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A special case of Michael’s theorem [%| asserts that if X is a complete
metric space, then every lower semicontinuous closed valued mapping from a
paracompact Hausdorff space Y#0#X admits an upper semicontinuous compact
valued selection. A possible inversion of this theorem is considered in this paper.

1. Introduction and Notations. The following definition is motivated by the
Michael’s result, cited above.

Definition 1. Let & denote an arbitrary class of topological spaces. The space
Y is called §-selector if whenever ®: X +F(Y) is L.s.c. with X¢®, there is a
i. s. ¢. selection y: X—C(Y) for @.

Here A(Y) stands for the family of all nonvoid closed subsets of V" and
C(Y)={FeF(Y):F is compact}. Recall that a mapping ®:X—FV) is said to
be Ls.c. (u.s.c) if {x€X:®x)T==®=0I) is open (closed) in X for
every open (closed) I' in V.

Our aim in this paper is to present sufficient conditions for the metriza-
bility of f-selectors.

Next, let 8 () denote the class of paracompact (zero-dimensional) spaces,
(&  the class of compact spaces and €,=@E 9, (the covering dimension dim
is meant everywhere in this paper).

2. The General Case.

A). Every closed subspace of a f-selector is a §-selector,

B). Everv s,-selector is a Y¥-selector and every ,-selector is a E-selector.

A) is obvious and B) is easily seen by passing to the absolutes in the
sense of Ponomarev ['] and Gleason [

Theorem 1. Every compact @;-selector is metrizable.

Proof. Let V" be a compact @, -selector. By the proposition B) if Y=X
and X is compact, then there is a u s. c retraction r: X—C(¥) (i.e. H(y)=y
for each y¢€ V). One can get this retraction as a u.s.c selection of the mapping
©:AX—FY), defined by letting ®(v)={y} for each y¢Y and ®(x)=Y for
each x¢ AN V. Thus, by a result of Dranishnikov [oral communication] based
on a Shirokov’s ['] technique, ¥ is a Dudundji space in the sense of Pel-
czinski ["]; hence V is a dyadic space by a result of Haydon [5]. By
A) each closed subspace of V is a dyadic space and consequently ¥ is metri-
zable by a result of Efimov [2].

Theorem 2. If a P,-selector X is p-paracompact in the sense of Arhan-
gel'skii ['], then X is completely metrizable.

The common proof of the Theorems 2 and 2’ is presented at the end of
the paper. A part of this proof is covered by the following
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Proposition 1. Let X be p-paracompact with the following property: when-
ever a paracompact ¥ contains X as a closed subset (with each point of
Y™ X isolated), there is a neighbourhood O of X in } and a u.s. c. retraction
r: O—F(Y). Then X is Cech-complete.

This proposition was actually proved in the paper of Przimusinski['?].

3. The Convex Case.

Definition 2. A space Y is called a convex-§-selector if the following
holds: (i) ¥ is a convex closed subspace of .a certain locally convex vector -
space and (ii) whenever @: X--F(Y) is 1.s.c. and convex valued with X¢®,
there is a u. s. c. selection yw: X —C(Y) for @,

Theorem 1'. Every compact convex-(,-selector is metrizable

Theorem 1’ generalizes a result of Magerl [f], the last requiring the
existence of single-valued continuous selections. The proof of Theorem 1° is
hased on the following

Proposition 2 (V. Valov). Let X be a compact convex subspace of a local-
ly convex vector space. If no compact convex subspace of X contains an
uncountable disjoint family of open subsets, then X contains no one-point
compactification of an uncountable discrete space.

Proof. Suppose this is not the case and let o7 be the one-point compac-
tification of the uncountable discrete subset T of X, with the unique noniso-

lated point x, of a7T=X. Denote P=conv(u7) — the closed convex hull of
al and let K be the set of all extreme points of P. By virtue of the Krein-
Milman theorem, K—aT. We will get a contradiction by showing that {x,} is
a Gsg-set in P; T must therefore be countable. First, suppose K is countable.

For a finite subset F—K put P(F)=conv (K _F). Obviously, N{P(F):F is a
finite subset of K™ {x.}}={x,}. Let B¢ K> {x,}. Then, k¢P(k). Indeed, let A
be a closed convex neighbourhood of x, with k¢H, and let KN\ H=*#k, &,
...k, k. For a point p¢ PN H, k¢A,=conv(p, ky ..., k,), because & is an ex-
treme point of P. Thus, there are disjoint convex open sets U, and V, in X|
such that k¢ U, and A,c=V, Let PNH=V,N ... NP =V. Then, conv (K

=" {k))=V and hence k¢P(k), because UV =@ where U= Llfll Up, Thus, P

is the cone conv(P(k), k) and hence P(k) is a Gs-set in P. Analogously, if
ky, ky€ K> {x,}, then P(k,) is the cone conv(P(k, k), k)); thus, P(k,, k) is a
Gs-set in P(k,) and hence in P and so on; by induction we see that P(F) is
a Gg-set in P for every finite subset F of K™ {x,}.

Suppose now that K is uncountable. Note that T may be assumed to be
linearly independent; if not, we replace 7' by the maximal linearly independent
subset 7' of T; the only thing to check is that Card(7')>WN,. But in the
fﬂppusite case (i.e. Card(7")=WN;) T will be contained in a countable union of
inite-dimensional vector subspaces wich is impossible. Now, for each k¢ K" =K
{x,} define mapping f,:conv K’ —[0, 1] by letting fe(p)—»%, where

;:r=lk+2: Ak: is the unique representation of p¢conv K’ as a convex linear
i=l
combination of elements of K'. It is easy to see that f, is continuous at %
for every k(K. Let U,={pt€conv K" :f( p)>2-"}. The family {U,:R€K"} is
open and disjoint in conv K’ which contradicts the assumption that P contains
no uncountable disjoint family of open sets (note that conv K” is dense in P).
Remark. Since every nonmetrizable dyadic space contains the one-point
compactification of an uncountable discrete space (sece Efimov [?]), proposition
2 answers a question of Magerl [7] positively.



Theorem 2'. Every p-paracompact convex-B,-selector X' is completely me-

. trizable.

Lemma 1. Let Z=T1{X,:a€ A}, where X, is a separable metric space and
let r: Z—C(X) be u,s.c. Suppose each point of X is a Gs-set. Then there is
a couniable subset B of A such that, if Card (r(z))=1, i=1, 2 and mng(z,)=
ng(20), then r(z)—r(z;) (here my is the natural projection ng: Z—IN{X.:a¢B)).
This lemma may be proved as in the case when r is single valued, by using.
some results of R. Pol a. E. Pol in [']. :

Lemma 2. Everv p-paracompact Lindeloff convex-$p,-selector X is metrizable.

Proof. It is well-known that X is contained as a closed subspace in a
product Z=MxT{X,:a€A}, where M is a separable metric space and
Xa=|0, 1] for each a¢ A. Since Z is paracompact, there is a u.s. ¢. retraction
r: Z-+C(X). Next, note that in virtue of Proposition 1 and Theorem 1’ each
one-point set of X is a Gs-set. By Lemma 1, there is a countable subset B
of A, such that if x,, x,€.X and m(x,)=n(x;), then x,=x, (here m stands for
the projection n:Z—M<T{X,:a€B}). Thus, n/X is a one-to-one continuous
mapping from X to a metric space and hence X is metrizable by a result of
Arhangelskii ['].

Lemma 3. Let X' be a p-paracompact closed convex subset of a locally
convex vector space. Then the closed convex hull of each compact subset of
X is Lindeloff,

Proof. Let F be a compact subset of X. Denote n:mw"{F)={xEX: X

i f

n
= 5 s %6 F, 420 k=119 .. ,n]; r_";n:{(ll, oo N 2h=1,0=0
=1

=1 i=l

=1 =1 2 H}. Define f:F"xA,—conv,(F) by the formula f(x,,...x,;

n

hys oo d)== 2] hx, Obviously £ is a continuous mapping onto. Hence conv,(F)

i=1

is a compact and thus conv F—= |J conv,(F) is Lindeloff. Since convF is a
A1

p-paracompact space, there is a perfect onto mapping g:conv F—M, where M
is & metric space (see [']). But g{conv F) is Lindeloff, hence separable metric
space which is dense in M. Thus M is separable and hence couv F is Lin-
deloff.

Corollary 1. Every compact subset of a p-paracompact convex-@,-selector
is metrizable.

Proof of Theorem 2 and Theorem 2’. Let X be closed subset of the product
Z=M>TH{Xa:a€ A}, where M is a metric space and X,-=[0, 1] for each a¢A.
Take a perfect surjection f: M,—+M with M,— a zero-dimensional metric space.
Put Z,=M,xTI{X,:a¢ A} and define the mapping g:Z,—+Z by the formula

glm, x)=( fim), x), where me¢M, and x¢T{X,:a¢A}. Note that g is perfect.
Following Klebanov [%], the proof of Theorem 7, we fix a sequence {w,}=, of

discrete open coverings ®, of M, with the properties: (i) w,.1 refines o, for
n=1, 2, ... and (ii) {Sto,(m)}=>  is a local base for the topology of M, at
the point m for each meM, (here St, (m)= U{Utw,:meU}). Fix a point
m(U)eU for every Utw, and n=1, 2,.... For an arbitrary m¢M, let um
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be the only element of @, which contains m. Put P(m)={m}xT1{X“:0¢ A},
Y=g (X) and let r:2,—+C(X) be u.s.c. with r(y)=g(y) for every yeV. -
Note that r(P(m))= U {r(z):2¢P(m)} is compact and hence — metrizable sub- -
set of X (in the case of Theorem 2 this follows from Theorem 1 and.
in the case of Theorem 2' this follows by Corollary 1). This fact,.
together with the u.s. continuity of r, allows us to fix a countable subset
B(m)—A such that, if x, yeP(m) and mamix)=msm(y), then.
r(x) 1 H( V)= (ram : Zy—O{X, : ag B(m)} is the natural projection). Next, let
Pn be a metric on IT{X,: a¢B(m)} taking values in [0, 1]. Define a continuous
pseudometric &™ on P(m) by letting a@™(x, ¥)=pu(Tam(x), nam(y)). Denoting
by n the natural projection =n:Z, +M, define a continuous pseudometric 4,
on Z, in the following manner: if x;¢Z, i=1, 2 with x,=(m,; x]) where
mieM, and x;€M{X,:a¢A}, then d,(x,, xy)=1 in the case m,¢St, (m,) and
d(xy, x)=d™UN(m(U), x7), (m(U)), x3)) in the case m,, my¢U¢w, Finally, let

d(x, y)=2'2-d(x, y) for x, ¥€Z, Obviously d is a continuous pseudometric
n=—=1

on Z, For x,y¢V the equality d(x,y)=0 implies m(x)=n(y) (if not, then

d,(x,y)=1 for large n). Moreover, on the same assumption, g{x}--r(x) =r(y)

=g(y). In fact, suppose d(x, ¥)=0 where x=(m,, x¥), y=(m, y*)€Y. Deline

Xp=(m(Ume), x*), ¥,=(m(U™), y*). Obviously x=- lim x,, y= ]ll]l _v,l We have

Rl=ao H—eoo

- __m(Up?) N
0=d,(x, y)=d™/(x,, y,)and hence nmwﬁm{xn)—nﬂcmwﬁw”(J’u]. thus r{x,)

Nr(y,)+@ (note that x, v,eP(m(Um)). Suppose now that g(x)=+=g(y) and
take disjoint open neighbourhoods &/ and V of g(x) and g(y), respectively.
For some # — natural number, r(x,)=U and r(y,)=V (because of u.s. conti-
nuity of r), which contradicts r(x,)N r(y,)+=@. Thus, if ¥/d denotes natural
quotient set and p:Y +Y/d is the corresponding quotient mapping then there
is a mapping h:Y/d—X such that g=#hp. Let ¥V* be the set ¥/d endowed
with the quotient topology and Y’ be the set V/d endowed with the metric
topology induced by 4. Then, obviously #:}*—X is perfect, hence ¥V* is a
p-paracompact space and, on the other hand, the identity mapping id: Y*—Y’
is a continuous bijection. Thus, ¥* is metrizable by a theorem of Arhangel
skii [Y]. Finally, X is metrizable as a perfect image of a metric space (see [?])
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