
Math-Net.Ru
Общероссийский математический портал

S. A. Bogatyi, V. M. Valov, Roberts-type embeddings and conversion of transversal
Tverberg’s theorem, Sbornik: Mathematics, 2005, Volume 196, Issue 11, 1585–1603

DOI: https://doi.org/10.1070/SM2005v196n11ABEH003722

Использование Общероссийского математического портала Math-Net.Ru подразумевает, что вы прочитали и со-

гласны с пользовательским соглашением

http://www.mathnet.ru/rus/agreement

Параметры загрузки:

IP: 142.118.63.128

21 апреля 2023 г., 03:16:55



Sbornik: Mathematics 196:11 1585–1603 c©2005 RAS(DoM) and LMS
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Roberts-type embeddings and conversion

of transversal Tverberg’s theorem

S.A. Bogaty̌ı and V.M. Valov

Abstract. Central in the paper are two results on the existence of ‘economical’
embeddings in a Euclidean space. The first result (Corollary 1.4) states the existence
of an embedding with image intersecting the large-dimensional planes in sets of
‘controllable’ dimension. The second result (Corollary 1.6) proves the existence
of maps such that each small-dimensional plane contains ‘controllably’many points of
the image.
Well known results of Nöbeling-Pontryagin, Roberts, Hurewicz, Boltyanskǐı, and

Goodsell can be obtained as consequences of these results. Their infinite-dimensional
version concerning an embedding in a Hilbert space is also established (Theorem 1.8).
Bibliography: 31 titles.

§ 1. Introduction
All the maps considered in our paper are assumed to be continuous and all the

spaces are at least completely regular. Throughout, Πd ⊂ Rm is a d-dimensional,
not necessarily coordinate plane (a d-plane) in Rm. Unless otherwise explicitly
stated, all function spaces in the paper are equipped with the source limitation
topology [1].
Our aim consists in the proof of Theorem 1.1 stated below and in establishing

several applications of this result.

Theorem 1.1. Let Ai,j, i = 1, 2, . . . , q, j = 1, 2, . . . , ni + 1, be points in R
m

such that the set of their coordinates is algebraically independent. Assume that
0 � t � d � T � m and let Πd be a d-plane in Rm parallel to some coordinate
planes Πt ⊂ ΠT ⊂ Rm. If either d − t + 1 � q and n1 + n2 + · · · + nq + 1 �
(m−d)(q−1)−(T−d)(d−t), or q � d−t+1 and n1+n2+· · ·+nq+1 � (m−T )(q−1),
then there exists an index i ∈ {1, 2, . . . , q} such that Πd is disjoint from the linear
hull Π(Mi) of the set Mi = {Ai,1, . . . , Ai,ni+1}.
The first part of Theorem 1.1 for t = 0, T = m, and d− t+ 1 � q was stated as

a conjecture in [2], Conjecture 2 and [3], Conjecture 4.2.
Recall that a real number v is said to be algebraically dependent on real numbers

u1, . . . , uk if v satisfies an equation p0(u) + p1(u)v + · · · + pn(u)vn = 0, where

This research was carried out with the financial support of the Russian Foundation for Basic

Research (grant no. 03-01-00706) and NSERC (grant no. 261914-03).
AMS 2000 Mathematics Subject Classification. Primary 54F45; Secondary 55M10, 54C65.



1586 S.A. Bogaty̌ı and V.M. Valov

p0(u), . . . , pn(u) are polynomials in u1, . . . , uk with rational coefficients, not all of
them equal to zero. A finite set of real numbers is algebraically independent if none
of them depends algebraically on the other numbers.

Corollary 1.2. Let K be a finite simplicial complex, θ : K → Rm a semilinear map
and assume that ε > 0. Then there exists a semilinear map g : K → Rm such that
d(g(v), θ(v)) < ε for each vertex v of K, and for arbitrary integers n, d, t, T such
that 0 � t � d � T � m and d � m− n− 1 and each d-plane Πd ⊂ Rm parallel to
some coordinate planes Πt ⊂ ΠT ⊂ Rm, the number q of pairwise disjoint simplexes
of K of dimension � n with g-images intersecting Πd satisfies the inequalities

q � d+ 1− t+ n + (n+ T −m)(d− t)
m− n− d for n � (m− n − T )(d− t),

q � 1 + n

m− n− T for n � (m− n − T )(d− t).

The idea of using algebraically independent sets for the proof of general-position
results similar to Corollary 1.2 goes back to Roberts [4]. This idea was also used
by Berkowitz and Roy in [5], where they suggested a version of Proposition 1.2
for t = 0 and T = m. A proof of the Berkowitz–Roy theorem was carried out by
Goodsell in [6], Theorem A.1 (see also [7] for other applications of the Berkowitz–
Roy theorem).
Here are several applications of Corollary 1.2.

Theorem 1.3. Let f : X → Y be a perfect map of paracompact spaces such that
dim f � n and dimY = 0. Then for each m � n + 1 the space C∗(X,Rm) of
bounded continuous maps from X into Rn contains a dense Gδ-subset H of maps g
such that dim g(f−1(y))∩Πd � n+d−m for each y ∈ Y and each d-plane Πd ⊂ Rm
with m− n � d � m.
Corollary 1.4. Let X be a normal space with dimX � n and m � n+1. Then the
space C∗(X,Rm) equipped with the uniform-convergence topology contains a dense

Gδ-subset H of maps g such that g(X)∩Πd is at most (n+ d−m)-dimensional for
each d-plane Πd ⊂ Rm with m− n � d � m.
We shall show how Corollary 1.4 follows from Theorem 1.3. By considering the

Stone–Čech compactification βX of X and the function space C(βX,Rm) in place
of X and C∗(X,Rm), respectively, we can assume that X is compact. Then we
apply Theorem 1.3 to a constant map f on X.
As Roberts proved in [4], Theorem 1.2, if X is a compact metrizable space of

dimension � n and n+1 � d � 2n+1, then C(X,R2n+1) equipped with the topol-
ogy of uniform convergence contains a dense Gδ-subset consisting of maps g such
that dim g(X) ∩Πd � d− n− 1 for each d-plane Πd ⊂ R2n+1. From this result and
Hurewicz’s theorem on dimension-preserving metrizable compactifications Roberts
deduced the existence of such embeddings for separable metrizable spaces of dimen-
sion � n. Obviously, Roberts’s results follow from the combination of Corollary 1.4
and the Nöbeling-Pontryagin embedding theorem.
Theorem 1.3 does not work for d � m−n−1. However, as the next result shows,

in that case we can prove slightly more: we can find a residual subset of C∗(X,Rm)
consisting of maps g such that g(f−1(y)) ∩ Πd is finite for each y ∈ Y and each
d-plane in Rm.
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Theorem 1.5. Let f : X → Y be a perfect map between metrizable spaces such
that dim f � n and dimY � 0. Then C∗(X,Rm) contains a dense Gδ-subset K
of maps g such that for arbitrary integers d, t, T with 0 � t � d � T � m and
d � m − n − 1 and for each d-plane Πd ⊂ Rm parallel to some coordinate planes
Πt ⊂ ΠT ⊂ Rm each set f−1(y)∩ g−1(Πd), y ∈ Y , contains at most q points, where

q = d+ 1− t+ n + (n+ T −m)(d− t)
m− n− d for n � (m− n − T )(d− t),

q = 1 +
n

m− n− T otherwise.

Corollary 1.6. Let X be a metrizable compactum with dimX � n and assume
that m � n + 1. Then C(X,Rm) contains a dense Gδ-subset of maps g such that
for arbitrary integers d, t, T with 0 � t � d � T � m and d � m− n− 1 and each
d-plane Πd ⊂ Rm parallel to some coordinate planes Πt ⊂ ΠT in Rm the inverse
image g−1(Πd) contains at most q points, where

q = d+ 1− t+ n + (n+ T −m)(d− t)
m− n− d for n � (m− n − T )(d− t),

q = 1 +
n

m− n− T otherwise.

Taking Y in Theorem 1.5 to be a point, and taking m = n + 2, d = 1, t = 0,
and T = r, we obtain another consequence.

Corollary 1.7. Let X be a metrizable compactum with dimX � n. Then the
space C(X,Rn+2) contains a dense Gδ-subset of maps g such that for each positive
integer r � n + 2 and each line Π1 ⊂ Rm parallel to some coordinate r-plane Πr
in Rm the inverse image g−1(Π1) contains at most n+ r points.

The maps obtained in this paper are never semilinear since each line contains
finitely many points from their ranges. However, for m � 2n+1 we obtain embed-
dings which are moreover tame ([8], Theorem 5.1).
Theorem 1.8 below is an infinite-dimensional version of Theorem 1.5. For com-

pact X and a one-point space Y Theorem 1.8 was established by Boltyanskǐı [9]
under the additional constraint r = 0.

Theorem 1.8. Let f : X → Y be a perfect map between metrizable spaces such
that Y is a C-space. For arbitrary integers d and r let P(d, r) be the family of
all d-planes Πd ⊂ l2 parallel to some coordinate planes Πr ⊂ l2. Then C∗(X, l2)
contains a dense Gδ-subset of maps g such that for each y ∈ Y and each Πd ∈ P(d, r)
the set f−1(y)∩ g−1(Πd) contains at most d+1−r points if r � d and at most one
point if r � d.
This paper is organized as follows. We present the proofs of Theorem 1.1 and

Corollary 1.2 in § 2. Section 3 is devoted to the proof of Theorem 1.3. Theorems
1.5 and 1.8 are discussed in § 4. The final § 5 contains further applications of Theo-
rem 1.1 and Corollary 1.2. We also include in the final section several conjectures.
A few words about the source limitation topology [1]. For arbitrary spaces M

and K we denote by C(K,M) the set of all continuous maps from K into M .
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If (M, d) is a metric space andK an arbitrary space, then the source limitation
topology in C(K,M) is defined as follows: a subset U of C(K,M) is open in
C(K,M) in the source limitation topology if for each g ∈ U there exists a continuous
function α : K → (0,∞) such that B(g, α) ⊂ U . Here B(g, α) is the set

{h ∈ C(K,M) : d(g(x), h(x)) � α(x) for each x ∈ K}.

It is well known (see, for instance, [10]) that if (M, d) is a complete metric space,
then C(K,M) has the Baire property in this topology. Hence C∗(K,H) with the
source limitation topology also has the Baire property for each Banach space H.
The main results of this paper were established during the first author’s visit to

Nipissing University in May 2004. He thanks NSERC for the support of his visit
and the COMA Department of the Nipissing University for hospitality.
In conclusion we also wish to thank Prof. T. Goodsell, who provided us with his

proof ([6], Appendix) of the Berkowitz–Roy theorem.

§ 2. Proofs of Theorem 1.1 and Corollary 1.2

Proof of Theorem 1.1. Assume that Πd intersects the linear hull Π(Mi) of each
set Mi and let Yi ∈ Πd ∩ Π(Mi), i = 1, . . . , q. It is sufficient to show that under
these assumptions we either have n1+n2+· · ·+nq+1 > (m−d)(q−1)−(T−d)(d−t)
for q � d− t+ 1 or n1 + n2 + · · ·+ nq + 1 > (m− T )(q − 1) for 1 � q � d− t+ 1.
For what follows we shall need the inequality below (see [5] and [6]), which follows
from the properties of algebraically independent sets.

Proposition 2.1. Let A be an algebraically independent subset of R, and B a
subset of R such that each element of A depends algebraically on B. Then the
cardinality of A does not exceed the cardinality of B.

We shall also require the following constructions due to Roberts [4]. Let {ri}
be an infinite algebraically independent set: each finite subset of it is algebraically
independent. Let Ri = {q + ri : q ∈ Q}, where Q is the set of rational num-
bers. Then each Ri is a dense subset of R and distinct Ri are disjoint. Moreover,
each finite set M containing at most one element from each Ri, i = 1, 2, . . . , is
algebraically independent.
We can assume that Πt and ΠT are the planes of the first t and T coordinate

variables, respectively. Let π be the projection of Rm onto the space Rm−t of the
last m− t coordinates. Then Πd−t = π(Πd) is a (d− t)-plane in Rm−t parallel to
the coordinate plane ΠT−t = π(ΠT ). Moreover, the set of coordinates of all points
Bi,j = π(Ai,j) is algebraically independent (as a subset of the set of coordinates of
the points Ai,j). Hence by considering the space R

m−t of the last m− t coordinates
and the projections Bi,j , π(Π

d), and π(ΠT ) onto it we can assume that t = 0.

Since Yi ∈ Π(Mi), there exist coefficients {λi,j}ni+1j=1 , λi,1 + · · · + λi,ni+1 = 1,
such that

Yi = λi,1Ai,1 + · · ·+ λi,niAi,ni + λi,ni+1Ai,ni+1

= λi,1Ai,1 + · · ·+ λi,niAi,ni +
(
1− λi,1 − · · · − λi,ni

)
Ai,ni+1

for each i = 1, . . . , q.

(1)
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At least one of the numbers {λi,j}ni+1j=1 is non-zero. We assume without loss of

generality that λi,1 �= 0. (If some of the numbers {λi,j}ni+1j=1 are equal to zero,
then we can leave the corresponding points out of consideration and obtain a
subset {Ai,j} satisfying the assumptions of the theorem.) By (1) we can express Ai,1
as a linear combination of Ai,2, . . . , Ai,ni+1, Yi. Then we obtain ni additional coef-
ficients, λi,1, . . . , λi,ni.
We have thus expressed the coordinates of all the points {Ai,j}, i = 1, . . . , q,

j = 1, . . . , ni + 1, in terms of the coordinates of the points {Ai,j},
i = 1, . . . , q, j = 2, . . . , ni + 1; Y1, . . . , Yq and the numbers {λi,j}, i = 1, . . . , q,
j = 1, . . . , ni.
(I) Assume that q � d+1. Since Πd is parallel to ΠT , the plane Y1+ΠT contains

all the points Y2, . . . , Yq. Thus,

Yi − Y1 =
T∑
j=1

αi,jej, i = 2, . . . , q, (2)

where ej is the jth unit basis vector.
We have thus expressed all the coordinates of the points {Ai,j}, i = 1, . . . , q,

j = 2, . . . , ni + 1; Y1, . . . , Yq and the numbers {λi,j}, i = 1, . . . , q, j = 1, . . . , ni,
in terms of the coordinates of {Ai,j}, i = 1, . . . , q, j = 2, . . . , ni + 1; Y1, and the
numbers {λi,j}, i = 1, . . . , q, j = 1, . . . , ni; αi,j, i = 2, . . . , q, j = 1, . . . , T .
Hence by Proposition 2.1, qm � m+ n1 + · · ·+ nq + T (q − 1), that is,

n1 + · · ·+ nq � (m− T )(q − 1). (3I)

We observe that (3I) survives the replacement of m, d, and T by m− t, d− t, and
T − t, respectively. Hence (3I) holds for each t with 0 � t � d.
(II) Assume that q � d + 1. Then there exist d + 1 points Yi, for instance,

Y1, . . . , Yd+1, such that each Yj, j = d+ 2, . . . , q, is a linear combination of the Yi,
i = 1, . . . , d+1. Note that such d+1 points exist even if the linear hull of Y1, . . . , Yq
has dimension < d. Hence

Yj =
d∑
i=1

βj,iYi +

(
1−

d∑
i=1

βj,i

)
Yd+1, j = d+ 2, . . . , q,

for some coefficients {βj,i}, i = 1, . . . , d, j = d+ 2, . . . , q.
In this case equations (2) hold for i = 2, . . . , d + 1. We have thus expressed

all the coordinates of the points {Ai,j}, i = 1, . . . , q, j = 2, . . . , ni + 1; Y1, . . . , Yq,
and the numbers {λi,j}, i = 1, . . . , q, j = 1, . . . , ni, in terms of the coordinates
of {Ai,j}, i = 1, . . . , q, j = 2, . . . , ni + 1; Y1, and the numbers {λi,j}, i = 1, . . . , q,
j = 1, . . . , ni; {βj,i}, j = d + 2, . . . , q, i = 1, . . . , d; αi,j, i = 2, . . . , d + 1, j =
1, . . . , T .
Hence by Proposition 2.1 we obtain qm � m+n1+ · · ·+ nq+(q− d− 1)d+Td,

or equivalently, n1 + · · ·+ nq � (m − d)(q − 1) − (T − d)d. Replacing in the last
inequality m, d, and T by m− t, d− t, and T − t, respectively, we obtain

n1 + · · ·+ nq � (m− d)(q − 1)− (T − d)(d− t). (3II)

Inequalities (3I) and (3II) complete the proof of Theorem 1.1.
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Proof of Corollary 1.2. Let {vi} be the vertices of K, and Rj the sets in the above-
discussed Roberts’s construction carried out for some denumerable algebraically
independent set. For each i we consider a point Ai = (Ai(1), . . . , Ai(m)) ∈ Rm
such that dist

(
θ(vi), Ai

)
< ε and Ai(s) ∈ R(i−1)m+s. Then the set of all the

coordinates of {Ai(k)} is algebraically independent. We define a map g : K → Rm
by setting g(vi) = Ai and extending g linearly to each simplex of K. Obviously,
g(vi1) �= g(vi2) for i1 �= i2. Moreover, the restriction of the map g to each n-simplex
of K is one-to-one. Let Πd be a d-plane in Rm parallel to some coordinate planes
Πt ⊂ ΠT , and let q be the number of disjoint simplexes of K of dimension not
exceeding n the g-images of which meet Πd. That is, assume that K contains q at
most n-dimensional disjoint simplexes σi = 〈vi,j : j = 1, . . . , ni + 1〉 such that the
sets g(σi) = 〈Ai,j : j = 1, . . . , ni + 1〉 intersect Πd. We claim that

q � N1 = d+ 1− t+
n+ (n+ T −m)(d− t)

m− n− d for n � (m− n− T )(d− t).

Assume that q � d+ 1− t. Since Πd intersects the images

g(σi) ⊂ Π
(
{Ai,j : j = 1, . . . , ni + 1}

)

of all the disjoint simplexes σi, i = 1, . . . , q, it follows by Theorem 1.1 that

n1 + · · ·+ nq � (m− d)(q − 1)− (T − d)(d− t).

Consequently,

nq � (m− d)(q − 1)− (T − d)(d− t) (4)

because ni � n for each i. Relation (4) is equivalent to the required inequality
q � N1.
If q � d+1−t, then we have q � N1 because our assumption n � (m−n−T )(d−t)

means that d+ 1− t � N1.
We now show that

q � N2 = 1 +
n

m− n − T for n � (m− n− T )(d − t).

Assume that q � d+ 1− t. Then, as before, n1 + · · ·+ nq � (m− T )(q − 1) by
Theorem 1.1, and therefore

nq � (m− T )(q − 1) (5)

since ni � n for all i. Relation (5) is equivalent to the required inequality q � N2.
Finally, assume that q � d − t + 1. Then q � N1 as already proved. On the

other hand, by our assumption n � (m − n − T )(d − t), that is, d + 1 − t � N1.
All this means that under our assumptions we have q = d − t + 1 = N1 and
n = (m− n− T )(d − t), so that q = d− t+ 1 = N1 = N2.
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§ 3. Proof of Theorem 1.3
We prove Theorem 1.3 in the special case d = m− n first. We fix spaces X, Y

and a map f satisfying the assumptions of Theorem 1.3. Unless otherwise stated
we use throughout this section the following notation: � is the Euclidean metric in
Rm, an ε-disjoint subset of Rm is a subset that can be covered by a disjoint family
of open subsets of Rm of diameter < ε each. We say that a fixed subset A of Rm

is of type (d, ε) if Πd ∩A is ε-disjoint for each d-plane Πd in Rm.
Let Hε, ε > 0, be the set of maps g ∈ C∗(X,Rm) such that g(f−1(y)) is of

type (m− n, ε) for each y ∈ Y . Since C∗(X,Rm) equipped with the source limita-
tion topology has the Baire property, it is sufficient to show that each Hε is open
and dense in C∗(X,Rm). Indeed, in that case H =

⋂∞
k=1H1/k is dense and Gδ

in C∗(X,Rm). Moreover, if g ∈ H and y ∈ Y , then g(f−1(y)) ∩ Π is at most
0-dimensional for each (n −m)-plane Π ⊂ Rm.

Lemma 3.1. Let A be a compact subset of X and assume that ε > 0. Let g0(A) be
a set of type (d, ε) for some g0 ∈ C∗(X,Rm) and d. Then there exist a neighbour-
hood U of A in X and δ > 0 such that the set g(U) has type (d, ε) for each map
g ∈ C∗(X,Rm) such that g|U is δ-close to g0|U .

Proof. Assume that the conclusion of the lemma fails. To obtain a contradiction
we shall follow § 2.4 in [4]. For each i � 1 we consider a neighbourhood Ui of A
such that Ui ⊂ g−10 (Wi), where Wi is the 1/i-neighbourhood of g0(A). There
exist gi ∈ C∗(X,Rm) and d-planes Πdi such that gi|Ui is 1/i-close to g0|Ui, but
gi(Ui) ∩ Πdi is not ε-disjoint. We choose points zi ∈ gi(Ui) ∩ Πdi and xi ∈ Ui such
that ρ

(
gi(xi), zi

)
� 1/i, i � 1. Obviously, K = {zi}∞i=1 ∪ g0(A) is a compactum

intersecting each plane Πdi . Hence there exists a subsequence of {Πdi }∞i=1 convergent
to a d-plane Πd0. We shall assume that the sequence {Πdi }∞i=1 converges itself to Πd0.
Let V be an open subset of Rm containing g0(A) ∩ Πd0 that is the union of a

disjoint finite family of open subsets of Rm having diameter < ε. Because the
sets gi(Ui) ∩ Πdi are not ε-disjoint, there exist points ai ∈ Ui and bi ∈ gi(Ui) ∩Πdi
such that V does not contain the set {gi(ai), bi}∞i=1. We can also assume that
�
(
bi, gi(ai)

)
� 1/i for all i. This means the existence of a point b ∈ g0(A) and a

subsequence of {bi} converging to b. We shall continue to write lim bi = b. Then
b ∈ Πd0 because {Πdi } converges to Πd0. Hence b ∈ g0(A) ∩Πd0 ⊂ V . Consequently,
bi ∈ V for some i, which contradicts the choice of bi.

Corollary 3.2. Suppose that g0(f
−1(y0)) is of type (m−n, ε) for some point y0 ∈ Y

and g0 ∈ C∗(X,Rm). Then there exist a neighbourhood V of y0 in Y and δ > 0
such that the set g(f−1(V )) has type (m− n, ε) for each g ∈ C∗(X,Rm) such that
g|f−1(V ) is δ-close to g0|f−1(V ).

Proof. Applying Lemma 3.1 to f−1(y0) we obtain positive δ and a neighbourhood U

of the set f−1(y0) such that g(U) is of type (m−n, ε) once g ∈ C∗(X,Rm) and g|U is
δ-close to g0|U . Since f is a closed map, we can find a closed neighbourhood V of y0
in Y such that f−1(V ) ⊂ U . Assume now that g|f−1(V ) is δ-close to g0|f−1(V )
for some g ∈ C∗(X,Rm). We extend g|f−1(V ) to a map h ∈ C∗(X,Rm) such that
h|U remains δ-close to g0|U . Then by our choice of U and δ the set h(U) has type
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(m − n, ε). Finally, since h(f−1(V )) ⊂ h(U) and h|f−1(V ) = g|f−1(V ), the proof
is complete.

Proposition 3.3. Each set Hε is open in C
∗(X,Rm).

Proof. We fix g0 ∈ Hε. By Corollary 3.2, for each y ∈ Y there exist a neighbour-
hood Vy of y in Y and δy > 0 such that if g ∈ C∗(X,Rm) and �

(
g(x), g0(x)

)
� δy

for all x ∈ f−1(Vy), then g(f−1(Vy)) has type (m− n, ε). Consider a locally finite
open cover ω of Y refining {Vy : y ∈ Y }, and for each W ∈ ω fix a point y(W ) ∈ Y
such that W ⊂ Vy(W). We define a set-valued map φ : Y → (0,∞) by the for-
mula φ(y) =

⋃
{(0, δy(W)] : y ∈ W}. Obviously, φ is convex-valued and lower

semicontinuous. By [11], Theorem 6.2 the map φ admits a continuous selection
β : Y → (0,∞); let α = β ◦ f . It is sufficient to show that if g ∈ C∗(X,Rm) and
�
(
g0(x), g(x)

)
< α(x) for each x ∈ X, then g ∈ Hε. In fact, let y ∈ Y and consider

W ∈ ω containing y such that α(x) � δy(W) for each x ∈ f−1(y). Consider a
function hy ∈ C∗(X,Rm) coinciding with g on the set f−1(y) and satisfying the
inequality �

(
hy(x), g0(x)

)
� δy(W) for all x ∈ X. In accordance with our choice

of Vy(W), the set hy(f−1(Vy(W))) is of type (m − n, ε), so that g(f−1(y)) has the
same type. Hence each map g ∈ C∗(X,Rm) that is α-close to g0 belongs to Hε,
and therefore Hε is open in C

∗(X,Rm).

For an arbitrary spaceM and ε>0 let C(n,ε)(M,R
m) be the set of g ∈C∗(M,Rm)

such that g(M) is of type (m− n, ε) with m � n+ 1.
Lemma 3.4. Let M be an n-dimensional compactum and assume that m � n+1.
Then C(n,ε)(M,R

m) is dense in C(M,Rm) for each ε > 0.

Proof. Let g0 ∈ C(M,Rm) and assume that δ > 0. Representing g0 as the compos-
ite of two maps q1 : M → Z and q2 : Z → Rm, where Z is a metrizable compactum
of dimension � n, and considering Z and q2 instead of M and g0 we reduce our
proof to the case whenM is a metrizable compactum. Consider a positive number η
satisfying the following conditions:

5η <
δ

2
and 9η(r + 1) < ε, where r = n(m+ 1− n). (6)

Since dimM � n, we can use a standard procedure to find a finite n-dimensional
complex K and maps h : M → K, θ : K → Rm such that θ ◦ h is δ/2-close to g0.
Moreover, we can assume that

diam
(
θ(σ)
)
< η for each simplex σ ∈ K. (7)

It is sufficient to find a map g : K → Rm in the δ/2-neighbourhood of θ such that
g ◦ h ∈ C(n,ε)(M,Rm). To this end we use Corollary 1.2 (with d = m − n, t = 0,
T = m, ε = η, and n replaced by n − 1) to obtain a semilinear map g : K → Rm
such that �

(
g(v), θ(v)

)
� η for all vertices v of K and, for each (m − n)-plane

Π ⊂ Rm, the number q of disjoint, at most (n− 1)-dimensional simplexes K with
g-images intersecting Π is at most r = n(m+ 1 − n). We can choose g such that,
in addition to the above, g(vi) �= g(vj) for each pair of distinct vertices vi and vj
of K.
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Let vi and vj be vertices of the same simplex ∆ ∈ K. Then by (7) and our choice
of g we obtain

�
(
g(vi), g(vj)

)
� �
(
g(vi), θ(vi)

)
+ �
(
θ(vi), θ(vj)

)
+ �
(
θ(vj), g(vj)

)
< 3η.

Consequently,

g(∆) has diameter < 3η for each simplex ∆ ∈ K. (8)

Condition (8) means that �
(
g(y), θ(y)

)
< 5η for all y ∈ K. Hence by (6) the maps g

and θ are δ/2-close.

It merely remains to show that g ◦h ∈ C(n,ε)(M,Rm) or, equivalently, that g(K)
has type (m − n, ε). To this end we use an idea from [4] (proof of 2.3, p. 568).
We fix an (m− n)-plane Π ⊂ Rm. It is sufficient to show that each component of
g(K) ∩Π has a diameter � 9(r + 1)η, because 9(r + 1)η < ε by (6). Assume that
�(a, b) > 9(r + 1)η for some component P of g(K) ∩ Π and some points a ∈ P ,
b ∈ P . Consider an arc ab in P . By (8) each subarc of diameter � 3η must contain
at least one point of the boundary of a simplex of g(K), which therefore belongs
to a simplex of g(K) of dimension � n − 1. Next, we consider points ai ∈ ab,
i = 1, . . . , r + 1, such that 3(3i− 2)η < �(a, ai) � 3(3i− 1)η, i = 1, . . . , r + 1, and
each ai belongs to a simplex g(σi) ∈ g(K) of dimension � n−1. Then �(ai, aj) > 6η
for i �= j, which means in accordance with (8) that g(σi)∩g(σj ) = ∅. We have thus
obtained r + 1 disjoint simplexes σi ∈ K, i = 1, . . . , r + 1, of dimensions � n − 1
with g-images intersecting Π. This is a contradiction because by our choice of g the
number of disjoint simplexes of K of dimension not exceeding (n−1) with g-images
intersecting Π is at most n(m− n+ 1) = r.
We consider below the set-valued map ψε : Y → C∗(X,Rm) defined by the for-

mula ψε(y) = C
∗(X,Rm) \Hε(y), where Hε(y) is the set of maps g ∈ C∗(X,Rm)

such that g(f−1(y)) has type (m− n, ε).
The next statement in combination with Proposition 3.3 completes the proof of

Theorem 1.3 for k = m− n.
Proposition 3.5. The set Hε is dense in C

∗(X,Rm).

Proof. We show first that the graph G of ψε is closed in Y ×C∗(X,Rm), provided
that C∗(X,Rm) is equipped with the topology of uniform convergence induced by
the metric �. Let (y0, g0) ∈ (Y × C∗(X,Rm)) \ G. Then g0 /∈ ψε(y0), therefore
g0 ∈ Hε(y0). By Corollary 3.2 there exist δ > 0 and a neighbourhood V of y0 in Y
such that g(f−1(V )) has type (m − n, ε) for each map g ∈ C∗(X,Rm) such that
g|f−1(V ) is δ-close to g0|f−1(V ). Let W ⊂ C∗(X,Rm) be the set of all maps g
that are δ-close to g0. Obviously, W is a neighbourhood of g0 in C

∗(X,Rm) with
respect to the topology of uniform convergence, so that V ×W is a neighbourhood
of (y0, g0) in Y ×C∗(X,Rm) disjoint from G. Hence G is closed in Y ×C∗(X,Rm).

Claim. B(g0, α) \ ψε(y) �= ∅ for all y ∈ Y , α : X → (0,∞), and g0 ∈ C∗(X,Rm).

Proof. We must show that B(g0, α)∩Hε(y) �= ∅ for fixed y ∈ Y , α ∈ C(X, (0,∞)),
and g0 ∈ C∗(X,Rm). Let δ > 0 be the minimum value of α on f−1(y). Since
dim f−1(y) � n, it follows by Lemma 3.4 that there exists a map h ∈ C(f−1(y),Rm)
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δ-close to g0|f−1(y) such that h(f−1(y)) has type (m − n, ε). For all x ∈ f−1(y)
we obviously have �

(
h(x), g0(x)

)
� α(x) Thus, each extension g ∈ C∗(X,Rm) of h

belongs toHε(y). Hence we have reduced the proof to finding an extension of h that
also belongs to B(g0, α). To this end we consider the set-valued map Φ: X → Rm
defined by the formula Φ(x) = h(x) for x ∈ f−1(y) and Φ(x) = B

(
g0(x), α(x)

)
for x /∈ f−1(y). Here B(g0(x), α(x)) is the closed ball in Rm with centre at g0(x)
and of radius α(x). This is a lower semicontinuous map with closed and convex
values in Rm. Hence by Michael’s convex-valued selection theorem Φ admits a
continuous selection g, which extends h. Moreover, we can assume that α is
a bounded function, which means that g is also bounded. Thus, g ∈ B(g0, α),
which completes the proof of the claim.

We are now in a position to complete the proof of the proposition. We fix
g0 ∈ C∗(X,Rm) and α ∈ C∗(X, (0, 1)) and consider the constant set-valued map
ϕ : Y → C∗(X,Rm), ϕ(y) = B(g0, α), where C

∗(X,Rm) is equipped with the
topology of uniform convergence. We require the following result of Michael ([12],
Theorem 5.3):

Let Y be a paracompact space with dimY = 0, M a completely metrizable space,
and φ : Y → M a lower semicontinuous closed-valued map. If ψ : Y → M is a
set-valued map with closed graph such that φ(y) \ ψ(y) �= ∅ for each y ∈ Y , then φ
has a selection avoiding ψ.

In our case ϕ and ψε satisfy the hypotheses of Michael’s theorem, therefore there
exists a map θ : Y → C∗(X,Rm) such that θ(y) ∈ B(g0, α) \ ψε(y) for all y ∈ Y .
Let g ∈ C∗(X,Rm) be the map defined by the formula g(x) = θ(f(x)), x ∈ X.
Then g ∈ B(g0, α) ∩Hε(y) for each y ∈ Y . Consequently, g ∈ B(g0, α) ∩Hε and
the proof is complete.
As already mentioned, it follows from Proposition 3.3 and Proposition 3.5 that

the set H is dense and Gδ in C
∗(X,Rm). This gives us a proof of Theorem 1.3

in the special case d = m− n. We now prove Theorem 1.3 in the general case. We
shall show that each g ∈ H satisfies the requirements of the theorem, that is, has
the following property: the compactum A = g(f−1(y))∩Πd is at most (n+d−m)-
dimensional for each y ∈ Y and each d-plane Πd ⊂ Rm for m − n + 1 � d � m.
Fix some (m − n)-plane Πm−n ⊂ Πd and consider the orthogonal projection p
of Πd onto the (n + d − m)-plane Πn+d−m ⊂ Πd that is the orthogonal comple-
ment of Πm−n in Πd. Then the compactum B = p

(
g(f−1(y)) ∩ Πd

)
⊂ Πn+d−m

has dimension � n + d −m. The fibres of the map p
∣∣
A
: A → B are intersections

of g(f−1(y)) with some (m− n)-planes, therefore these fibres are zero-dimensional
by our choice of g. Hence by Hurewicz’s theorem on perfect zero-dimensional maps
dimA � dimB � n+ d−m.

§ 4. Proofs of Theorem 1.5 and Theorem 1.8
Proof of Theorem 1.5. It is sufficient to show that for arbitrary integers d, t, T
such that 0 � t � d � T � m and d � m − n − 1, and for arbitrary coordi-
nate planes Πt ⊂ ΠT in Rm the space C∗(X,Rm) contains a dense Gδ-subset of
maps g such that f−1(y) ∩ g−1(Πd) contains at most q points for each y ∈ Y
and each d-plane Πd ⊂ Rm parallel to Πt ⊂ ΠT , where q is the integer part of
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N1 = d+1− t+
n+ (n+ T −m)(d− t)

m− n− d for n � (m−n−T )(d− t) and the integer

part of N2 = 1 +
n

m− n− T otherwise. Thus, we fix integers d, t, T satisfying the
above inequalities and coordinate planes Πt ⊂ ΠT ⊂ Rm. We point out that we
always have q � 1; and let P be the set of d-planes in Rm parallel to Πt ⊂ ΠT .
We now define the following concept, which is used in this section: a subset A
of an arbitrary metric space M is said to be of cotype (q, ε, g), where ε > 0 and
g ∈ C∗(M,Rm), if for each Πd ∈ P the set A∩g−1(Πd) can be covered by at most q
disjoint open subsets of M of diameter � ε. Let Kε, ε > 0, be the set of all maps
g ∈ C∗(X,Rm) such that f−1(y) has cotype (q, ε, g) for each y ∈ Y . Our proof
reduces to the verification that each set Kε is open and dense in C

∗(X,Rm).

Lemma 4.1. Let A be a compact subset of X having cotype (q, ε, g0) for some
g0 ∈ C∗(X,Rm) and ε > 0. Then there exist a neighbourhood U of A in X and
δ > 0 such that U has cotype (q, ε, g) for each map g ∈ C∗(X,Rm) such that g|U is
δ-close to g0|U .

Proof. Assume that the lemma fails. Then for each i � 1 we consider a 1/i-
neighbourhood Ui of A such that g0(Ui) lies in the interior of the 1/i-neighbourhood
of g0(A) in R

m. Then there exist gi ∈ C∗(X,Rm) and a d-plane Πdi ∈ P such that
gi|Ui is 1/i-close to g0|Ui, but g−1i (Πdi ) ∩ Ui is not covered by any disjoint family
of � q open subsets of X of diameter � ε. Similarly to the proof of Lemma 3.1,
passing to subsequences we can assume that {Πdi }∞i=1 converges to a d-plane Πd0.
Since all the Πdi belong to P (that is, are parallel to Π

t ⊂ ΠT ), it follows that
Πd0 ∈ P. Hence A∩g−10 (Πd0) is covered by a disjoint family {Vj} of � q open subsets
of X of diameters � ε. Consider points xi ∈ g−1i (Πdi ) ∩ (Ui \ V ) and yi ∈ A, such
that dist(xi, yi) � 1/i, i = 1, 2, . . . , where V =

⋃
Vj . We can assume that the

sequence {xi} converges to some point x0 ∈ A (recall that A is compact). Then
{gi(xi)} converges to g0(x0) and g0(x0) ∈ g0(A)∩Πd0. Hence x0 ∈ A∩g−10 (Πd0) ⊂ V ,
and therefore xi ∈ V for almost all i, which is a contradiction.

The proof of the next result is similar to the proof of Corollary 3.2.

Corollary 4.2. Suppose that for some point y0 ∈ Y and some map g0 ∈ C∗(X,Rm)
the set f−1(y0) is of cotype (q, ε, g0). Then there exist a neighbourhood V of y0 in Y
and δ > 0 such that the set f−1(V ) has cotype (q, ε, g) for each map g ∈ C∗(X,Rm)
such that g|f−1(V ) is δ-close to g0|f−1(V ).

Proposition 4.3. Each set Kε is open in C
∗(X,Rm).

The proof follows the scheme of the proof of Proposition 3.3, but we now use
Corollary 4.2 instead of Corollary 3.2.

Lemma 4.4. Let M be a metrizable compactum of a dimension at most n. Then
the set K0(M,R

m) of all maps g ∈ C(M,Rm) such that g−1(Πd) contains at most q
points for each plane Πd ∈ P is dense in C(M,Rm).

Proof. Let Ω be the system of disjoint families {V 1, V 2, . . . , V q+1} of q+1 elements
such that each Vj belongs to a fixed countable base for M . Also for Γ ∈ Ω let
CΓ =

{
g ∈ C(M,Rm) : g−1(Πd) meets at most q elements of Γ for each Πd ∈ P

}
.
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Obviously, Ω is countable and K0(M,R
m) is the intersection of all sets CΓ,

Γ ∈ Ω. Hence our proof reduces to the verification that each CΓ is dense and open
in C(M,Rm).

Claim 1. Each set CΓ is open in C(M,R
m).

Proof. We fix Γ ∈ Ω and g0 ∈ CΓ. Assume that for each i there exists gi /∈ CΓ that
is 1/i-close to g0. Then we can find a plane Π

d
i ∈ P such that g−1i (Πdi ) intersects

each element of Γ. Similarly to Lemma 3.1 we can assume that the sequence {Πdi }
converges to some Πd0 ∈ P. Then g−10 (Πd0) intersects at most q elements of Γ, for
instance, the first q sets. Now, for each i we choose a point xi ∈ g−1i (Πdi )∩V q+1 and
since M is compact, we can assume that the sequence {xi} converges to some point
x0 ∈ V q+1. Then {gi(xi)} converges to g0(x0) ∈ Πd0. Thus, x0 ∈ g−10 (Πd0) ∩ V q+1,
which is a contradiction.

Claim 2. Each set CΓ is dense in C(M,R
m).

Proof. Let Γ = {V 1, V 2, . . . , V q+1}, g0 ∈ CΓ, and assume that δ > 0. Then there
exist an open cover ω of M with mesh(ω)�r/3, where r=min{dist(V i, V j) : i �=j},
and a piecewise linear map h : L→ Rm such that g = h◦π is δ-close to g0. Here L is
the polyhedron underlying the nerve of ω and π : M → L is the canonical map. By
Corollary 1.2 we can assume that for each plane Πd ∈ P the number of disjoint at
most n-dimensional simplexes σ ∈ L with images h(σ) intersecting Πd is at most q.
We can also assume that ω is of order � n+1, so that L is at most n-dimensional.
If there exists a plane Π∗ ∈ P such that g−1(Π∗) intersects each V i, then we choose
xi ∈ g−1(Π∗) ∩ V i. Let ωi be the family of elements of ω containing the point xi.
Then each family ωi, i = 1, . . . , q+1, generates a simplex σi ∈ L of dimension � n
such that h(xi) ∈ h(σi)∩Π∗ and σi ∩σj = ∅ for i �= j. This contradicts our choice
of h.

Since K0(M,R
m) ⊂ Kε(M,Rm) for each ε > 0, where Kε(M,Rm) is the set of

maps g ∈ C∗(M,Rm) such thatM has cotype (q, ε, g), Lemma 4.4 has the following
consequence.

Corollary 4.5. Let M be a metrizable compactum of dimension �n. Then each
set Kε(M,R

m) is dense in C(M,Rm).

The next result in combination with Proposition 4.3 completes the proof of
Theorem 1.5.

Proposition 4.6. Each set Kε is dense in C
∗(X,Rm).

Proof. Let ψε : Y → C∗(X,Rm) be the set-valued map ψε(y) = C∗(X,Rm)\Kε(y),
where Kε(y) is the set of all g ∈ C∗(X,Rm) such that f−1(y) has cotype (q, ε, g).
The rest of the proof follows the arguments in the proof of Proposition 3.5. To show
that the graph of ψε is closed we now use Corollary 4.2 instead of Corollary 3.2,
and we also replace Lemma 3.4 in the proof by Corollary 4.5.

Proof of Theorem 1.8. We shall prove that C∗(X, l2) contains a dense Gδ-subset of
maps g such that for y ∈ Y and each plane Πd ∈ P(d, r) the set f−1(y) ∩ g−1(Πd)
contains at most d+1−r points if r � d and at most one point otherwise. For fixed
integers d and r let Q be the set of d-planes parallel to the r-plane of the first r
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coordinate variables in l2. Similarly to Theorem 1.5 we introduce the concept of
subset of cotype (q, ε, g) of a metric space M by considering now planes Πd ∈ Q
and by setting q = d + 1 − r for d � r and q = 1 otherwise. Let Fε, ε > 0, be
the set of maps g ∈ C∗(X, l2) such that f−1(y) has cotype (q, ε, g) for each y ∈ Y .
Since l2 contains countably many coordinate r-planes, it is sufficient to show that
all the Fε are open and dense in C

∗(X, l2). Following the proof of Theorem 1.5 we
can show that all the sets Fε are open in C

∗(X, l2). For the proof of the density of
Fε we use the following lemma.

Lemma 4.7. Let M be a metrizable compactum and assume that ε > 0. Then
the set Fε(M, l2) of maps g ∈ C(M, l2) such that M has cotype (q, ε, g) is dense in
C(M, l2).

Proof. Consider g0 ∈ C(M, l2) and λ > 0. Then there exist a finite complex K and
maps ϕ : M → K and h : K → l2 such that h ◦ ϕ is λ/2-close to g0. Moreover, we
can assume that each fibre of ϕ has diameter < ε. For each A ⊂ N we identify RA
with the subspace {y ∈ l2 : yi = 0 for all i /∈ A} of the Hilbert space l2 and denote
by πA the canonical projection πA : l2 → RA. Let dimK = n and let A be a finite
subset of N satisfying the following conditions:

(i) {1, . . . , r} ⊂ A;
(ii) |A| � r + d+ 2n+ n · |d− r|+ 1, where |A| is the cardinality of A.

Since each projection πA is an open map, we can show that so also is the map

ΛA : C(K, l2)→ C(K,RA), ΛA(g) = πA ◦ g.

Assume first of all that r � d. We observe that if T = m, then we have
(m−n−T )(d−r) = −n(d−r) � 0, therefore n � (m−n−T )(d−r). By Theorem 1.5
with m = T = |A| and t = r we can now find a dense Gδ-subset FA of C(K,RA)
consisting of maps g such that g−1(ΠdA) contains at most 1 + d− r +

n+ n(d− r)
|A| − n− d

points for each d-plane ΠdA ⊂ RA parallel to the r-plane of the first r coordinates
in RA. Since |A| � r+d+2n+n·|d−r|+1, the inverse image of such a plane contains
at most 1+ d− r points. The set Λ−1A (FA) is also dense and Gδ in C(K, l2). Hence
there exists a map g ∈ Λ−1A

(
FA
)
that is λ/2-close to h. Then g = g ◦ ϕ is λ-close

to g0. It remains to show that g ∈ Fε(M, l2). To this end consider Πd ∈ Q. Since
ΠdA = πA(Π

d) is a d-plane in RA parallel to the r-plane of the first r coordinates
in RA, the set g−1

(
π−1A (Π

d
A)
)
contains � 1 + d − r points. The plane ΠdA can

formally have dimension < d, but in this case the estimate on the cardinality of the
inverse image is even better. It follows from the inclusion Πd ⊂ π−1A (ΠdA) that
the set g−1(Πd) contains � 1 + d − r points. Hence (g)−1(Πd) = ϕ−1

(
g−1(Πd)

)
consists of � 1+ d− r fibres of ϕ. Since each fibre of ϕ has diameter < ε, it follows
that g ∈ Fε(M, l2).
Assume now that d � r. We apply Theorem 1.5 to A again, but now form = |A|,

t = 0, and T = r. Obviously, in this case (m−n−T )(d− t) > n. Hence there exists
a dense Gδ-subset FA of C(K,R

A) consisting of maps g such that g−1(ΠdA) contains
at most one point for each d-plane RA parallel to the plane of the first r coordinate
variables in RA. As before, we take a map g ∈ Λ−1A

(
FA
)
that is λ/2-close to h and

show that g = g ◦ ϕ ∈ Fε(M, l2).
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Proposition 4.8. Each set Fε is dense in C
∗(X, l2).

Proof. We follow the proof of Proposition 3.5 and describe all the necessary changes.
In our case ψε : Y → C∗(X, l2) is defined by the formula ψε(y) = C∗(X, l2) \Fε(y),
where Fε(y) is the set of all maps g ∈ C∗(X, l2) such that f−1(y) has cotype (q, ε, g)
with q = 1 + d − r for r � d and q = 1 otherwise. To show that ψε has a closed
graph we apply to the space C∗(X, l2) an analogue of Corollary 4.2 in place of
Corollary 3.2. We also require the following result.

Claim. Let g0 ∈ C∗(X, l2), α : X → (0,∞), and y ∈ Y . Then for each ε > 0,
ψε(y) ∩ B(g0, α) is a Z-set in B(g0, α) regarded as a subset of C∗(X, l2) with the
topology of uniform convergence.

Proof. The proof follows in part the arguments from the proof of Lemma 8 in [13].
We must show that each map h : Q → B(g0, α), where Q is the Hilbert cube, can
be approximated by a map h1 : Q → B(g0, α) avoiding the set ψε(y) ∩ B(g0, α).
Thus, we fix a map h and η > 0. Then h induces a map u : Q × X → l2,
u(z, x) = h(z)(x), such that dist(u(z, x), g0(x)) � α(x) for each point (z, x) in
Q×X. We choose λ ∈ (0, 1) such that λ sup{α(x) : x ∈ f−1(y)} < η/2, and define
u1 ∈ C(Q× f−1(y), l2) by the formula u1(z, x) = (1− λ)u(z, x) + λg0(x). For each
(z, x) ∈ Q× f−1(y) we have

dist(u1(z, x), g0(x)) < α(x) and dist(u1(z, x), u(z, x)) <
η

2
.

Assume that δ < inf{η/2, α(x)− dist(u1(z, x), g0(x)) : (z, x) ∈ Q× f−1(y)}. Then
there exists by Lemma 4.7 a map u2 : Q× f−1(y) → l2 such that Q × f−1(y) has
cotype (q, ε, u2) and dist(u1(z, x), u2(z, x)) < δ for each (z, x) ∈ Q× f−1(y). Then
for (z, x) ∈ Q× f−1(y) we have

dist(u2(z, x), g0(x)) < α(x) and dist(u2(z, x), u(z, x)) < η.

The equality h2(z)(x) = u2(z, x) defines a map h2 : Q→ C(f−1(y), l2) with f−1(y)
of cotype (q, ε, h2(z)) for each z ∈ Q. One can show that the projection map
pr: B(g0, α)→ C(f−1(y), l2), pr(g) = g|f−1(y), is open in the topology of uniform
convergence and pr

(
B(g0, α)

)
contains h2(Q). Hence h2 can be lifted to a map

w : Q → B(g0, α) such that w is η-close to h. We observe that w avoids the
set ψε(y) ∩ B(g0, α) because f−1(y) is of cotype (q, ε, h2(z)) for all z ∈ Q. This
completes the proof of the claim.

We now return to the proof of Proposition 4.8. For fixed g ∈ C∗(X, l2) and a func-
tion α : X → (0, 1) consider the set-valued map φ : Y → C∗(X, l2), φ(y) = B(g, α),
where C∗(X, l2) carries the topology of uniform convergence. In accordance with
the above claim, φ(y) ∩ ψε(y) is a Z-set in φ(y) for all y ∈ Y . Moreover, Y is a
C-space, therefore we can apply Theorem 1.1 of [14] to find a map θ : Y → C∗(X, l2)
such that θ(y) ∈ B(g, α)\ψε(y) for all y ∈ Y . Finally, we define a map g ∈ C∗(X, l2)
by the formula g(x) = θ(f(x)), x ∈ X. Then g ∈ B(g, α) ∩ Fε(y) for each y ∈ Y .
Hence g ∈ B(g, α) ∩ Fε, which completes the proof of Proposition 4.8.
The proof of Theorem 1.8 is now also complete.
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§ 5. Appendix
We present several further applications of our results.

Theorem 5.1. Let f : X → Y be a perfect map between paracompact spaces and
let dimY = 0. Let {Fi} be a sequence of closed subsets of X and {ni} a sequence
of integers such that dim f |Fi � ni for all i. If n � ni, i = 1, 2, . . . , then for each
m � n + 1 the space C∗(X,Rm) contains a dense Gδ-subset of maps g such that
for each i and each d-plane Πd ⊂ Rm, where m− ni � d � m, the inequality

dim g
(
f−1(y) ∩ Fi

)
∩Πd � ni + d−m

holds for all points y ∈ Y .

Proof. The proof of Theorem 5.1 is based on Lemma 5.2 below. Indeed, for each i
we apply Theorem 1.3 to the spaces Fi, f(Fi), and the map f |Fi to conclude that
C∗(Fi,R

m) contains a dense Gδ-subset Hi of maps g such that for each y ∈ f(Fi)
and each d-plane Πd ⊂ Rm withm−ni � d � m we have dim g

(
f−1(y)∩Fi

)
∩Πd �

ni + d−m. Since each restriction map

πi : C
∗(X,Rm)→ C∗(Fi,Rm)

is open by Lemma 5.2, Ki = π
−1
i (Hi) is a dense Gδ-subset of C

∗(X,Rm). Then
the intersection of all the Ki satisfies the requirements of Theorem 5.1.

Lemma 5.2. Let F be a closed subset of the normal space X and assume that
m � 1. Then the restriction map π : C∗(X,Rm) → C∗(F,Rm) defined by the
formula π(g) = g|F is open if C∗(X,Rm) and C∗(F,Rm) are both equipped with
the source limitation topology or with the topology of uniform convergence.

The next consequence of Theorem 5.1 can be established in the same way that
Corollary 1.4 was deduced from Theorem 1.3.

Corollary 5.3. Let {Fi} be a sequence of closed subsets of the normal space X
with dimFi � ni. If m � ni + 1 for each i, then C∗(X,Rm) equipped with
the topology of uniform convergence contains a dense Gδ-subset of maps g such
that g(Fi)∩Πd is at most (ni+d−m)-dimensional for each d-plane Πd ⊂ Rm with
m− ni � d �m, i = 1, 2, . . . .
Our final application is an analogue of Fox’s theorem [15] on the economical

extension of maps. If A is a closed subset of a space X and h ∈ C∗(A,Rm),
then we denote by C∗h(X,R

m) the set of maps g ∈ C∗(X,Rm) such that g|A = h.
Throughout what follows we regard C∗h(X,R

m) as a subspace of C∗(X,Rm) with
the topology of uniform convergence.

Corollary 5.4. Let X be a normal space and let A be a closed Gδ-subset of X with
dim(X \A) � n. Then for each m � n+1 and h ∈ C∗(A,Rm) there exists a dense
Gδ-subset of C

∗
h(X,R

m) consisting of maps g such that the set g(X \A)∩Πd is at
most (n+ d−m)-dimensional for each d-plane Πd ⊂ Rm with m− n � d � m.
Proof. Let {Fi} be a sequence of closed subsets of X such that X \A =

⋃∞
i=1 Fi and

h ∈ C∗(A,Rm). By Corollary 1.4 each C∗(Fi,Rm) contains a dense Gδ-subset Hi
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of maps g such that

dim g(Fi) ∩Πd � n+ d−m
for each d-plane Πd ⊂ Rm for m− n � d � m.

(9)

Using the fact that Fi and A are disjoint closed subsets ofX one can show that each
projection pi : C

∗
h(X,R

m)→ C∗(Fi,Rm), pi(g) = g|Fi, is an open surjective map if
both spaces C∗h(X,R

m) and C∗(Fi,R
m) are equipped with the topology of uniform

convergence. Hence Ki = p
−1
i (Hi) is a dense Gδ-subset of C

∗
h(X,R

m). Since
C∗h(X,R

m) has the Baire property, K =
⋂∞
i=1Ki is a dense Gδ-subset of C

∗
h(X,R

m).
We now observe that condition (9) means that dim g(X \A) ∩Πd � n+ d−m for
each g ∈ K and each d-plane Πd ⊂ Rm with m− n � d � m.
Finally, we present several conjectures and observations.

Conjecture 1. Let f : X → Y be a map of finite-dimensional metrizable compacta.
Then the space C(X,Rm) contains a dense Gδ-subset of maps ϕ such that for
arbitrary integers d, t, T , 0 � t � d � T � m and dim f + d+1 � m, and for each
d-plane and Πd ⊂ Rm parallel to some coordinate planes Πt ⊂ ΠT in Rm each set
f−1(y) ∩ ϕ−1(Πd), y ∈ Y , contains at most

1 +
dimY + dim f + (T − d)(d− t)

m− dim f − d
points.

We point out that Theorem 1.5 yields Conjecture 1 in the case when Y is
0-dimensional.

Conjecture 2. Let f : X → Y be a map of finite-dimensional compacta. Then
C(X,Rm) contains a dense Gδ-subset of maps ϕ such that

dim
(
ϕ(f−1(y)) ∩Πd

)
� dim f + d−m

for each d-plane Πd ⊂ Rm such that m− dim f � d � m and each y ∈ Y .
Theorem 1.3 yields Conjecture 2 in the case when Y is 0-dimensional. As in The-

orem 1.3, it is sufficient to establish Conjecture 2 in the special case d = m−dim f .
Conjecture 2 holds for dim f = 0: this is Uspenskij’s theorem on light mappings [16].
The case of a perfect map f between paracompact spaces with dim f > 0 is con-
sidered in the Tuncali–Valov theorem [17].
Let f : X → Y , ϕ ∈ C(X,Rm) and let t, d, and T be integers such that

0 � t � d � T � m and d − t + 1 � q. We consider below the set Bfq,d,t,T (ϕ)
consisting of all points (y, y1, . . . , yq) ∈ Y × (Rm)q satisfying the following condi-
tion: there exist points x1, . . . , xq ∈ f−1(y), xi �= xj for i �= j, such that yi = ϕ(xi)
and all the yi, i = 1, . . . , q, belong to a d-plane in R

m parallel to some coordinate
planes Πt ⊂ ΠT ⊂ Rm.
Conjecture 3. Let f : X → Y be a map of metrizable finite-dimensional compacta.
Then C(X,Rm) contains a dense Gδ-subset H of maps ϕ such that

dimBfq,d,t,T (ϕ) � dimY + dim f + (T − d)(d− t)− (q − 1)(m− dim f − d)
for all integers d, t, T , q such that 0 � t � d � T � m, dim f + d + 1 � m, and
d− t+ 1 � q.
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If the right-hand side of the inequality in Conjecture 3 is � −1, then the set
Bfq,d,t,T (ϕ) is empty. Conditions ensuring that B

f
q,d,t,T (ϕ) is empty are discussed

in Conjecture 1. If d = 0, then the set Bfq,0,0,T (ϕ) is independent of T . In that case

it is homeomorphic to the set Bfq (ϕ) = {(y, z) ∈ Y × Rm : |f−1(y) ∩ ϕ−1(z)| � q}.
For d = 0 and Y a point Conjecture 3 was established by Hurewicz in 1933 [18]
(recall that the maps ϕ ∈ H in Hurewicz’s theorem are called regularly branched
maps [19]). A parametric version of Hurewicz’s result was obtained in [20], The-
orem 1.1. Using the terminology of [20] for d = 0 the inequality of Conjecture 3
holds for all q � 1 if and only if ϕ is an f-regularly branched map. By [20], The-
orem 1.1 the space C(X,Rm) contains a dense Gδ-subset of f-regularly branched
maps, therefore Conjecture 3 holds for d = 0. We point out that for d � 1, that is,
in the non-parametric version, the conjecture is open even in the case when Y is a
point.
For maps fi : Xi → Rm, i = 1, . . . , q, and integers t, d, T , m, 0 � t � d � T � m,

let Bd,t,T (f1, . . . , fq) be the set of points (y1, . . . , yq) ∈ (Rm)q such that the points
yi = f(xi), i = 1, . . . , q, belong to a d-plane in R

m parallel to some coordinate
planes Πt ⊂ ΠT . Also let

Cd,t,T (f1, . . . , fq) =
{
(x1, . . . , xq) ∈ X1 × · · · ×Xq :

(
f(x1), . . . , f(xq)

)
∈ Bd,t,T (f1, . . . , fq)

}
.

Conjecture 4. Let n1, . . . , nq, m, d, t, T be integers satisfying the inequalities
0 � t � d � T � m, 0 � n1, . . . , 0 � nq , n1 + 1 + d � m, . . . , nq + 1 + d � m,
d− t+ 1 � q, and

n1 + · · ·+ nq � (m− d)(q − 1)− (T − d)(d− t).
Then there exist ε > 0 and maps fi : ∆

ni → Rm, i = 1, . . . , q, such that the set
Bd,t,T (g1, . . . , gq) is non-empty for arbitrary maps gi : ∆

ni → Rm such that gi and fi
are ε-close for all i = 1, . . . , q.

In the simplest case (q = 1, n1 = 0, n2 = m, d = 0) the statement of Conjecture 4
is precisely a theorem of Alexandroff that the identity map of a ball onto itself is
essential. For d = 0 Conjecture 4 holds in the general case (see, for instance, [21],
Corollary 3, and [22], Lemma 6.3 on p. 65). In the case d = q − 1, t = 0, and
T = m Conjecture 4 was proved by Boltyanskǐı ([9], Lemma 9; the main ingredient
of his proof is the following result: if for some n-dimensional polyhedron X the
set of k-regular maps from X into Rm is dense in C(X,Rm), then m � nk+n+k).
Conjecture 5. Let n1, . . . , nq, m, d, t, T be integers satisfying the inequalities
0 � t � d � T � m, 0 � n1, . . . , 0 � nq , n1 + 1 + d � m, . . . , nq + 1 + d � m,
d − t+ 1 � q. Then there exist ε > 0 and maps fi : ∆ni → Rm, i = 1, . . . , q, such
that

dimCd,t,T (g1, . . . , gq) � n1 + · · ·+ nq − (m− d)(q − 1) + (T − d)(d− t)
for arbitrary maps gi : ∆

ni → Rm such that gi are ε-close to fi for all i = 1, . . . , q.
For d = 0 Conjecture 5 was established in [21], Corollary 3.
In conclusion we consider the following problem, in which ∆Nn is the

n-dimensional skeleton of the N -dimensional simplex ∆N .
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Problem. Find all integers n, m, q, d, t, T such that 0 � n, 0 � t � d � T � m,
n+ 1 + d � m, d− t + 1 � q,

n � (m− n− d)(q − 1) − (T − d)(d− t), (n,m, q, d, t, T )

and the following condition holds: there exists a positive integer N such that for each
map f : ∆Nn → Rm one can find disjoint simplexes σ1, . . . , σq ⊂ ∆Nn with f-images
intersecting a d-plane Πd ⊂ Rm parallel to some coordinate planes Πt ⊂ ΠT .
We observe that if this problem has an affirmative solution for some integers n,

m, q, d, t, T satisfying the assumptions of the problem, then Corollary 1.6 cannot
be improved not just on the level of a dense set of maps, but also on the level of the
existence of one map with inverse images of small cardinality, even in the class of
polyhedra. Most results on the existence of such N were established for d = 0: van
Kampen and Flores [23], [24] (q = 2 and N = 2n+2), Sarkaria [25] (q a prime and
N = qn+2q−2), Volovikov [26] (q a power of a prime andN = qn+2q−2), Bogaty̌ı
[21], Corollary 11 (q = n+1 and N � 2n2+5n). Another result of Bogaty̌ı [3], [27]
yields such N for d = q − 1, t = 0, T = m with odd q. Živalević [28] obtained a
result on embeddings of the bichromatic graph K6,6 in R

3, which yields a positive
solution of the problem for n = 1, m = 3, t = 0, T = 3, q = 4, and N = 11.
If d = q − 1, q = 2, t = 0, and T = m then there exists no integer N satisfying

the assumptions of the above problem (see [9]).
One can state the above problem in a slightly more general form: for a fixed

family of integers n, q, d, t, T find the largest integer m such that such N exists.
Then the problem of finding the smallest number N with this property arises. A more
complicated question is the description in this case of such minimal subpolyhedra
of ∆Nn . In the case n = 1, d = 0, q = 2, m = 2 Kuratowski graphs: the complete
graph K5 and the complete bichromatic graph K3,3, are minimal subpolyhedra of
this kind.
We point out that there exists a close connection between this problem and

conjectures about various forms of Tverberg’s theorem [3], [28], [29]. It is also well
known that k-regular maps are closely related to interpolation and approximation
problems [30], [31]. In this connection it would be important to find applications
of the maps described by Theorems 1.5 and 1.8 in interpolation and approximation
problems.
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