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Abstract

We prove that the functor P of Radon probability measures transforms any open map between completely metrizable spaces into
a soft map. This result is applied to establish some properties of Milyutin maps between completely metrizable spaces.
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1. Introduction

In this paper we deal with metrizable spaces and continuous maps. By a (complete) space we mean a (completely)
metrizable space, and by a measure a probability Radon measure. Recall that a measure p on X is said to be:

e probability if w(X)=1;
e Radon if n(B) =sup{u(K): K C B and K is compact} for any Borel set B C X.

The support supp i of a measure p is the intersection of all closed subsets A of X with p©(A) = pu(X). It is well
known that the support of any measure is non-empty and separable.

Everywhere below P(X) stands for the space of all probability Radon measures on X equipped with the weak
topology with respect to C*(X). Here, C*(X) is the space of bounded continuous functions on X with the uniform
convergence topology. According to [2], P is a functor in the category of metrizable spaces and continuous maps. In
particular, for any map f: X — Y there exists a map P( ) P(X)— P(Y). A systematic study of the functor P can
be found in [2] and [3]. We also consider the subspace Pg(X) C 13(X ) consisting of all measures p such that supp u
is compact.

This paper is devoted to some properties of Milyutin maps between metrizable spaces. We say that f: X — Y is
a Milyutin map if there exists amap g:Y — P(X) such that suppg(y) C f~1(y) for every y € Y. Such g is called a
choice map associated with f. According to [3, Theorem 3.15], for any metrizable X there exists a barycentric map

bP(X) P(P(X)) — P(X) such that bP(X)(v) =vforallve P(X) Hence, if g is a choice map associated with f,
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then the map bP(X) ) ﬁ(g) P(Y)—> P(X)isa right inverse of IS(f). Consequently, f is a Milyutin map if and only

if P( f) admits a right inverse.

Our first principal result concerns the question when P f) is a soft map. Recall that a map f:X — Y is soft if
for any space Z and its closed subset A and any maps g: Z — Y, h: A — X with (f o h)|A = g there exists a map
g:Z — X such that g extends 4 and f o g = g. It is easily seen that every soft map is surjective and open.

Theorem 1.1. Let f: X — Y be a surjective open map between complete spaces. Then ﬁ(f) :P(X)—> P(Y)isa soft
map.

The particular cases of Theorem 1.1 when both X and Y are either compact or separable were established in [8]
and [4], respectively.

Since any soft map admits a right inverse, a map f satisfying the hypotheses of Theorem 1.1 is a Milyutin map. We
apply Theorem 1.1 to obtain some results about atomless and exact Milyutin maps introduced in [14]. If f: X — Y is
a Milyutin map and there exists a choice map g such that supp g(y) = £~ (y) (resp., g(y) is an atomless measure on
f_1 (y) foreachy e Y,i.e. g(y)({x}) =0forall x € f‘l(y)), then f is said to be an exact (resp., atomless) Milyutin
map. It was established in [14] that, in the realm of Polish spaces X and Y, f is exact Milyutin if and only if it is open.
The classes of atomless exact Milyutin maps and atomless Milyutin maps between Polish spaces were characterized
in [1, Theorem 1.6]. The first class consists of all open maps possessing perfect fibers (i.e., without isolated points)
[1, Theorem 1.6], and the second one of all maps f: X — Y such that for some Polish space X¢ C X the restriction
fo= f1Xo:Xo— Y is an open surjection whose fibers are perfect [1, Theorem 1.7].

Next theorem is a non-separable analogue of [1, Theorem 1.7].

Theorem 1.2. A continuous surjection f:X — Y of complete spaces is an atomless Milyutin map if and only if there
exists a complete subspace Xo C X such that fo = f|Xo:Xo — Y is an open surjection and all fibers of fo are
perfect sets. Moreover, for any such f there exists a map f*: Pg(Y) — P(X) such that any f*(u) is atomless and

P(A(f*(w) = i, e Pg(Y).

We do not know whether under the hypotheses in Theorem 1.2 there exists a map f*: P(Y ) —> P(X ) such that
each f*(w) is atomless and P(f)(f’k wW)=u, ne P(Y) But if we are interested in atomless maps defined on Y,
we have the following:

Theorem 1.3. Every open surjection f:X — Y with perfect fibers is a densely atomless Milyutin map provided X
and Y are complete spaces.

Here, a Milyutin map f: X — Y is densely atomless if

{g € Chy(Y, X): g(y) is atomless for all y € Y}

is a dense Gs-set in the space Chy(Y, X) of all choice maps associated with f equipped with the source limita-
tion topology. A few words about this topology. If (X, d) is a bounded (complete) metric space, then there exists a
(complete) metric d on P(X) generating its topology and extending d, see [3]. Then Ch (Y, X) is a subspace of the

function space C(Y, ﬁ(X )) with the source limitation topology whose local base at a given h € C(Y, ﬁ(X )) consists
of all sets

Bj(h,a) =g € C(Y, P(X)): d(g(»), h(y)) <a(y) forall y € Y},

where « is a continuous map from Y into (0, 00). It is well known that this topology does not depend on the metric d
and it has the Baire property in case P (X) is complete. Similarly, f is said to be densely exact provided the set

{g € Chy(Y, X): suppg(y) = f_l(y) forevery y € Y}

is a dense and Gs-set in Chy(Y, X). When f is both densely atomless and densely exact, it is called densely exact
atomless.
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Theorem 1.4. Let f:X — Y be an open surjection of complete spaces and w:X — M a map into a separable
space M. Then all choice maps h € Chy(Y, X) such that 7w (supp h(y)) is dense in rr(f_l(y))for everyy €Y forma
dense Gs-set in Chy(Y, X).

It is interesting whether in Theorem 1.4 one can substitute the phrase “z (supp z(y)) is dense in 7 (f~'(y))” by
“w(supph(y)) = (f~ ().

Next corollary is a parametrization of the Parthasarathy [12] result that perfect Polish spaces admit atomless mea-
sures. It also provides a partial answer of the question [1] whether any open surjection f of complete spaces is an
exact atomless Milyutin map provided all fibers of f are perfect Polish spaces.

Corollary 1.5. Let f:X — Y be an open and closed surjection of complete spaces such that all fibers of f are
separable (and perfect). Then f is densely exact (atomless) Milyutin map.

Finally, we generalize [14, Corollary 1.4] and [1, Corollary 1.9] as follows (below a continuous set-valued map
means a map which is both lower and upper semi-continuous):

Corollary 1.6. Let X and Y be complete spaces and ® :Y — X a continuous set-valued map such that all values @ (y)
are closed separable subsets of X. Then there existsamap h:Y — P(X) such that supph(y) = @ (y) foreveryy €Y.
If, in addition, all ® (y) are perfect sets, the map h can be chosen so that every h(y) is atomless.

2. Preliminaries

In this section we provide some preliminary results and establish the proof of Theorem 1.1.

Probability Radon measures on a complete space X can be described as positive linear functionals u on C*(X)
such that ||| = 1 and lim p (hg) = O for any decreasing net {hy} C C*(X) which pointwisely converges to 0, see [15].
Under this interpretation, supp u coincides with the set of all x € X such that for every neighborhood U, of x in X
there exists ¢ € C *(X ) such that 9 (X\Uy) = 0 and 11(¢) # 0. This representation of supp u easily implies that the set-
valued map supp: P(X ) — X (assigning to each u its support) is lower semi-continuous, i.e., {i € P(X ): suppu N
U # (@} is open in P(X) for any open U C X. For every closed F C X, we have u(F) =inf{u(p): ¢ € C(F)} (see
for example [7] in case X is compact), where C(F) ={p € C*(X): 0 < ¢ < 1l and ¢(F) =1}.

According to [4], any compatible (complete) metric d on X generates a compatible (complete) metric d on P(X)
such that

d(tp+ A =0/, v+ 1 — ') <td(u, 1) + (1 = 0)d (v, )

forallt €[0,1]and pu, ', v,V € IS(X ). It is easily seen that every ball (open or closed) with respect to d is convex.
Let A.(X) denote the set of all JRS P(X) such that u({x}) > ¢ for some x € supp u. For any closed K C X

there exists a closed embeddlng i: P(K) — P(X) deﬁned by l(v)(h) =v(h|K) for all v e P(K) and h € C*(X).

Everywhere below we identify P(K) with the set 1(P(K)) ={ue P(X). supp 4 C K} which is closed in P(X).

Lemma 2.1. Let X be a complete space, K a perfect closed subset of X and G a convex open subset of P(K). Then
for every e > 0 we have:

(1) Ag(X) is gclosed subset ofﬁ(X); B
(2) A.(X) NG is a nowhere dense set in the closure G.

Proof. (1) Since ﬁ(X ) is metrizable, it suffices to check that uo = lim u,, € A.(X) for every convergent sequence
{tn}n>11n IS(X) with {u,} C A¢(X). To this end, let H be the closure in X of the set Un>0 supp i, . Because every
ne f’(X ) has a separable support, H is a Polish subset of X. Considering all i,,, n > 0, as elements of I3(H ), we have
that the sequence {t,,},>1 is contained in A, (H) and converges to (o. Therefore, by [12 Theorem 8.1], g € Ac(H).
Consequently, there exists xo € H with wo({xo}) = &. Therefore, A.(X) is closed in P(X ).

(2) Since A, (K) = A (X) N P(K) it suffices to show that A.(K) is nowhere dense in P(K) Suppose A (K)
contains an open subset W of P(K ) and let P,(K) be the set of all u € P(K ) having a finite support. Since
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P,(K) is dense in ﬁ(K), there exists wo = Zij Aidy; € Py(K) N W. Here, 8y, denotes Dirac’s measures at x;
and A; = uo({x;}). Moreover, A; > ¢ for at least one i. For each i < k and n > 1 choose a neighborhood V; C K of
x; and n different points x;(1), ..., Xj(z) € V; such that the family {V;: 1 <i <k} is disjoint and dist(x;, x;(jy) < 1/n
for all 1 < j < n. This can be done because K is perfect so every neighborhood of x; contains infinitely many points.
Consider now the measures ji, = Y = Z] =n X X’(” . Since lim u,, = 1o, there exists ng such that w,, € W for all
n = ng. Consequently, for every n > ng there ex1sts i <k with X;/n > &, a contradiction. O

Lemma 2.2. Let f : X — Y be an open surjection between complete spaces such that dimY = 0. Then 13( f): P (X)—
P(Y) is a soft map.

Proof. According to Theorem 1.3 from [4], it suffices to show that f is everywhere locally invertible. The last notion
is defined as follows: for any space Z, a pointa € Z,amap g:Z — Y and an open set U C X with g(a) € f(U) there
exist a neighborhood V of @ in Z and amap h:V — U such that f o h = g|V. Obviously, f is everywhere locally
invertible provided it satisfies the following condition:

(x) For any open U C X and a € f(U) there exists a map g: V — U with V being a neighborhood of a in Y such
that f(g(y))=yforallye V.

To show f satisfies (), fix an open set U C X and a € f(U). Since f is open, the set V = f(U) C Y is also open
and the set-valued map @:V — U, @(y) = f -1 (y) N U, is lower semi-continuous with closed values. Moreover,
U admits a complete metric because X is complete. Then, by the 0-dimensional selection theorem of Michael [11],
@ has a continuous selection g. Obviously, g is as required. 0O

Proof of Theorem 1.1. First, let us show that f = ﬁ( HI P( £)~1(Y) is everywhere locally invertible. It suffices to
show that f satisfies condition (x) from Lemma 2.2. Suppose that U C 13( f Yy L(y) is open and yp € f (U). We need
to find a map «: V — U, where V is a neighborhood of yg in Y, such that f(a(y)) =y for every y € V. To this
end, choose a 0-dimensional complete space Z and a perfect Milyutin map g: Z — Y, see [6] (recall that a map is
perfect if it is closed and has compact fibers). Next, consider the pull-back 7 ={(z,x) € Z x X: g(z) = f(x)} of Z
and X with respect to the maps g and f, and let pr:T — Z, pg: T — X be the corresponding projections. Since
fis open, sois ps. For any y € Y we have p (g Ly = g_l(f_l(y)) =g '(y) x f~1(»). Since g is Milyutin,
there exists a map g*: Y — P(Z) such that suppg*(y) C g ~I(y) for all y € Y. Let pr= ﬁ(pf) : IS(T) — ﬁ(Z)
and j, = P(py): 13(T) — P(X). Take an open set G C P(X) with G N P(f)~'(Y) = U and let W = 5, (G).
Pick u eGnN P( o)) and let vo = po x u* be the product measure, where oy = g*(yg). Obviously,
Vg € P(g o) x F~ (o)) € P(T) Moreover, pr(vo) = po and vg € W because pg(vo) = jux € G.

Now we can complete the proof that f is everywhere locally invertible. Let go:{yo} — P(T) be the constant
map go(yo) = vo. Since [ff (vo) = g*(yo) and, by Lemma 2.2, the map [ff is soft, there exists a map 6:Y — IS(T)
extending go such that pr o 0 = g*. Obviously, V = 6~1(W) is a neighborhood of yo, and define o = Dg o 6. Since
forany y € V we have py(6(y)) = g*(y), py(supp6(y)) =suppg*(y) C g~ ' (y) and supp8(y) C g~' (») x f~'(y).
So, suppoc(y) = pg(suppf@(y)) C f~ l(y) Consequently, f(oz(y)) = y. Moreover, (x(y) eU forallyeV.

Since f is everywhere 1oca11y 1nvert1b1e by [4, Theorem 1 3], the map P( f ): P(Y ) —> P(Y) is soft, where Y =
f 1(Y). Moreover, P(X) - P(Y) - P(P(X)) because X C Y C P(X) Therefore the following diagram

oA by L
PY)—=P(X)
ﬁ(f)i lﬁm

N iﬁ(y) A~

PY)—=P()
is commutative. Here, b denotes the restriction b};(X)|I3(1?) of the barycentric map b};(X) : IS(IS(X)) — 13(X),
see [3], and i,g(y) is the identity on ﬁ(Y). Since bp retracts each ﬁ(f)_l(u) onto ﬁ(f)_l(u), [Tl f’(Y), and
ﬁ( f ) is soft, we finally obtain that ﬁ( f) is also soft. The proof is completed. O
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3. Atomless Milyutin maps
In this section we provide the proofs of Theorems 1.2 and 1.3.

Proof of Theorem 1.2. Suppose that f: X — Y is a surjective atomless Milyutin map with X and Y complete spaces.
Then there exists a choice map h:Y — P (X) associated with f such that 4(y) is an atomless measure forall y € Y.
Let Xo = U{supph(y): y € Y} and fo = f|Xo. Since fo_l = supp o A is lower semi-continuous, fy is open. Hence,
by [1, Theorem 3.6], X is complete. Moreover, all f(;1 (y) are perfect sets because h(y) are atomless measures.

For the other implication, assume that f: X — Y is a surjection between complete spaces and there exists a com-
plete subspace Xo C X such that fo = f|Xo is an open surjection possessing perfect fibers. Considering X¢o and
folXo, we may suppose that f is open and all of its fibers f~'(y), y € Y, are perfect sets. Then, by Theorem 1.1,
f is Milyutin because P( f) has a right inverse as a soft map. To show f is atomless, as in the proof of Theorem 1.1
take a 0-dimensional complete space Z and a perfect Milyutin map g:Z — Y. Since g is Milyutin, there exists a
map g* P(Y) — P(Z) such that P(g)(g (n)) = for all u € P(Y) By Theorem 1.1, P(f) is open (as a soft
map). Hence, f P( ) (Y) — Y is also open (as a restriction of an open map onto a preimage-set). So the set-
valued map @ : Z — P(f) L), ®(z) = f (g(z)), is lower semi-continuous. Actually, ®(z) = P(f (g(z))) for
every z€ Z. Let A,, n > 1, be the set of all u € P(X) such that w(fx}) = 1/n for some point x € supp p. Since
the fibers f~1(y) are perfect sets, by Lemma 2.1, A, are closed in P(X ) and all intersections A, n P( £~ Y(y)) are
nowhere dense in P(f~'(y)), y € Y. Then, by [9, Theorem 1.2], @ admits a selection 6: Z — P(f)~'(Y) such
that 6(z) € @(2)\ Un:l A,, z € Z. This means that each measure 9(z) € P(f 1(g(z))) is atomless. The selection 0
generates a regular operator u: C*(X) — C*(Z), u(¢)(z) = 0(2)(¢) for all ¢ € C*(X) and z € Z. Finally, for every
we Pg(Y)let f*(n) e f’(X) be the measure defined by f*(u)(¢) = g* (1) (u(¢)), ¢ € C*(X). It is easily seen that
this definition is correct (i.e., f*(u) € IS(X)) and f*: Pg(Y) — I3(X) is a continuous map.

Let us show that Ia(f)(f*(u)) = u for every u € Pg(Y). It suffices to prove that f*(u)(e o f) = (o) for
any o € C*(Y). And this is really true because ¢ = o f is the constant a(y) on each set f~!(y), y € Y. So,
u(@)(z) =0(2)(¢) = a(y) for any z € g~ (y). Thus, u(¢) =« o g and f*(u)(@ o f) = g*(u)(« o g). Finally, since
P(g)(g* (1)) = p, we have g* () (o 0 g) = pu(a).

So, it remains to prove only that every f*(u), i € Pg(Y), is an atomless measure. To this end, fix uo € Pg(Y),
xo € supp f*(up) and n > 0. It suffices to find a function ¢g € C*(X) with 0 < ¢p9 < 1 such that ¢g(xp) = 1 and
S (o) (do) < n. Since 6(z)({xp}) = 0, for every z € Z there exists ¢, € C*(X) and a neighborhood U, of z in
Z such that 0 < ¢, < 1, ¢.(x0) = 1 and 0(z')(¢.) < n whenever z’ € U.. Using the compactness of g~ (supp o)
(recall that po has a compact support and g is a perfect map), we find neighborhoods U, i =1, ..., k, cover-

ing g_l(supp o), and let ¢o = @z 1) - Pz 2) - -+ - Pz k). Then ¢y is as required. Indeed, since P(g)(g*(uo)) = Lo,
g~ (supp 11o) contains the support of g* (11). Consequently, g* (110) (u(¢b0)) < max{u(¢o)(z): z € g~ (supp 120)}. So,
there exists zg € g~ (supp 110) such that g* (o) (u (o)) < u(¢o)(z0). Next, choose j with zg € U,(;) and observe that
¢o < ¢; implies u(¢o)(z0) < u(9;)(z0) = 6(z0)(¢;). Therefore, f*(1o)(Po) < 0(z0)(¢;) < n because z9 € Uy(j).
The proof is completed. O

Proof of Theorem 1.3. Take a O-dimensional complete space Z, a perfect Milyutin map g:Z — Y and a map
g* P(Y) — P(Z) Wthh is right inverse of P(g) We equip P(X) with a convex metric d, and let A,,n>1,be
the closed subsets of P(X ) considered in the proof of Theorem 1.2. We need to show that the set .4 of all atomless
choice maps form a dense Gs-subset of Ch (Y, X). Since each A, is closed in f’(X ), it is easily seen that the sets

Uy =1{heChs(Y,X): h(y) ¢ A, forall y e Y}

are open in Chy(Y, X) and A= ﬂn>] Uy, To prove that A is dense in Ch (Y, X), fix h € Chy(Y, X) and a function

n:Y — (0, 00). We are going to find amap 7’ € A such that d(h(y) () <n(y) forallyeY.
Denote by B(h(g(z)), n(g(z))) the open ball in P(X) (with respect to d) which is centered at h(g(z)) and has

a radius 7(g(z)). Define the set-valued map @ : Z — f’(X) D(z) = P(f Lig() N B(h(g(z)) n((2)))- Th1s is a
convex and closed-valued map because any ball in P(X ) with respect to d is convex. Since f P( f )|(P( )
is open (as a soft map, see Theorem 1.1), the set-valued map z — P( - 1(g(z)) is lower semi-continuous. Hence,
by [10, Proposition 2.5], so is @. Moreover, each @(z) is the closure of the convex open set ﬁ(f_l(g(z))) N
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B(h(g(2)),n(g(2))) in P(f (g(z))) Hence, according to Lemma 2.1, A, N @(z), n > 1, are nowhere dense sets
in @(z) for every z € Z. Then, by [9, Theorem 1.2], @ has a continuous selection 6 : Z — P(X ) avoiding the set
UP2, Ay, ie., with 0(2) € @(2)\ U —, A, for every z € Z. Following the notations from the proof of Theorem 1.2,
we extend # to amap 6 : Pg(Z) — P(X) by O(v)(¢) = v(u(p)), p € C*(X).Now let h': Y — P(X) be the composi-
tion 6 o g*. It follows from the proof of Theorem 1.2 that 4’(y) is atomless and h'(y) € ﬁ(f_l(y)) forall y e Y. So,
h e A.

It remains to show that d(h(y) n(y)) <n(y), y €Y. To this end, we fix y € Y and take a sequence {v} C
Pg(g™ 1(y)) converging to g*(y) such that each v, has a finite support. It is eas1ly seen that if v=7 " 1l1 8:i) €
P,g(g’] (y)) is a measure with a finite support then 6(v) = Zl_]f t;0(z(i)). Since d(@(z(z)) h(y)) < n(y) for all i
and the metric d is convex, we have d(@(v) h(y)) < n(y). In particular, d(@(vn) h(y)) < n(y) for every n. This
implies that d(h (), h(y)) < n(y) because 4’(y) is the limit of the sequence {#(v,)}. O

4. Exact Milyutin maps
In this section the proofs of Theorem 1.4 and Corollaries 1.5-1.6 are established.

Lemma 4.1. Let U C X be a non-empty open set in a space X. Then the set U= {ve IS(X): suppv NU # @} is open
convex and dense in P(X).

Proof. Since the support map v — suppv is a lower semi-continuous map, UcP(X)is oopen. To show it is dense,
suppose there exists an open set W = {v € P(X) (i) —vo(ei)| <e,1 <i<k}in P(X) with W C P(X)\U
where ¢; € C*(X) and ¢ > 0. We can suppose that Vo has a finite support (recall that the measures with a finite
support form a dense set in P(X)) Let vg = Z )t j8x(j) such that A; > 0 and Zj_m Aj = 1. Then suppvy =

{x(j): 1< j<m}C X\U.Now, let v/ = Ao8x(0) + ()q —X0)8x(1) + Z/ - oY j8x(j)» where xo € U and 0 < A9 < Ag

such that A0|¢, (x0) — @i (x1)| < e foreveryi =1,2,...,k. The choice of A¢ yields that v € W. Consequently, v ¢ U
and supp v’ C X\U. This contradicts xo € U N supp V.

To show U is convex, it suffices to prove that supp(fv; 4+ (1 — ¢)vy) = supp vy U supp v, for any vy, v € P(X)
and any f € (0, 1). Obviously, suppv; U suppvy D supp(tvi + (I — #)v2). Assume x € suppvj. Then for every
neighborhood V, of x there exists a function ¢, € C*(X) with ¢, (X\V,) =0 and v;(¢,) # 0. Since v (¢y) =
vi(¢F) — vi(p; ), where ¢ and ¢ are the positive and negative parts of ¢y, we can suppose ¢, is non-negative.
Then, v(¢y) = vi(¢yx) > 0 with v =v =tv; + (1 — f)v2. Hence, x € supp v which completes the proof. O

Proof of Theorem 1.4. Choose a countable base {V,,: n > 1} for the topology of M, andlet B, = {v € P(X): suppvN
a1 (V) = #}. By Lemma 4.1, each B, is closed in I3(X). Let B be the set of all maps & € Chy(Y, X) such that
m(supph(y)) is dense in w(f~'(y)) for any y € Y. Obviously, B = ﬂn>1 Gn, where G, ={h € Chy (Y, X): h(y) ¢
B, for all y € Y}. It suffices to show that each G, is open and dense in Ch (Y, X) with respect to the source limitation
topology.

Claim 1. Each G, is open in Chy (Y, X).

We can suppose that each V,, is of the form V,, = gn_ (0, c0) for some non- negative function g, € C*(M). Then
v € By, if and only if v(g, om) =0, n > 1. Obviously the equality D, (u, u') = d(/,L u) + lu(gnom) —p "(gn o),
where u, 1’ € P(X ) and disa compatible metric on P(X ), defines a compatible metric on P(X ) for every n > 1.
Given h € G,, we consider the continuous function «: Y — (0, 00), a(y) = h(y)(gn o) /2. We have Bp, (h, a) C G,.
Indeed, if A’ € Bp, (h, ), then |h'(y)(gn o ) — h(¥)(gn o m)| < Dp(h(¥), h'(y)) < a(y) for all y € Y. The last
inequality implies /' (y)(g, o) > a(y) > 0, y € Y. Hence, h'(y) ¢ B, forall y € Y. So, i’ € G,, which completes the
proof of Claim 1.

To show that any G, is dense in Chf(Y X), we fixm =1, h € Chy(Y, X) and a function n:Y — (0, 00). We
are going to find a map #’ € G,, with d(h (), h(y)) < n(y) for all y € Y. To this end, following the proof of
Theorems 1.2 and 1.3, take a complete O-dimensional space Z and a perfect Milyutin map g:Z — Y with a right
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inverse g*:Y — Pg(Z). We also consider the lower semi-continuous convex and closed-valued map @ : Z — 13(X ),

D(z) = P(f 1(g(z))) N B(h(g(2)),n(g(2))). According to Lemma 4.1, B,, N P(f 1(g(z))) is a closed nowhere
dense subsets of P( f- l(g (z))) for every z € Z. Hence, all B,, N @(z) are closed and nowhere dense in @(z). Then,

by [9, Theorem 1.2], @ has a continuous selection 8 : Z — P(X) such that 6(z) € @(z)\ B, z € Z. As in the proof of
Theorem 1.3,let h':Y — P(X) be the composition 6 o g*, where 6 : Pg(Z) — ﬁ(X) is an extension of @ defined by
é(u)(q&) =v(u(¢p)), » € C*(X). Following the arguments from Theorem 1.3, we can show that c?(h’(y), h(y)) <n(y)
for all y € Y. Next claim completes the proof of Theorem 1.4.

Claim 2. 1/ (y) ¢ By, forany y €Y.

The proof of this claim is reduced to find a function ¢, € C*(X) such that ¢, (X\7r_l (Vin)) =0 and h(y)(¢y) #0.
Indeed, in such a case supph(y) N7~ (V,,) # @. Since 6(z) ¢ B, for all z € g~ (y), suppA(z) N~ 1 (V,,) # 0.
Consequently, for any z € g~!(y) there exists a function ¢, € C*(X) with ¢.(X\7 ' (V,,)) =0 and 6(z)(¢,) # 0.
Considering the positive or negative parts of ¢,, we may assume each ¢, > 0. Next, use the continuity of 8 and
the compactness of g~!(y) to find finitely many points z(i) € g~'(y), i = 1,2, ..., k, and neighborhoods U,y such
that 6(z)(¢)) > 0 provided z € U,(;. Finally, let ¢, = Zizlf ¢2(i)- Then ¢y(X\n’] (Vi) =0 and u(¢y)(2) =
0(2)(¢y) > 0 for any z € g~1 (). So, h(y)(¢y) = min{u(¢,)(z): z € g~ (y)} > 0 because g~!(y) is compact. This
completes the proof of the claim. O

Proof of Corollary 1.5. Since f is closed with separable fibers, there exists a map  : X — Q such that all restrictions
| f _l(y), y € Y, are embeddings, see [13]. Here, Q is the Hilbert cube. Then, by Theorem 1.4 (with M replaced
by Q), f is densely exact. If, in addition, the fibers of f are perfect, both Theorems 1.3 and 1.4 imply that f is densely
exact atomless. O

Proof of Corollary 1.6. Consider the graph G(®) = [ J{{y} x @(y): y € Y} C Y x X of & and the projection
f:G(®) — Y. Since @ is continuous, G(P) is closed in ¥ x X and f is both open and closed. Then G(®) is a
complete space. Now, by Corollary 1.5, there exists a map h’:Y — P(G(®)) with each #'(y) € P(f~'(y)) being
exact measure. Therefore, supph'(y) = f_l(y). Let h = 13(71) o h/, where m: G(®) — X is the projection into X.
Since 7 embeds each f~!(y) onto ®(y), h is a map from Y into f’(X) such that supph(y) = @(y) forevery y € Y.
If @(y) are perfect sets, so are the fibers f ~1(y), and /' can be chosen to be atomless and exact. In such a case A is
also atomless. O

5. Note added in proof

Recently T. Banakh informed the author that V. Bogachev and A. Kolesnikov [5] proved the following result: The
map P(f) from Theorem 1.1 is open. This, in combination with Michael’s convex-valued selection theorem [10],
provides another proof of Theorem 1.1.
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