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Abstract

We extend the definition of quasi-finite complexes from countable complexes to arbitrary ones and provide a characterization
of quasi-finite complexes in terms of L-invertible maps and dimensional properties of compactifications. Several results related to
the class of quasi-finite complexes are established, such as completion of metrizable spaces, existence of universal spaces and a
version of the factorization theorem. Furthermore, we define UV (L)-spaces in the realm of metrizable spaces and show that some
properties of UV (n)-spaces and UV (n)-maps remain valid for UV (L)-spaces and UV (L)-maps, respectively.
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1. Introduction

Extension theory introduced by Dranishnikov [14,15] unifies the covering dimension and the cohomological di-
mension. There are two classes of maps which play an important role in extension theory. For a given complex L,
these are L-invertible and L-soft maps. It should be mentioned that universal spaces in dimension L as well as ab-
solute extensors in dimension L are obtained as preimages of Hilbert cube or Hilbert space under maps from the
above classes [10]. For a countable complex L, the existence of an L-invertible mapping from certain L-dimensional
compactum onto the Hilbert cube is closely connected with the dimensional properties of compactifications of spaces
with extension dimension not grater than L [9]. It turned out that the existence of such L-invertible mappings can be
characterized in terms of “extensional” properties of a complex. This inspired the concept of quasi-finite countable
complexes [20].

In the present paper we extend the definition of quasi-finite complexes by considering not necessarily countable
complexes. We also provide a characterization of quasi-finite complexes in terms of L-invertible maps and dimen-
sional properties of compactifications. The main idea of the paper is to generalize results valid for finite or countable
complexes to the class of quasi-finite CW-complexes. In particular, quasi-finite complexes possess the L-soft map
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property and every metrizable space of extension dimension < L has a completion with the same extensional dimen-
sion. We also prove a version of the factorization theorem, and construct universal spaces. Finally, in case L being
quasi-finite it is possible to define UV (L)-property for non-compact spaces. We show that this property does not de-
pend on the embedding of a space into absolute neighborhood extensor in dimension L and obtain some results about
UV (L)-maps and UV (L)-spaces which were known for UV (n)-maps and UV (n)-spaces, respectively.

2. Quasi-finite CW-complexes

Throughout this paper we assume that spaces are Tychonov and maps are continuous. Let X and Y be two spaces,
ACX and g:A — Y a map. We write Y € ANE(g, A, X) if g has a continuous extension g:U — Y, where U
is a neighborhood of A in X which has the following property: there exists a function s:X — [0, 1] such that
h=1((0,1]) = U and h(A) = 1. If, in the above definition, U = X, we write Y € AE(g, A, X). Let us note that,
by [16, Lemma 2.8], Y € ANE(g, A, X) if and only if g extends to a map g: X — Cone(Y). Here, the cone Cone(Y)
is the quotient set ¥ x [0, 1]/Y x {1} with the following topology: U is open in Cone(Y) iff U NY x [0, 1) is open in
the product topology and, if the vertex v belongs to U, then Y x (a, 1) C U for some 0 <a < 1.

In what follows L always denotes a CW-complex.

We say that L is an absolute extensor of X, notation L € AE(X), if L € AE(g, A, X) for every closed A C X and
every map g: A — L with L € ANE(g, A, X). We say also that the extension dimension of X is not greater than L,
notation e-dim X < L, if L € AE(X). Using Dydak’s version of the Homotopy Extension Theorem [16, Theorem
13.7] one can show that if L; is homotopy equivalent to L, then e-dim X < L is equivalent to e-dim X < L for any
space X. Moreover, our definition of e-dim coincides with that one of Chigogidze [8] in case L is countable and with
the original definition of Dranishnikov [14,15] when compact spaces are considered.

A pair of spaces K C P is called L-connected if whenever A C X is a closed subset of a space X withe-dim X < L,
then every map g: A — K has an extension g: X — P provided A is normally placed in X with respect to (g, P).
The notion of a normally placed set was introduced in [8] under different notation and means that for every continuous
function & on P the function % o g can be continuously extended over X. Obviously, this condition is satisfied for every
normal space X and every map g: A — K with A C X closed. We sometimes say that a pair K C P is L-connected
with respect to a given class of spaces B if the additional requirement X € 3 is imposed in the above definition.

Quasi-finite CW-complexes were introduced in [20] as countable complexes L satisfying the following condition:
every finite subcomplex K of L is contained in a finite subcomplex P C L such that the pair K C P is L-connected
with respect to Polish spaces. It was also shown in [20] that there exists a countable quasi-finite complex M extension
type [M] of which does not contain a finitely dominated complex (see [10] for more information on extension types).
In this note we extend the above definition by considering not necessarily countable complexes. Here is our revised
definition: a CW-complex L is quasi-finite if every finite subcomplex K of L is contained in a finite subcomplex
P C L such that the pair K C P is L-connected. It is easy to verify that this definition coincides with the definition
given in [20] in case L is countable.

We say that amap f: X — Y is L-invertible if for any map g: Z — Y withe-dimZ < L thereisamap h:Z — X
such that g = f o A. If, in addition, Z is required to be from a given class of spaces 3, then we say that the map f is
L-invertible with respect to the class B. Everywhere below w(X) denotes the weight of the space X and I* denotes
Tychonov cube of weight t.

Theorem 2.1. The following conditions are equivalent for any CW-complex L and an infinite cardinal t:

(1) L is quasi-finite.

(2) e-dimBX < L whenever X is a space with e-dim X < L.

(3) There exists an L-invertible map f :Y, — 1° such that Y; is a compact space of weight < t and e-dimY; < L.

(4) For every L-connected pair K C M, where K is a compactum of weight < t and M an arbitrary space, there
exists a compactum P C M containing K such that w(P) < t and the pair K C P is L-connected.

Proof. (1) = (2) Suppose e-dimX < L and let f: A — L, where A is a closed subset of 8X. It is well known that
every CW-complex is an absolute neighborhood extensor for the class of compact spaces, so L € ANE(f, A, BX) and
there exists a closed neighborhood B of A in 8X and a map g: B — L extending f. Because g(B) is compact, it is
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contained in a finite subcomplex K of L. Since L is quasi-finite, there exists a finite subcomplex P of L such that
the pair K C P is L-connected. We can assume that B is a zero-set in §X. Then B N X, being a non-empty zero-set
in X, is normally placed in X with respect to (g, P). Therefore, the map g: BN X — K extendstoamaph:X — P
because e-dim X < L and the pair K C P is L-connected. Finally, let 2: X — P be the unique extension of /. Then
h extends fysoe-dimBX < L.

(2) = (3) We consider the family of all maps {hy: Xy — [*}qeca such that each X, is a closed subset of I*
with e-dim X, < L. Let X be the disjoint sum of all X, and the map /#: X — 1" coincides with &, on every X,.
Clearly, e-dim X < L. Therefore, e-dim 8X < L. Consider the extension h: BX — I*. Then, by the factorization
theorem from [24], there exists a compact space Y; of weight < 7 and maps r: X — Y; and f:Y; — I* such that
e-dimY, <L and for =h.

Let us show that f is L-invertible. Take a space Z with e-dimZ < L and a map g:Z — I*. Considering $Z and
the extension g:8Z — I* of g, we can assume that Z is always compact. We also can assume that the weight of Z
is < 7 (otherwise we apply again the factorization theorem from [24] to find a compact space T of weight < t and
maps g1:Z — T and go: T — I* withe-dim7T < L and g, o g1 = g, and then consider the space T and the map g»
instead, respectively, of Z and g). Therefore, without losing generality, we can assume that Z is a closed subset of I*.
According to the definition of X and the map £, there is an index & € A such that Z = X, and g = h,. The restriction
r|Z:Z — Y, isaliftingof g,i.e. fo(r|Z) =

(3) = (4) Suppose that K is a compact subset of the space M with w(K) < 7 and K C M being L-connected.
We embed K in I* and consider an L-invertible mapping f:Y; — I such that Y; is compact and e-dimY; < L.
Let K = fYK)and h = f K. Obviously, K is normally placed in Y; with respect to (h, M). Consequently, &
extends to a map h:Y, — M and let P = h(Y;). Obviously, w(P) < 7, so that it remains only to show that K C P
is L-connected. For this end, let g: A — K, where A C X is a closed normally placed subset of X with respect to
(g, P) and e-dim X < L. This implies that A is normally placed in X with respect to (g, I*). Since I* is an absolute
extensor, there exists an extension g;: X — I* of g. Next, we lift g; to a map gr: X — Y; such that f o g = g1
(recall that f is L-invertible) and let g = / o g». Clearly, g is a map from X into P extending g. Therefore, K C P is
L-connected.

(4) = (1) Take a finite subcomplex K of L. Let us first show that the pair K C L is L-connected. Suppose Z is
a space with e-dimZ < L, A C Z closed and g: A — K a map such that A is normally placed in Z with respect to
(g, L).Since K is C-embedded in L, A is normally placed in Z with respect to (g, K). The last condition together with
the fact that K is an absolute neighborhood extensor for all separable metric spaces implies that K € ANE(g, A, Z).
Indeed, we embed K in R“ and fix a retraction r: U — K, where U is a neighborhood of K in R®. Since A is
normally placed in Z with respect to (g, K), we can find a map h:Z — R® extending g. Then A~ (U) is a co-
zero neighborhood of A in Z which contains the zero-set h=Y(K) and r o h:h~1(U) = K extends g. Hence, K €
ANE(g, A, Z) which yields L € ANE(g, A, Z). Since e-dimZ < L, g can be extended to a map g: Z — L. Thus,
K C L is an L-connected pair. Therefore there exists a compact set H C L containing K such that the pair K C H is
L-connected. Finally, we take a finite subcomplex P of L which contains H and observe that the pair K C P is also
L-connected. Hence, L is quasi-finite. O

Corollary 2.2. None of the Eilenberg—MacLane complexes K (G, n), n > 2 and G an Abelian group, is quasi-finite.

Proof. This follows from Theorem 2.1(2) and the following statement (see [22, Theorem 1.4]): there exists a separable
metric space X with dimg X < 2 and e-dimB8X > L for every Abelian group G and every non-contractible CW-
complex L. Here dimg X denotes the cohomological dimension of X with respect to the group G. O

Let us also observe that for every quasi-finite complex L there exists a compact metrizable space which is universal
for the class of all separable metric spaces of e-dim < L, in particular every space from this class has a compactifi-
cation of e-dim < L. Indeed, let Y, be the space from Theorem 2.1(3). Then, for every X from the above class we
take an embedding i : X — I? and lift i to a map j: X — Y,,. The required compactification of X is the closure of
j(X) in Y,,. Next corollary provides a characterization of quasi-finite countable complexes in terms of compactifica-
tions.

Corollary 2.3. For a countable complex L the following conditions are equivalent:
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(a) L is quasi-finite.

(b) For every separable metrizable space X with e-dim X < L and its metrizable compactification c(X) there exists
a metrizable compactification c*(X) such that e-dimc*(X) < L and c¢*(X) > c¢(X) (i.e., there is a map from
c¢*(X) onto c(X) which is the identity on X).

Proof. (a) = (b) Let L be quasi-finite and X a separable metric space with e-dim X < L. We take a metric com-
pactification ¢(X) of X and a map f:BX — c(X) such that f(x) = x for every x € X. Since, by Theorem 2.1,
e-dim X < L, f can be factored through a metrizable compactum Z with e-dim Z < L. Clearly, Z is a compactifi-
cation of X whichis > ¢(X).

(b) = (a) According to [17, Corollary 3.4], there exists a metrizable compactum Y with e-dim Y < L and a surjec-
tive map f :Y — I¢ such that for any map g: X — I, X being separable metrizable with e-dim X < L, there exists
an embedding i : X — Y lifting g, i.e. f oi = g. Hence, f is L-invertible with respect to separable metric spaces. By
Theorem 2.1(3), it suffices to show that f is L-invertible. Consider g: Z — I* where e-dim Z < L. According to [8,
Proposition 4.9], there exist a Polish space P withe-dim P < L andmaps h:Z — P andg: P — [“ withg=gqg oo h.
We lift g toamap g: P — Y such that f o g = ¢. Then g o & is the required lifting of g. O

Here is another property of quasi-finite complexes:

Proposition 2.4. Every quasi-finite complex L has the following connected-pairs property:

(CP) For any metrizable compactum K with e-dim K < L there exists a metrizable compactum P containing K such
that e-dim P < L and the pair K C P is L-connected.

Proof. Suppose K is a metrizable compactum with e-dim K < L. We embed K into the Hilbert cube I and take an
L-invertible map f:Y — I such that Y is a metrizable compactum with e-dim Y < L (see Theorem 2.1(3)). Consider
the adjunction space Y Uy K, i.e. the disjoint union of ¥ — f ~1(K) and K with the topology consisting of the usual
open subsets of ¥ — f~1(K) together with sets of the form f~'(U — K) U (U N K) for open subsets U of 1. There
are two associated maps pg :Y — YUy K and fx : Y Uy K — I” such that f = fx o pg. Since f is L-invertible, so
is fx.Moreover, Y — f~1(K), being open in Y, is the union of countably many compact sets each with e-dim < L.
Hence, by the countable sum theorem, e-dimY Uy K < L.

We need only to show that the pair K C Y Uy K is L-connected. Let g: A — K be a map from a closed subset
A C Z such that e-dim Z < L and A is normally placed in Z with respect to (g, Y Uy K). Then, considering g as
a map from A into K C I*, we obviously have that A is normally placed in Z with respect to (g, [*). Since I* is
an absolute extensor, there exists a map g: Z — 1¢ extending g. Finally, since fx is L-invertible, we lift g to a map
h:Z— Y Uy K with fg oh=g. Clearly, h extends g. O

Proposition 2.5. For every n > 2 there is no K (Z, n)-connected pair K C P of compact sets such that K is homeo-
morphic to the n-dimensional sphere S" and dimz, P < n.

Proof. We use the arguments from the proof of [17, Theorem 3.5]. Suppose for some n > 2 there is a K(Z, n)-
connected compact pair S” C P with dimz P < n. We choose a complex L of type K (Z, n) and having finite skeleta.
It was shown in [18] that there exist metrizable compacta Xy, k > 1, such that:

e dimy X; < n for each k;

e cach Xj contains a copy of §";

e the inclusion i:S" < L cannot be extended over X; so that the image of the extension is contained in the
k-skeleton L® of L.

We take an extension i: P — L of the inclusion i:S" < L, and m such that 2(P) C L™, This means that
the inclusion j:S" < P cannot be extended to a map from X,, into P which contradicts the fact that S* C P is
L-connected. O
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The problem [27] whether, for any fixed n > 2 there is a universal space in the class of all metrizable compacta
X with dimz < n is still unsolved. Zarichnyi [28] observed that each of the above classes does not have an universal
element which is an absolute extensor for the same class. Proposition 2.5 yields a little bit stronger observation.

Corollary 2.6. None of the complexes K (Z,n), n = 2, have the (CP)-property from Proposition 2.4.

Recall that a map f:X — Y between metrizable spaces is called uniformly O-dimensional [21] if there exists a
metric on X generating its topology such that for every € > 0 every point of f(X) has a neighborhood U in Y with
f~1(U) being the union of disjoint open subsets of X each of diameter < ¢. It is well known that every metric space
admits uniformly 0-dimensional map into /5.

Proposition 2.7. Let L be a quasi-finite CW-complex. Then for every T > w there exists a perfect L-invertible surjec-
tion f(L,v): YL,y —> () such that:

(@) Y(1,1) is a completely metrizable space of weight T with e-dimY(y, ) < L.
(b) Every (completely) metrizable space of weight < t and extension dimension < L can be embedded as a (closed)
subspace of Y(. 1)

Proof. By Theorem 2.1(3), there exists an L-invertible map f:Y — I*, where Y is a metrizable compactum with
e-dimY < L. We embed /5 in I and let Y7, ) = f‘l(lz) and f(1.») = f1Y(,0). Thene-dimY(; ,) < L and since f
is L-invertible, so is f(1 «)-

If T > w, we take a metric d; on [>(7) and a uniformly O-dimensional map g :l>(t) — [ with respect to d;. Denote
by Y () the fibered product of /() and Y(;, .,y with respect to the maps g and f{; .., . We also consider the projections
S0 Y= hb(@)and h: Y ) = Y1 0). Since f(1 o) is a perfect and L-invertible surjection, so is f1 7). If d»

is any metric on Y(z, ), then £ is uniformly O-dimensional with respect to the metric d = , /d12 + d22 on Y(y, 1) (see [4]).
Thus Y(z,7) admits a uniformly O-dimensional map into the space Y(; ) having extension dimension < L. Hence,
by [23, Theorem 1.2], e-dim Y(;, ;) < L. Observe that Y(;, ;) is completely metrizable as a perfect preimage of the
completely metrizable space [2(7).

To prove the second item, suppose M is a metrizable space of weight < t and e-dimM < L. We consider M
as a subset of /(7) and use the L-invertibility of f(; ;) to lift the identity map on M. Obviously this lifting is an
embedding of M into Y(; ;). Moreover, if M is completely metrizable, then we can embed it in /() as a closed
subspace. This implies that the corresponding embedding of M in Y(;, ;) is also closed. O

A completion theorem for L-dimensional metric spaces, where L is any countable CW-complex, was established
in [26]. It follows from Proposition 2.7 that this is also true for quasi-finite (not necessarily countable) complexes L.

Corollary 2.8. Let L be a quasi-finite complex. Then every metrizable space X with e-dim X < L has a completion
with extension dimension < L.

Corollary 2.9. Let L be a quasi-finite complex and X a metrizable space. Then e-dim X < L if and only if X admits
a uniformly O-dimensional map into a separable metrizable space of extension dimension < L.

Proof. In one direction (sufficiency) this follows from the mentioned above result of Levin [23, Theorem 1.2]. Sup-
pose X is a metrizable space of weight T with e-dim X < L. By Proposition 2.7, X can be embedded in the space
Y(L,v). It follows from the construction of Y(; ) that the map A :Y( ) — Y(1, ) is uniformly O-dimensional. Then
the restriction /| X is also uniformly 0-dimensional which completes the proof. O

A general factorization theorem for L-dimensional compact spaces, where L is an arbitrary complex, was proved
in [24]. We provide here a factorization theorem for L-dimensional metrizable spaces with L being quasi-finite (see
[23, Theorem 1.5] for similar result with L countable).
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Proposition 2.10. Let L be a quasi-finite complex and let f:X — Y be a map with Y metrizable. If e-dim X < L,
then f factors through a metrizable space Z such that e-dim Z < L and w(Z) < w(Y).

Proof. Let us first show how to reduce this proposition to the case Y is separable. This reduction is well known (see,
for example, [4]), but we present it here for the reader’s convenience. Suppose the result holds when the range space
is separable and metrizable. We take a uniformly 0-dimensional map g:Y — [, and apply the “separable factorization
theorem” to the map g o f: X — [ to obtain a separable metrizable space M and maps ¢: X — M and h: M — I,
with e-dimM < L and hog=go f.Let pyy:Z — M and py:Z — Y be the pullbacks of g and h respectively.
Clearly, Z is a metrizable space of weight w(Z) < w(Y). Since g is uniformly O-dimensional, so is pys. Then, by [23,
Theorem 1.2], e-dimZ < L.

Now we prove the “separable case”. Let Y be a metrizable compactification of ¥ and f:8X — Y be the Cech—
Stone extension of f. Since L is quasi-finite, e-dim X < L. Therefore we can apply the factorization theorem of
Levm—Rubm—Schaplro [24] to obtain a metrizable compactum Z and maps fl BX — 7 and f2 7 — Y such that
fro fi = f and e- -dimZ < L. Then the space Z = f1(X) and the maps f; = f1|X and f = f»|Z form the required
factorization. O

We say that a map f:X — Y is L-soft, where L is a CW-complex, if for any space Z with e-dimZ < L, any
closed set A C Z and any two maps h:Z — Y and g: A — X, where A is normally placed in Z with respect to
(g,X) and f o g = h|A, there exists a map g:Z — X extending g such that f o g = h. If, in the above definition,
we additionally require Z to be from a given class of spaces .4, then we say that f is L-soft with respect to the class
A. It was established in [11] that for every countable complex L and every metric space Y there exists an L-soft map
f:X — Y such that X is a metric space of extension dimension < L and w(X) = w(Y). We are going to show that
quasi-finite complexes also have this property.

Proposition 2.11. Let L be a quasi-finite CW-complex. Then for every T > w there exists an L-soft map
DPL,7): X(L,7) —> () such that:

(@) X (1,7 is a completely metrizable space of weight © with e-dim Xz, ) < L.

(b) X(1,v) is an absolute extensor for all metrizable spaces of e-dim < L.

(¢) p(L,v) is astrongly (L, v)-universal map, i.e. for any open cover U of X (1 1), any (complete) metrizable space Z
of weight <t with e-dim Z < L and any map g :Z — X (1 ) there exists a (closed) embedding h:Z — X1 1)
which is U-close to g and p(1,ryo & = p(L,r) © h.

Proof. Using Proposition 2.10 and following Zarichnyi’s idea from [28] (see also [8]) that invertibility generates
softness, we can show the existence of a complete separable metrizable space X with e-dim X < L and an L-soft map
f:X — . Then, as in [11], we construct the space X (1. ;) and the map p( +): X(1,) — [2(7) possessing the desired
properties. O

3. Additional properties of quasi-finite complexes

In this section, all spaces and all CW-complexes, unless stated otherwise, are, respectively, metrizable and quasi-
finite. We are going to show that some properties of finitely dominated complexes remain valid for quasi-finite
complexes. We say that a space X is an absolute (neighborhood) extensor in dimension L (notation X € A(N)E(L))
if for every space Z of extension dimension < L and every map g: A — X, where A is a closed subset of Z, there
exists an extension of g over Z (respectively, over a neighborhood of A in Z).

Everywhere below cov(X) denotes the family of all open covers of X. Two maps fo, fi: X — Y are L-
homotopic [10] if for any map h:Z — X x [0, 1], where Z is a space with e-dimZ < L, the composition
(fo® f1)oh|(h~ (X x {0, 1})):h~1(X x {0, 1}) — Y admits an extension H : Z — Y.If U € cov(Y) and the exten-
sion H in the above definition can be chosen such that the collection { H (h~! ({x} x [0, 1])): x € X} refines U, then
fo and f are called (U, L)-homotopic.
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The following three propositions were given in [10] for finitely dominated countable complexes L and Polish
ANE(L)-spaces X. Because of Proposition 2.7, one can show they also hold for quasi-finite complexes L and arbitrary
(not necessarily Polish) ANE(L)-spaces.

Proposition 3.1. Let X be an ANE(L)-space and U € cov(X). Then there exists a cover V € cov(X) such that any
two V-close maps of any space into X are (U, L)-homotopic.

Proposition 3.2. Let X € ANE(L) and U € cov(X). Then there exists a cover V € cov(X) refining U, such that the
following condition holds:

(H) For any space Z with e-dim Z < L, any closed A C Z, and any two V-close maps f, g: A — X such that f has
an extension F : Z — X, it follows that g also can be extended to a map G : Z — X which is (U, L)-homotopic
to F.

Proposition 3.3. Let X € ANE(L), Z be a space with e-dimZ < L and A C Z closed. If f,g:A — X are L-
homotopic and f admits an extension F:Z — X, then g also admits an extension G :Z — X, and we may assume
that F and G are L-homotopic.

A pair of closed subsets Xo C X of a space X is called UV(L)-connected in X if every neighborhood U of X in
X contains a neighborhood V of X such that V C U is L-connected with respect to metrizable spaces, i.e. any map
g:A — V,where A is a closed subset of a space Z with e-dim < L, admits an extension g: Z — U. When Xo C Xj
is UV(L)-connected in X, we say that Xo is UV(L) in X. If in the above definition all pairs under consideration
are L-connected with respect to a given class .4, we obtain the notion of UV(L)-sets with respect to A. If instead
of L-connectedness of the pair V C U we require the inclusion V C U to be L-homotopic to a constant map in U
then the pair Xo C X (respectively the set X¢) is called UV (L)-homotopic in X. Obviously, every UV (L)-connected
pair is UV(L)-homotopic. Next corollary, which follows from Proposition 3.3, shows that these two properties are
equivalent in case X € ANE(L).

Corollary 3.4. Let X be an ANE(L)-space. A pair Xo C X1 of closed subsets of X is UV(L)-connected in X if and
only if it is UV (L)-homotopic in X.

Lemma 3.5. Let Xo C X1 C X C E, where both X and E are ANE(L)-spaces and X C E is closed. Then the pair
Xo C X1 is UV(L)-connected in X if and only if it is UV (L)-connected in E.

Proof. By Proposition 2.7, there exists a perfect L-invertible surjection f : E — E with e-dimE < L, and let X =
F~1(X). Since X € ANE(L), we can extend f|)~( toamap g: W — X with W being a neighborhood of X in E. Since
f is closed, we may assume that W = f~!(G) for some neighborhood G of X in E. The claim below follows from
our constructions.

Claim. For every open O C X the set 0* =G — f(g~ (X — 0)) is open in G and has the following two properties:
O0*NX =0 and g(f~1(0%) = 0.

Suppose Xo C X1 is UV(L)-connected in X. We are going to show that this pair is UV (L)-connected in E. To this
end, let U C G be a neighborhood of X7 in E. Then there is a neighborhood O of X in X such that O C U N X is
L-connected. Since U is an ANE(L) (as an open subset of E), we can apply Proposition 3.2 for the space U and the
one-element cover U = {U} to find an open cover V = {V,: o € A} of U satisfying the condition (H). For every « let
Gy =VoaN(VeNX)*NO*and V = J{Gy: o € A}. Obviously, V C U is open and contains Xg. The pair V C U
is L-connected. Indeed, let 7: A — V be a map, where A C Z is closed and e-dim Z < L. Since f is L-invertible,
h admits a lifting h1: A — f‘l(V), i.e. h = f o hy. According to the Claim, g(f_l(Ga)) CVenNX,ae A, and
V N X C O. This implies that & and the map hp = gohi:A — V N X are V-close. Since the pair O C U N X is
L-connected, /7 can be extended to a map from Z into U N X. This yields, according to Proposition 3.2, that / also
can be extended to a map from Z into U.
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Now, suppose the pair Xy C X is UV(L)-connected in E. To show this pair is UV (L)-connected in X, let U be
a neighborhood of X in X. Then U* C G is open in E, and we can find a neighborhood V of X in E such that
V c U* is L-connected. The pair VN X C U is L-connected. Indeed, any map h: A — V N X, where A C Z is closed
and e-dim Z < L, admits an extension &1 : Z — U*. Thenthemap h =gohy:Z — U, where hy: Z — f~1(U*) isa
lifting of A1, extends h. O

Theorem 3.6. Suppose X is an ANE(L)-space and the pair Xo C X1 is UV(L)-connected in X. Then it is UV(L)-
connected in any ANE(L)-space in which X1 is embeddable as a closed subspace.

Proof. Let i: X; — Y be a closed embedding, where Y € ANE(L), and M be the space obtained from the disjoint
union X WY by identifying all pairs of points x € X1 C X and i(x) € Y. The space M is metrizable andif p: XWY —
M is the quotient map, then p(X), p(Y) and p(X1) are closed sets in M homeomorphic, respectively, to X, Y
and X 1. Moreover, p(X1) is the common part of p(X) and p(Y). We embed M in a normed space E as a closed
subspace. Every normed space is an absolute extensor for the class of metrizable spaces, so E € ANE(L). Since the
pair p(Xp) C p(Xy) is UV(L)-connected in p(X), by Lemma 3.5 it is also UV(L)-connected in E. This implies,
again by Lemma 3.5, that p(Xo) C p(X1) is UV(L)-connected in p(Y). O

Corollary 3.7. If a space X is UV(L) in a given ANE(L)-space, then X is UV(L) in any ANE(L)-space in which X
is embeddable as a closed subset.

In the existing literature, the UV"-property, and more general, the UV (L)-property, is defined for compact spaces,
see [10] and [6]. We extend this definition to arbitrary (metrizable) spaces: X is a UV(L)-space if it is UV(L) in
some ANE(L)-space containing X as a closed subspace. According to Corollary 3.7, the UV(L)-property does not
depend on the embeddings in ANE(L)-spaces (for compact spaces and finite complexes L this was done in [6]). It
follows from Corollary 3.4 that X is a UV (L)-space if and only if X is UV (L)-homotopic in every space Y € ANE(L)
containing X as a closed subset.

Recall that a normal space X is a C-space [1] if for any sequence {w,} of open covers of X there exists a sequence
{yn} of open disjoint families such that each y, refines w, and | ]y, covers X. Every finite-dimensional paracom-
pactum, as well as every countable-dimensional metrizable space has property C [19].

We say that a complex L (not necessarily quasi-finite) possesses the soft map property if for every space X there
exists a space Y with e-dimY < L and an L-soft map from Y onto X. Every countable complex has the soft map
property (see [11]), as well as every quasi-finite complex (by Proposition 2.11).

A pair of spaces V c U is called an L-extension of the pair V. C U [7] if U € AE(L) and there exists a map
q: U — U such that the restriction q|V is an L-soft map onto V. The following property of L-extension pairs was
established in [7].

Lemma 3.8. Let L be a complex (not necessarily quasi-finite) with the soft map property and V c U an L-extension
of the pair V. C U. Let also A C B be a pair of closed subsets of a space X with e-dim X < L. Suppose we have maps
f:B—>Uandg:A— U such that gog=f|Aand f(B\A) C V. Then there exists a map h: X — U such that

qo(h|B)=f.

Lemma 3.9. Let L be a complex (not necessarily quasi-finite). Every L-connected pair V C U of spaces admits an
L-extension provided L has the soft map property.

Proof. We take a normed space E containing V' as a closed subspace and an L-soft surjection g : U—E such that U
is a space of e-dim < L. Since V C U is L-connected, there exists a map ¢ : U—>U extending the map g|V where
V= g ). Moreover, Ue AE(L) because E is an absolute extensor for the class of metrizable spaces and g is
L-soft. Therefore, V C U is an L-extensionof V C U. O

If A is a subset of a space X we denote the star of A with respect to a cover w € cov(X) by St(A, w). We say that
v € cov(X) is a strong star-refinement of w € cov(X) if for each V € v there exists W € w such that St(V,v) C W.
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Auxiliary Construction. Suppose we are given the spaces X, Z and the map g: A — X, where A C Z is closed.
Let o, ={Un,(x): x € X}, B, ={Vy(x): x € X}, n > 0, be two sequences of open covers of X and u', n > 1, be
a sequence of disjoint open families in A such that:

(1) «, is a strong star refinement of f,_; for any n > 1.
(2) each ), n > 1, refines g Y(B,) and Ufu}: n > 1} is a locally finite cover of A.

We are going first to construct open and disjoint families u,, n > 1, in Z satisfying the following condition:
(3) w=U{un: n > 1} is locally finite in Z and the restriction of each u, on A is u.

To this end, we choose an upper semi-continuous (br., u.s.c.) set-valued map r: Z — A such that each r(z) is a
finite set and r(z) = {z} for z € A (see [25] for the existence of such r). Recall that r is upper semi-continuous if
ri(T)={z € Z: r(z) C T} is open in Z whenever T is open in A. Obviously, r*(T)N A =T and r(T) Nr¥(T») £ ¥
if and only if Ty N 7> # @ for any open subsets 7', 71 and T, of A. Therefore all families u, = (ri(T): T e wrl,
n > 1, are open and disjoint in Z. Since u* is locally finite in A and r is finite-valued, the family pu = {un: n > 1}
is locally finite in Z.

The second part of our construction is to find points xy € X such that

@) St(g(WNA),a,) CVy—1(xw) forevery W € u,, and n > 1.

This can be done as follows. Since «;, is a strong star refinement of 8,,_; and u, refines g_1 (Bn), foreveryn > 1
and W € u, there exist S € 8, and a point xy € X such that St(g(WNA), «,) C St(S, o) C V—1(xw). The auxiliary
construction is completed.

Lemma 3.10. Let L be a complex (not necessarily quasi-finite) with the soft map property and f:M — X be a
surjection with the following property:

(UV) for every x € X and its nelghborhood U (x) in X there exists a smaller neighborhood V (x) of x such that the
pair V(x) Tl v) c U (x) = f~Y (U (x)) is L-connected with respect to the class of metrizable spaces.

Suppose p:Y — Z is a surjective map with e-dimY < L. Then, for any o € cov(X) and any map g: A — X,
where A is a closed subset of Z such that either A or g(A) is a C-space, there is a neighborhood G of A in Z and a
map h: p~'(G) — M with (f o h)|p~(A) being w-close to g o p.

Proof. Forevery x € X andn =0, 1,2, ... we choose a point P (x) e~f_1 (x) and neighborhoods Uy, (x) and V,, (x) of
x in X such that the cover ap = {Up(x): x € X} refines w, each pair V,(x) C U, (x) is L-connected with respect to all
metrizable spaces and the covers «,, = {U, (x): x € X}, B, = {V,,(x): x € X} satisfy condition (1) from the auxiliary
construction. Since either A or g(A) is a C-space, there exists a sequence of disjoint open families {u): n > 1} in A
satisfying condition (2) above. Therefore, according to the auxiliary construction, we can extend each ) to a disjoint
open family 1, in Z such that & = [ J{u,: n > 1} is locally finite in Z and let G be the union of all elements of .
We introduce the following notations: B = p_1 (A),g=go(plB), 2= p_l(G) and v, = _1(un) Obviously,
each v, is a disjoint open family in ¥ and v = U{vn n > 1} is a locally finite cover of £2. Let us also consider the
open covers @ = [\ (w), &, = {Un (x): x € X} and ﬂn = {Vn (x):xeX}of M correspondlng, respectively, to w, oy,

and ;. Accordmg to Lemma 3.9, every pair V V x) C Un (x) has an L-extension V x) C U (x) with a corresponding

map gy x : Un (x) —> Un (x) such that (g,, x)|V,, (x) is an L-soft surjection onto V,, (x).

Consider the nerve ) of v and a barycentric map 6 : 2 — |R|. Any simplex o = (Wp, Wy, ..., Wi) from %, where
Wi € vy(i), can be ordered such that n(0) < n(l) < --- < n(k). This is possible because (\[{W;: i =0,1,...,k} #¥,
so the numbers n(7) are different. It is easily seen that, for fixed k > 1 and W € vy, condition (4) from the auxiliary
construction implies the following one

(5) St(g(WN B),ax) C Vi_1(xw), and therefore St(f~'(g(W N B)), ax) C 17;(_1 (xw).
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Let X (o), o € N, be the closed subset 01 (¢) of £2 and T* = 6~ 1(NM*), where RK denotes the kth skeleton of .
For every k > 0 and o = (Wy, Wy, ..., Wi) € Rk with Wy e Vn(0), we define by induction maps 7y : >k 5 M and

hy: X(0) —> [7"(0)_1 (xw,) such that

(6) hp|Z* ' =hy_y fork >1and hg| X (o) = dn©)~1,xw, © (ho| Z(0)) for k >0 and
(1) '@ WoN B) Uhi(X(0)) C Uny—1(xwp), k =0

We also require that

(8) he, (X (01) N X(02)) = he,|(X(01) N X (07)) for any o7 and o7 from Rk having the same first vertex.

For k = 0 we define hg: >0 5 M and howy: X(W)) — ;Uvn,l(xw) by ho(X(W))) = P(xw) and

wy (X ((W))) = O(xw), where W € v, and Q(xw) is a point from Vn_l(xw) with g x, (Q(xw)) = P(xw). Ob-
viously, hg restricted on every set W N 30 is constant, so it is continuous. Moreover, every hw) is also constant
satisfying condition (6), and, by (5), ho satisfies also (7). Note that condition (8) holds for k = 0.

Suppose that for some k& > 1 maps hg_1: k=1 5 M and h, : X(0) = ﬁm,l(xw) satisfying conditions (6), (7)
and (8) have already been defined. Here o € RE=1 and W € vy, is the first vertex of the simplex o.

Now, let 0 = (Wp, Wi, ..., Wi) € RE with W; € Vn(i), i =0,1,...,k. Then o N RE=1 consists of the simplexes

=(Wo,....Wi_1, Wis1,...,Wi),i =1,2,..., k and the simplex og = (W1, Wa, ..., W).

Claim. f~'((Wo N B)) U hx—1(2(00)) C Vuoy—1(xwy) and f~1(&(Wo N B)) U hg—1(Z (1)) C Unoy—1(xw,) for
everyi=1,...,k.

Indeed, by (7) we have f~'(g(W; N B)) U hi—1 (X (00)) C ﬁn(l) 1(xwy). But g(Wy N B) N g(Wo N B) # 4,
and hence [~ l(g(W1 N B)) U hx—1(X(0p)) is contained in St(f~ (g(Wo N B) an(1)—1)). Since n(0) < n(1) — 1,
Qp(1)—1 refines &, o). This fact and the inclusion St(f~ 1(g(Wo N B), au(0))) C V,,(o) 1(xW0) which follows from (5),
complete the proof of the claim for i = 0. Since Wy is a vertex of each ;, i = 1,2, ..., k, the other inclusions from
the claim follow directly from (7). _

Consider the “boundary” 0 X (o) = U;ZS X (0;) of X (0). According to the claim, /hx_1(d X (o)) CNﬁn(o)_l (xwp)
and h_1(0Z(0)\Z0) C Vao)—1(xwy), where o = (JiZ} T(03). Since the maps ho; : £(07) — Un()—1(xwy),
i=1,...,k, satisfy condition (8), they determine a map hy: Xy — U n(0)—1(xw,) such that &y, | X (0;) = hx|X(0;)
for each i. Moreover, by (6), gn)— Lxw, © h z = hi—1]Xo. Therefore we can apply Lemma 3.8 for the pair

n(O) 1(xw,) C Un(o) 1(xw,), its L-extension V,,(o) 1(xw,) C Un(o) 1(xwo) the sets Xy C 0X (o) C X (o) and
the maps hy and hy_1|0 X (o). In this way we obtain a map hy: X (o) — Un(())—l(-xWo) such that dn(0)—1,xy, ©
hs|0X (0) =hg_1|0 X (0). Now we define Ay : sk Mm by hi| X (o) = dn(0)—1,xy, © hs. Obviously, hy is continuous
on every “simplex” X'(o), o € 9k and, since the family v is locally finite in §2, A is continuous. Moreover, hj and
h, satisfy conditions (6), (7) and (8), and the induction is completed.

Finally, we define /: 2 — M letting k| X* = h; for each k. Continuity of & follows from continuity of each Ay
and the fact that v is locally finite. Observe also that (f o /)| p~1(A) is w-close to g o p because of condition (7). O

Proposition 3.11. Let L be a complex (not necessarily quasi-finite) with the soft map property and fo: M — X be a
closed map such that each fiber fo_1 (x), x € X, isan UV(L)-set in M. Then for every map go:A — X, where A is a
closed subset of a space Z with e-dim Z < L such that either A or go(A) is a C-space, there exists a neighborhood Q
of Ain Z and an u.s.c map ¥ : Q — M such that W is single-valued on Q\A and fooW is a continuous single-valued
map extending go.

Proof. Our proof is based on some ideas from [2, proof of Theorem 3.1]. Let fy and go be as in the proposition.
We take sequences {w,} C cov(X) and {y,} C cov(A), and open intervals {A,} covering the interval J = [0, 1), with
0 € Ay, such that:
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® w41 is a strong star-refinement of w,, and y,,41 is a strong star-refinement of y,, n =1,2,3,....
e limmesh(w,) = limmesh(y,) =0.
o A,N A, #0if and only if n and m are consecutive integers.

Then w = {w, x Ay: n=1,2,...} and y = {y, X A,: n=1,2,...} are open covers, respectively, of X x J and
A x J, satisfying the following conditions:

(9;) For every point (x, 1) € X x I and its neighborhood U in X x [ there exists another neighborhood V such that
St(V,w) C U.

(9ii) For every point (a, 1) € A x I and its neighborhood U in A x [ there exists another neighborhood V such that
St(V,y)cU.

Since fj is a closed map all fibers of which are UV(L)-sets in M, the map f = fp xid: M x J — X x J has
the property (UV) from Lemma 3.10. Further, let g denote the map gp x id: A x J — X x J and consider an L-soft
surjection p:Y — Z x I, I =[0, 1], such that Y is a space of e-dim Y < L. We have the following diagram:

Y M xJ
p(L-SOft)\L i f=foxid
ZxI>Ax J5=0Ny g

Since the product of any metrizable C-space and J is also a C-space, either A x J or go(A) x J is a C-space.
Following the notations from Lemma 3.10, we can apply construction of this lemma by considering the spaces M x J,
XxJ,ZxJ,AxJ and p‘l(Z x J) instead of the spaces M, X, Z, A and Y, respectively. Let us also note that
in our situation we take o, and B, n > 0, to be open covers of X x J satisfying condition (1) from the auxiliary
construction with « refining w. We also require p; to be disjoint open families in A x J satisfying condition (2)
such that ©* = Ufjozl W is a locally finite open cover of A x J which, in addition, refines y. Then, as in the auxiliary
construction, we can extend p" to disjoint open families i, in Z x J by choosing an u.s.c. retractionr: Z x [ — A x [
such that r(z,t) C A x {t} for every t € I. This can be achieved by taking an u.s.c. finite-valued retractionr; : Z — A
and letting r(z, ) = r1(z) x {t}. Observe that this special choice of r implies that 7#(T') is open in Z x I for every
open T C A x I and r¥(T) is contained in Z x J provided T C A x J. We also pick the points xy € X x J, W € u,
satisfying condition (4).

According to Lemma 3.10, there exists a map 4 : p~(G) — M x J, where G = (U{A: A € u}, such that each
hy = h| Z* satisfies condition (7) and (f o h)|(p~ (A x J)) is w-close to g o p. Now, let H = p~ (G U (A x {1}))
and define the set-valued map v : H — M x I letting ¥ (y) = h(y) if y € p~1(G) and ¥ (y) = (fo_l(go(p(y))), 1) if
yep N A x{1}).Letalso ¢ =m o : H— M, where 7 : M x I — M is the projection.

Claim. The map 1 is u.s.c.

Since 7 is continuous, it suffices to prove that v is u.s.c. To this end, observe that p~!(G) is open in H and 1 is
single-valued and continuous on p~1(G), so we need to show only that v is u.s.c. at the points of p~1(A x {1}). Let
{yi} C H be a sequence converging to a point yg € p YA x{1})and Uy=Vy x (t,1]1 be a neighborhood of ¥ (yg) =
( fo_l (go(p(»0))), 1) in M x I. We are going to show that y(y;) C Up for almost all i which will complete the proof of
the claim. Since f; is a closed map, ¥ is u.s.c. on p~!(A x {1}). Therefore we can assume that {y;} C p~!(G), hence
¥ (yi) = h(y;) forall i. Thus p(yo) = (a,1) € A x {1} and p(y;) € G. Since fj is closed, we can find a neighborhood
V of go(p(yp)) in X with fo_l(V) C Vo. By (9;), there exists a neighborhood U; = Vi x (g, 1] of (go(p(y0)), 1)
in X x [ such that St(U;,w) C U =V x (¢, 1]. Choose a neighborhood T (a) of a in A with go(T(a)) C V1 and
apply (9;;) to find a neighborhood S = T (a) x (¢*, 1] of (a,1) in A x I such that St(S,y) C T(a) x (g, 1]. Then
r#(8) is a neighborhood of (a, 1) in Z x I. Since {p(y;)} converges to (a, 1), we can assume that {p(y;)} C r*(S).
It suffices to show that f(h(y;)) € U for all i. To this end, fix i and Ao € pg (o) containing p(y;), where k(0) is the
minimal &k such that p(y;) is contained in some element of u;. Then Ag = rj(AS) for some Ajj € u* and therefore
p(yi) € rF(A¥) N r¥(S). Consequently, S meets A% and let p(y) € A3 N S, where y* € p~'(Af). On the other



3252 A. Karasev, V. Valov / Topology and its Applications 153 (2006) 3241-3254

hand, there exists I" € y containing A* (recall that p* refines y). Therefore, p(yl ) e St(S,y) C T(a) x (g, 1]. Since
g(p(y})) = (go xid)(p(¥})), according to the choice of T (a) x (g, 1] we have

(10) g(p(y) € U1 =V1 x (g, 1].

Since k(0) is the minimal k such that y; is contained in some W € v, according to the definition of the maps 7
and condition (7) from Lemma 3.10, we have A(y;) € Ug0)—1(xw,), where Wy = p_l (Ap). The last inclusion implies
F(h(yi)) € Ur)—1(xw,). Also, condition (5) from Lemma 3.10 yields that

(11) g(p(y))) € g(p(Wo N p~' (A x 1)) C Vioy—1 (Xwp)-

Hence, both g(p(yl.* )) and f(h(y;)) are points from Uyq)—1(xw,). But the cover ay)—1 refines w, and hence
Uk 0)—1(xw,) is contained in an element O of w. Therefore, O contains g( p(yl?k )) and f(h(y;)). This means, according
to (10), that f(h(y;)) € St(U1, w). Finally, since St(Uy, w) C U, we obtain f(h(y;)) € U which completes the proof
of the claim.

Now we can finish the proof. There exists a decreasing sequence {Q;} of open subsets of Z and an increasing
sequence of real numbers 0 =7y < #; < --- < 1 such that ﬂl 19i=A,limf; =1, Ql+1 CQ;and Q; x[0,,]C G
for all i. Let ¢;: Z — [ti—1,t], i > 1, be continuous functions such that ¢; (Z\Q;) =t;_1 and ¢;(z) =t; for z €
Q_H. Then ¢: Z — [0, 1] defined by ¢(z) = ¢;i(z) for z € Qi\Qi+1, ¢(Z\ Q1) =0, and ¢(A) = 1, is continuous.
Consequently, the map 6: Q1 — G U (A x {1}), 6(z) = (z, ¢(z)), is well defined and continuous. Moreover, 6(z) =
(z,1) for all z € A. Since p is L-invertible and e-dim Q| < L (as an open subset of Z), we can lift ¢ to a map
6:01— H.Then ¥ =y 00:Q — M, where Q = Q1, is the required map. O

Theorem 3.12 below is a generalization of the well-known result that if G is an u.s.c. decomposition of a metrizable
space X such that each element of G is UV" in X, then X/G is LC" [13, Theorem 11]. The result from Theorem 3.12
was also established in [6, Corollary 7.5] for finite complexes L and proper UV (L)-maps between Polish spaces
(UV(L)-maps are maps with all fibers being UV (L)-spaces). The version of Theorem 3.12 when L is a point is
a generalization of the well known result of Ancel [3, Theorem C.5.9]. This version was also established in [12,
Proposition 3.5].

Theorem 3.12. Let L be quasi-finite and [ : X — Y be a closed map with all fibers being UV (L)-sets in X. Then Y
is an ANE(L) with respect to C-spaces. If. in addition, X is CT (i.e., every map into X is L-homotopic to a constant
map in X), then Y € AE(L) with respect to C-spaces.

Proof. Let g: A — Y be an arbitrary map, where A is a closed subspace of a space Z with e-dim Z < L, such that A is
a C-space. Since L is quasi-finite, it has the soft mapping property. Therefore we can apply Proposition 3.11 to obtain
aneighborhood U of A in Z and anu.s.c. map ¥ : U — X such that ¥ is single-valued outside A and f o ¥ is a single-
valued extension of g. Hence, Y € ANE(L) with respect to C-spaces (actually we proved that Y € ANE(g, A, Z) for
arbitrary g: A — Y, where A is a closed subspace of Z such that e-dim Z < L and A is a C-space).

Suppose now that X is CL and let A C Z and g: A — Y be as above. To show that ¥ € AE(L) with respect to
C-spaces, we need to extend g over Z. Embedding Z as a closed subset of an AE(L)-space with e-dim < L, we can
assume that Z € AE(L). Then, as before, there exists a neighborhood U of A in Z and an u.s.c. map ¥ : U — X such
that ¥ is single-valued outside A and f o ¥ extends g. Take neighborhoods V; and V5 of A in Z such that VicV,cC
VaCU.Let W = Z\V1 and F = W N V,. Since W N U is open in the AE(L)-space Z, the cone Cone(W N U) is an
AE(L). So, the inclusion FF C W N U can be extended to a map ¢ : W — Cone(W NU) because F is closed in W and
e-dim W < L. On the other hand, since X € CE, Y |(WNU) is L-homotopic to a constant map in X. Consequently,
the map ¥ | F can be extended to a map 4 : W — X. Finally, we define the set-valued map 6 : Z — X by 6(z) = h(z)
if z € Z\V, and 6(z) = ¥ (z) otherwise. Obviously, 0 is u.s.c. and single-valued outside A. Moreover, f o0 is the
required extension of g. O

We say that a space X is locally ANE(L) if every point from X is UV(L) in X. Let us mention the following
corollary from Theorem 3.12.
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Corollary 3.13. Let Y be locally ANE(L), where L is quasi-finite. Then Y € ANE(L) with respect to C-spaces. If, in
addition, Y € CL, then Y € AE (L) with respect to C-spaces.

Remark. We can show that if, in Corollary 3.13, the property of X to be locally ANE(L) is replaced by the weaker one
X to be LCE (every x € X is UV(L)-homotopic in X [10]), then X is an ANE(L) with respect to finite-dimensional
spaces (see also [6, Theorem 4.1] for a similar result).

We know that the domain and the range of a UV”-map between compacta are simultaneously UV" (see, for exam-
ple [5]). Here is a generalization of this result for a subclass of quasi-finite complexes. We say that a CW complex L
is a C-complex if every space of e-dim < L is a C-space. Each complex L with L < S” for some n (this means that
e-dim Z < L implies dim Z < n for any space Z) is a C-complex, in particular every sphere S* is such a complex.
Observe that Lemma 3.10 and Proposition 3.11 remain valid for C-complexes L having the soft map property with-
out the requirements either A or g(A) (respectively, go(A)) to be C-spaces. This yields that, if in Theorem 3.12 and
Corollary 3.13 L is a quasi-finite C-complex, then Y is an A(N)E(L).

Theorem 3.14. Let L be a quasi-finite C-complex and f : X — Y a closed map with UV (L)-fibers. Then X is UV (L)
if and only if Y is.

Proof. Let Ex be a normed space containing X as a strong Z-set. This means that X C Ey is closed and for every
w € cov(Ey) and every map g: Q — Ex, where Q is an arbitrary space, there is another map h: Q — Ex which
is w-close to g and 2(Q) N X = ¥ (such space Ex can be constructed as follows: embed X as a closed subset of a
normed space F and let Ey be the product F' x I>(t), where w(X) < 7; then X x {0} is a copy of X which is a strong
Z-set in Ex). Identifying each fiber of f with a point, we obtain space Ey (equipped with the quotient topology)
and let p: Ex — Ey be the natural quotient map. Obviously, p(X) C Ey is closed and, since f is a closed map,
p(X) is homeomorphic to Y. Everywhere below we write Y instead of p(X). Moreover, p is a closed map and Ey is
metrizable. Any fiber of p is either a point or f~!(y) for some y € Y. Hence, p is an UV(L)-map. Since Ey is an
absolute extensor for metrizable spaces, the fibers of p are UV(L)-sets in Ex. Consequently, by the modified version
of Theorem 3.12 for C-complexes, Ey € AE(L).

X e UV(L) = Y € UV(L). To prove this implication, by Corollary 3.7, it suffices to show that Y is UV(L) in
Ey. Let U be a neighborhood of Y in Ey. Since X is UV(L) in Ex (recall that Ey is an absolute extensor) and p is
closed, there exists a neighborhood V of Y in Ey such that the pair p~! (V) C p~1(U) is L-connected. We choose a
neighborhood V; of Y in Ey with V| C V and show that the pair V; C U is L-connected. To this end, take a space Z
with e-dimZ < L and amap h: A — V| with A C Z being closed. Since U is an ANE(L), there exists w € cov(U)
satisfying condition (H) from Proposition 3.2. Further, let 8 € cov(Ey) be the cover {G N V: G € w} U {Ey\V;}. By
Lemma 3.10, there exists a map h: A — Ex such that p o hy is B-close to i. Obviously, i1 (A) C p’] (V) and hence
there exists an extension h, : Z — p_l (U) of hy. Then p o hy is a map from Z into U such that (p o h2)|A is w-close
to &. Finally, according to the choice of w, & admits an extension h:Z—U.

Y e UV(L) = X € UV(L). As in the previous implication, it suffices to show that X is UV(L) in Ex. To this
end, let U be a neighborhood of X in Ex. We can assume that U = p~!(Up) for some neighborhood Uy of Y in
Ey. Choose neighborhoods Vy, Go and Wy of Y such that Vy C Vo C Go C Gy C Wy C Wy C Up and the pair
Go C Wy is L-connected. Denote by V, G and W, respectively, the preimages p~!(Vp), p~1(Gp) and p~1(Wp).
We claim that the pair V C U is L-connected. Indeed, consider a map gy : A — V, where A is a closed subset of
a space Z with e-dimZ < L. Let o € cov(U) satisfy condition (H) from Proposition 3.2 and oy ={T N G: T €
o} U {EX\V} € cov(Ey). Since X is a strong Z-set in Ex, we can find a map gg: A — Ex which is «j-close
to gy and gg(A) N X = (. It is easily seen that gG(A) C G and g¢ is a-close to gy. The last yields (because
of the choice of o) that gy can be extended to a map from Z into U if and only if gg has such an extension.
Hence, our proof is reduced to show that g admits an extension from Z into U. Obviously, g can be considered
as a map from A into Gq such that the closure g (A) (this is a closure in Ey) does not meet Y. Since Gy C Wy
is L-connected, gg can be extended to a map gw : Z — Wjy. Finally, consider the cover y € cov(Ey) defined by
y ={p(T\X): T e a}U{Ey\gg(A)} U{Ey\Wo}. According to Lemma 3.10, there exists a map gy : Z — Ex such
that p o gy is y-close to gw. It is easily seen that gy (Z) C U and gy |A is a-close to gg. The last condition implies
that g admits an extension from Z into U which completes our proof. 0O
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