3 to the spaces F;, f(F;), and the map f|F; to conclude that
C*(F;,R™) contains a dense Gs-subset 3; of maps g such that for each y € f(F;)
and each d-plane IT1? C R™ with m—n; < d < m we have dimg(f_l(y)ﬁFi) NI? <
n; +d — m. Since each restriction map

m: C*(X,R™) — C*(F;,R™)
is open by Lemma 5.2, X; = W_l(f]'fi) is a dense Gs-subset of C*(X,R™). Then

i
the intersection of all the K; satisfies the requirements of Theorem 5.1.

Lemma 5.2. Let F be a closed subset of the normal space X and assume that
m > 1. Then the restriction map 7: C*(X,R™) — C*(F,R™) defined by the
formula 7(g) = g|F is open if C*(X,R™) and C*(F,R™) are both equipped with
the source limitation topology or with the topology of uniform convergence.

The next consequence of Theorem 5.1 can be established in the same way that
Corollary 1.4 was deduced from Theorem 1.3.

Corollary 5.3. Let {F;} be a sequence of closed subsets of the normal space X
with dimF; < n;. If m > n; + 1 for each i, then C*(X,R™) equipped with
the topology of uniform convergence contains a dense Ggs-subset of maps g such
that g(F;) N4 is at most (n; +d —m)-dimensional for each d-plane II* C R™ with
m-—-n; <ds<m,i=1,2,....

Our final application is an analogue of Fox’s theorem [15] on the economical
extension of maps. If A is a closed subset of a space X and h € C*(4,R™),
then we denote by C}(X,R™) the set of maps g € C*(X,R™) such that g|A = h.
Throughout what follows we regard C7(X,R™) as a subspace of C*(X,R™) with
the topology of uniform convergence.

Corollary 5.4. Let X be a normal space and let A be a closed Gs-subset of X with
dim(X \ A) < n. Then for each m > n+1 and h € C*(A,R™) there exists a dense
Gs-subset of C;(X,R™) consisting of maps g such that the set g(X \ A) NII? is at
most (n + d — m)-dimensional for each d-plane TI¢ C R™ with m —n < d < m.

Proof. Let {F;} be a sequence of closed subsets of X such that X\ 4 = |J;°, F; and
h € C*(A,R™). By Corollary 1.4 each C*(F;, R™) contains a dense Gs-subset H;
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of maps g such that

dimg(Fi)ﬂHdSn—l—d—m ()

for each d-plane M cR™ form—n<d<m.
Using the fact that F; and A are disjoint closed subsets of X one can show that each
projection p;: Cf(X,R™) — C*(F;,R™), pi(g) = g|F;, is an open surjective map if
both spaces C(X,R™) and C*(F;,R™) are equipped with the topology of uniform
convergence. Hence X; = pi_l(f]{i) is a dense Gs-subset of C}(X,R™). Since
Cy(X,R™) has the Baire property, X = (;~, K; is a dense Gs-subset of Cj(X,R™).
We now observe that condition (9) means that dimg(X \ A) NII¢ < n+d —m for
each g € K and each d-plane ¢ c R™ with m —n < d < m.

Finally, we present several conjectures and observations.

Conjecture 1. Let f: X — Y be a map of finite-dimensional metrizable compacta.
Then the space C(X,R™) contains a dense Gs-subset of maps ¢ such that for
arbitrary integers d, t, T, 0 <t < d<T <m and dim f+d+ 1 < m, and for each
d-plane and II* C R™ parallel to some coordinate planes II* C TIT in R™ each set
fHy) N1 (1%), y € Y, contains at most

dimY +dim f+ (T — d)(d —t)
+ m—dimf —d

1

points.

We point out that Theorem 1.5 yields Conjecture 1 in the case when Y is
0-dimensional.

Conjecture 2. Let f: X — Y be a map of finite-dimensional compacta. Then
C(X,R™) contains a dense Gs-subset of maps ¢ such that

dim((p(f_l(y)) N Hd) <dimf+d—m
for each d-plane ¢ ¢ R™ such that m — dimf <d<mand eachy €Y.

Theorem 1.3 yields Conjecture 2 in the case when Y is 0-dimensional. As in The-
orem 1.3, it is sufficient to establish Conjecture 2 in the special case d = m —dim f.
Conjecture 2 holds for dim f = 0: this is Uspenskij’s theorem on light mappings [16].
The case of a perfect map f between paracompact spaces with dim f > 0 is con-
sidered in the Tuncali-Valov theorem [17].

Let f: X - Y, ¢ € C(X,R™) and let ¢, d, and T be integers such that
0<t<d<T <mandd—-t+1< g We consider below the set B§7d7t7T(¢)
consisting of all points (y,y1,...,¥y) € ¥ x (R™)? satisfying the following condi-
tion: there exist points x1,...,24 € f~!(y), z; # x; for i # j, such that y; = ¢(x;)
and all the y;, i = 1,...,q, belong to a d-plane in R™ parallel to some coordinate
planes IT* c TI” c R™.

Conjecture 3. Let f: X — Y be a map of metrizable finite-dimensional compacta.
Then C(X,R™) contains a dense Gs-subset H of maps ¢ such that

dim B! ;. 1(¢) < dimY +dim f + (T — d)(d — t) — (¢ — 1)(m — dim f — d)

for all integers d, t, T, q such that 0 <t < d<T <m,dmf+d+1<m, and
d—t+1<q.
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If the right-hand side of the inequality in Conjecture 3 is < —1, then the set
Bli 4. 7() is empty. Conditions ensuring that Bi 4. 7(p) is empty are discussed
in Conjecture 1. If d = 0, then the set B§70707T(¢) is independent of T'. In that case
it is homeomorphic to the set B (p) = {(y,2) € Y x R™ : |f~1(y) N~ (2)| = q}.
For d = 0 and Y a point Conjecture 3 was established by Hurewicz in 1933 [18]
(recall that the maps ¢ € H in Hurewicz’s theorem are called regularly branched
maps [19]). A parametric version of Hurewicz’s result was obtained in [20], The-
orem 1.1. Using the terminology of [20] for d = 0 the inequality of Conjecture 3
holds for all ¢ > 1 if and only if ¢ is an f-regularly branched map. By [20], The-
orem 1.1 the space C(X,R™) contains a dense Gs-subset of f-regularly branched
maps, therefore Conjecture 3 holds for d = 0. We point out that for d > 1, that is,
in the non-parametric version, the conjecture is open even in the case when Y is a
point.

For maps f;: X; = R™ i=1,...,q,and integers t, d, T, m, 0 <t <d<T <m,
let Byt 7(f1,---,fq) be the set of points (y1,...,y,) € (R™)? such that the points
yi = f(z;), i = 1,...,q, belong to a d-plane in R™ parallel to some coordinate
planes IT*  TIT. Also let

Caer(fr,--- fo) = {(@1,- ., mg) € Xa x - x Xt (f(1), .-, f(zg))
€ Bar,r(f1,---5 fa) }-

Conjecture 4. Let ny,...,nqg, m, d, t, T be integers satisfying the inequalities
0<t<d<T <M, 0<ng,...,.0<ng, i +1+d<m,....,.ng+1+d < m,
d—t+1<q, and

ni+---+ng=(m—d)(g—1)— (T —d)(d—1).

Then there exist € > 0 and maps f;: A™ — R™, i =1,...,q, such that the set
Bai1(g1,---,94) is non-empty for arbitrary maps g;: A™ — R™ such that g; and f;
are e-close for allt=1,...,q.

In the simplest case (¢ = 1, ny = 0, ng = m, d = 0) the statement of Conjecture 4
is precisely a theorem of Alexandroff that the identity map of a ball onto itself is
essential. For d = 0 Conjecture 4 holds in the general case (see, for instance, [21],
Corollary 3, and [22], Lemma 6.3 on p. 65). In the case d = ¢ — 1, t = 0, and
T = m Conjecture 4 was proved by Boltyanskii ([9], Lemma 9; the main ingredient
of his proof is the following result: if for some n-dimensional polyhedron X the
set of k-regular maps from X into R™ is dense in C'(X,R™), then m > nk+n+k).

Conjecture 5. Let ny,...,ng, m, d, t, T be integers satisfying the inequalities
0<t<d<T <M, 0<ng,...,.0<ng, i +14+d<m,....,.ng+1+d < m,
d—1t+ 1< q. Then there exist € > 0 and maps f;: A™ — R™ i =1,...,q, such
that

dim Cyr, (g1, -5 9¢) Zn1+ - +ng—(m—d)(g—1)+ (T —d)(d—t)
for arbitrary maps g;: A™ — R™ such that g; are e-close to f; for alli=1,...,q.

For d = 0 Conjecture 5 was established in [21], Corollary 3.
In conclusion we consider the following problem, in which AXY is the
n-dimensional skeleton of the N-dimensional simplex AY.
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Problem. Find all integers n, m, q, d, t, T such that 0 < n, 0<t<d<T <m,
n+l+d<m,d—t+1<gq,

nz(m-n—d)(¢g—1)— (T —d)(d—1), (n,m,q,d,t,T)

and the following condition holds: there exists a positive integer N such that for each
map f: AN — R™ one can find disjoint simplezes o1, ...,0, C AN with f-images
intersecting a d-plane II* C R™ parallel to some coordinate planes It C TI7 .

We observe that if this problem has an affirmative solution for some integers n,
m, q, d, t, T satisfying the assumptions of the problem, then Corollary 1.6 cannot
be improved not just on the level of a dense set of maps, but also on the level of the
existence of one map with inverse images of small cardinality, even in the class of
polyhedra. Most results on the existence of such IV were established for d = 0: van
Kampen and Flores [23], [24] (¢ = 2 and N = 2n + 2), Sarkaria [25] (¢ a prime and
N = gn+2q—2), Volovikov [26] (¢ a power of a prime and N = gn+2¢g—2), Bogatyi
[21], Corollary 11 (g = n+1 and N < 2n%+5n). Another result of Bogatyi [3], [27]
yields such N for d = ¢ — 1, t = 0, T = m with odd q. Zivalevi¢ [28] obtained a
result on embeddings of the bichromatic graph K¢ ¢ in R3, which yields a positive
solution of the problem forn =1, m=3,t=0,T =3, ¢q=4, and N = 11.

Ifd=q—1,q=2,¢t=0, and T = m then there exists no integer N satisfying
the assumptions of the above problem (see [9]).

One can state the above problem in a slightly more general form: for a fized
family of integers n,q,d,t,T find the largest integer m such that such N ezists.
Then the problem of finding the smallest number N with this property arises. A more
complicated question is the description in this case of such minimal subpolyhedra
of AN. In the case n = 1, d = 0, ¢ = 2, m = 2 Kuratowski graphs: the complete
graph K5 and the complete bichromatic graph K3 3, are minimal subpolyhedra of
this kind.

We point out that there exists a close connection between this problem and
conjectures about various forms of Tverberg’s theorem [3], [28], [29]. It is also well
known that k-regular maps are closely related to interpolation and approximation
problems [30], [31]. In this connection it would be important to find applications
of the maps described by Theorems 1.5 and 1.8 in interpolation and approximation
problems.
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