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to g and dimg’({z} x I") < n for all z € I". The class of spaces having the FAP(n)-property is investigated in
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1. Introduction

All spaces in the paper are assumed to be Tychonoff and all maps continuous. By C(X, M) we denote the space of all
maps from X into M.

We say that a metric space M has the fibered approximation property in dimension n (briefly, M € FAP(n)), where
n >0, if forany e >0, any m > 0 and any map g: I" x I" — M there exists a map g’: I" x I" — M such that g’ is
e-homotopic to g and dimg’({z} x I") < n for all z € I".

In the paper we investigate the class of spaces having the FAP(n)-property, where n > 0. According to [10], this class
contains all Euclidean spaces. It is shown in Theorem 2.1 below that a complete metric space has the FAP(n)-property if
and only if it has locally the same property. So, any Euclidean manifold also has the FAP(n)-property, n > 0. Another
FAP(n)-spaces are described in the last section. For example, if M is a manifold modeled on the n-dimensional Menger
cube, or M =17, then M x Z has the FAP(n)-property for any completely-metrizable space Z.
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We also introduce a subclass of FAP(n)-spaces, the strong FAP(n)-spaces, see Section 4. For example, any product of
finitely many 1-dimensional completely metrizable LC(0)-spaces without isolated points is a strong FAP(n)-space for
all n > 0 (Corollary 4.1).

Next theorem is the main result in this paper.

Theorem 1.1.

Letf: X — Y be a perfect map with dima(f) < n, where X and Y are paracompact spaces. If M € FAP(n) is completely-
metrizable, then R (Y, M) = {g € C(X,M) : dimg(f~'(y)) < n forall y € Y} is a Gs-subset of C(X, M) and every
simplicially factorizable map in C(X, M) is homotopically approximated by maps from Rf (Y, M).

Corollary 1.1.
Let f: X — Y be a perfect 0-dimensional surjection between paracompact spaces and M be a completely metrizable
ANR. Then the maps g € C(X, M) with dimg(f~'(y)) = 0 for all y € Y form a dense Gs-subset of C(X, M).

Corollary 1.1 was obtained in [10] in the particular case when Y is a C-space and M an Euclidean space (see also [11]
for the case X compact, Y a C-space and M =1).

Corollary 1.2.

Let M € FAP(n) be a completely metrizable ANR and f: X — Y a perfect n-dimensional surjection between paracompact
spaces with Y being a C-space. Then the maps g € C(X, M) such that dim g(f~"(y)) < n for all y € Y form a dense
Gs-subset of C(X, M).

The version of Corollary 1.2 with M being an Euclidean space was established in [10].

Let us explain the notions in Theorem 1.1. A map g € C(X, M) is homotopically approximated by maps from a set
‘H C C(X, M) means that for every function € € C(X, (0, 1]) there exists g’ € H which is e-homotopic to g. Here, the
maps g and g’ are said to be e-homotopic, if there is a homotopy h: X x I — M connecting g and g’ such that each set
h({x} x I) has a diameter < g(x), x € X.

The function space C(X, M) appearing in this theorem is endowed with the source limitation topology whose neighbor-
hood base at a given function f € C(X, M) consists of the sets

By(f,€) = {g € C(X,M): Vx € X plg(x), f(x)) < e(x)},

where p is a fixed compatible metric on M and € : X — (0,1] runs over continuous positive functions on X. If X is
paracompact, the source limitation topology does not depend on the metric p and it has the Baire property provided M
is completely-metrizable.

We say that a map g: X — M is simplicially factorizable [1] if there exists a simplicial complex L and two maps
g1: X = Land g,: L — M such that g = g,0¢4. In each of the following cases the set of simplicially factorizable maps
is dense in C(X, M) (see [1, Proposition 4]): (i) M is an ANR; (ii) dim X < k and M is LC*™"; (iii) X is a C-space and
M is locally contractible.

The dimension dima(f) was defined in [1]: dima(f) of @ map f : X — Y is equal to the smallest cardinal number T
with the following property: for every open cover U of X there is a map g : X — I" such that the diagonal product
fAg : X — Y x I" is a U-disjoint map. The last one means that every z € (fAg)(X) has a neighborhood V such
that (fAg)~'(V) is the union of a disjoint open in X family refining U. According to results from [5], [6] and [9], for any
perfect map f : X — Y between paracompact spaces we have: (i) dimf < dima(f); (ii) dima(f) = O iff dimf = 0O; (iii)
dima(f) = dimf if Y a C-space; (iv) dima(f) < dimf + 1 if the spaces X, Y are compact.
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e
2. Some properties of FAP(n)-spaces

Suppose that (M, p) is a complete metric space and Z C M a closed set. For a perfect surjective map f: X — Y between
paracompact spaces with dimf < n and a subset H C Y, let

REH,Z)={g € CX,M):Yy € H dim(g(f"(y))nZ) < n}.

Let also R/ (H, Z, k), where H C Y and k > 1, denote the set of all maps g € C(X, M) satisfying the following condition:

e Eachset (g, y) = g(f'(y))NZ, y € H, can be covered by an open family y(g, y) in M of mesh < 1/k and order
<n.

Recall that the order of y(g, y) is < n provided any point of M is contained in at most n + 1 elements of y(g, y).

Lemma 2.1.
RI(H, Z) is the intersection of all R (H,Z, k), k > 1, forany H C Y.

Proof. letg € R!(H,Z). Then diml(g,y) < n for all y € H. Hence, (g, y) admits an open in M cover of mesh
< 1/k and order < n for any k > 1 and y € H. Therefore, R (H, Z) is contained in the intersection of all Rf (H, Z, k),
k > 1. On the other hand, if g € C(X, M) belongs to this intersection and y € Y is fixed, then each (g, y) admits open
covers of arbitrary small mesh and order < n. So, dim[(g,y) < n and g € R/ (H, Z). O

Lemma 2.2.

Suppose X and Y are metric spaces and g € R!(y, Z, k) for some y € Y and k > 1. Then there exists a neighborhood
V, of y in Y and &, > 0 such that g’ € Ri\(y’,Z, k) for any y’ € V, and g' € C(X, M) with p(g’(x), g(x)) < 8, for all
x € f~Y(y’). The same conclusion remains true if Z = M and X, Y paracompact.

Proof. Assume first that X and Y are metric spaces. In case (g, y) # @, it can be covered by an open in M family
¥(g,y) of mesh < 1/k and order < n. Let G = Uy(g, y) and T = M\G. If (g, y) = @, let [1 = Z. Hence, in both cases
we have

ZnNng(f'(y) = 2. (1)

It suffices to show there exists a neighborhood V, of y in Y such that
8, =p(g(f"(Vy).,ZnM) >0.

Indeed, otherwise there would be a sequence {x;};>1 C X such that {f(x;)}i>1 converges to y and p(g(x;),ZNM) < 1/i,
i > 1. Passing to a subsequence, we may assume that {x;};>1 also converges to a point x € f~'(y). So, g(x) €
Z N ng(f~(y)), which contradicts (1).

It Z =M, we let G = Uy(g, y) and 3, = %p(g(f‘1(y)),/\/l\0), where y(g, y) is as above. Using that f is perfect, we can
find a neighborhood V|, of y in Y such that p(g(f*1(Vy)),M\G) > 0,. Then V, and 9, are as required. O

Lemma 2.3.
Let H C Y be closed. Then every R!(H,Z, k) is open in C(X, M) in each of the following two cases: (i) Z C M is
closed and both X and Y are metric spaces; (ii) Z = M and X, Y are paracompact.

Proof. The lemma follows from the proof of [2, Proposition 3.3]. For completeness, we provide the arguments. We
consider only the first case, the second one is similar. Suppose go € R (H, Z, k). Then, by Lemma 2.2, for every y € H
there exist a neighborhood V,, and a positive d, < 1 such that g € Rf(y’,Z, k) for any y’ € V, provided g|f~'(y’) is
d,-close to go|f~'(y’). The family {V, N H : y € H} can be supposed to be locally finite in H. Then the set-valued map
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@: H— (0,1], (y) = U{(0,0,] : y € V,} is lower semi-continuous. By [7, Theorem 6.2, p.116], ¢ admits a continuous
selection B: H — (0,1]. Let B: Y — (0,1] be a continuous extension of B and a = B o f. It suffices to show that if
g € C(X, M) with p(go(x), g(x)) < a(x) for all x € X, then g € R/(y, Z, k) for every y € H. So, we take such a g and
fix y € H. Then there exists z € H with y € V, and a(x) < g, for all x € f~'(y). Hence, p(go(x),g(x)) <8, x € f(y).
Therefore, according to the choice of V, and 6,, g € R (y, Z, k). O

Lemmas 2.1 and 2.3 imply the following proposition.

Proposition 2.1.
Let H C Y be a closed set. Then R!(H,Z) is a Gs-subset of C(X, M) in any of the cases (i) and (ii) from Lemma 2.3.

Next lemma is very useful when dealing with homotopically dense subsets of function spaces. Here, a set U C C(X, M)
is said to be homotopically dense in C(X, M) if for every g € C(X, M) and € € C(X, (0, 1)) there exists g’ € U which is
e-homotopic to g.

Lemma 2.4 ([1, Lemma 2.2]).
Let X be a metric space and G C C(X, M). Suppose {U(i)}i>1 is a sequence of open subsets of C(X, M) such that

e for any h € G, i > 1 and any function n € C(X, (0,1]) there exists g; € B,(h, n) N U(i) N G which is n-homotopic
to h.

Then, for any g € G and €: X — (0, 1] there exists g’ € (\o; U(i) and an e-homotopy connecting g and g'. Moreover,
g’|A = go|A for some gy € C(X, M) and A C X provided g;|A = go|A for all i.

Corollary 2.1.
Let X be a metric space and {G;}i»1 a sequence of homotopically dense Gs-subsets of C(X, M). Then the set (2, G;
is also homotopically dense in C(X, M).

Proof. Each G; is the intersection of a sequence {G;;};>1 of open sets in C(X, M). Since G; is homotopically dense
in C(X, M), so are all G, j > 1. Then we apply Lemma 2.4 for the sequence {G;;};;>1 with G being the whole space
C(X, M). O

We are going to show the local nature of the FAP(n)-properties.

Theorem 2.1.
A complete metric space M possesses the FAP(n)-property if and only if every z € M has a neighborhood U, € FAP(n).

Proof. It is easily seen that if M € FAP(n), then every open set U C M also has the FAP(n)-property. Suppose
every z € M has an open neighborhood U, € FAP(n). Fix an integer m > 0 and consider the projection 7: I" xI" — I".
We need to prove that the set R7(I", M) is homotopically dense in C(I" x I, M). To this end, using an idea from the
proof of [4, Theorem 3.6], for every z € M choose a positive €, such that U, contains the closed ball B(z, 3¢,) with center
z and radius 3¢,. Following the notations from the beginning of this section (with X replaced by I" x I" and Y by I"),
we consider the sets R(z) = R} (1", B(z, €,)), z € M.

Claim 2.1.
Every R(z), z € M, is a homotopically dense Gs-subset of C(I" x 1", M).

All R(z) are Gs-subsets of C(I" x I”, M) by Proposition 2.1. To show their homotopical density in C(I" x 1", M), fix
20 €M, go € C(I" x I",M) and € > 0 with € < ¢,. Let A,) = g5'(B(z0,2¢€,,)) and W,, = g5 (B(z0,3€,,)). Choose
finitely many sets K; = A; x B;, i = 1,2, .., k, such that A; C I" and B; C I” are homeomorphic to I and 1", respectively,
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and A,y CK = Uj:’f Ki € W,,. We can also suppose that there exists a polyhedron L such that A,; C L C K. For every
i consider the set

Ri={he CKi,U,):YyecA dimh({y} x B;) < n} (2)

and let p;: C(K, U,,) = C(K;, U,,) be the restriction map g — ¢|K;, g € C(K, U,)). Obviously, p; are continuous. By
Proposition 2.1, each R; is a Gs-subset of C(K;, U,,). Hence, all p;'(R;) are Gs-subsets of C(K, U,,). Moreover, each R,
is homotopically dense in C(Kj, U,,) because U,, € FAP(n). This, according to the Homotopy Extension Theorem, implies
that p;'(R;) are also homotopically dense in C(K, U,,). So, by Corollary 2.1, H = ﬂfj pr(R;) is homotopically dense
in C(K, Uy). Then there exists a map h € H which is e-homotopic to go|K. Applying again the Homotopy Extension
Theorem for the maps h|L and g, we obtain a map g* € C(I" x I", M) such that g*|L = h|L and g* is e-homotopic to
go. Let us show that g* € R(z), or equivalently, dim g*({y} x I") N B(zo, €,,) < n for every y € I". It is easily seen that
(g*)7'(2) C A,, for every z € B(zo, ). The last inclusion yields that g*({y} x I") N B(zo, €;,) C h(({y} x I") N A,) for
any y € n(A,) and g*({y} x I") N B(zo, €,,) = @ if y & 7(A,,). Therefore, the proof of the claim is reduced to show that
dimh(({y} xI")NA,) < nforany y € m(A,). And this is really true. Indeed, for any such y let A(y) = {i < k: y € A}
Then ({y} x I") N Ay = Uien({y} x Bi) NA,. Since h|K: € R;, by (2) we have dimh(({y} x B;) N A) < n for every
i € My). Hence, h(({y} xI") N A,,) is the union of its closed sets h(({y} x Bi) NA,), i € A(y), each of dimension < n.
So, dimh(({y} x I") N A,) < n which completes the proof of the claim.

Now, we can show that R7(I", M) is homotopically dense in C(I" x I", M). To this end, fix g € C(X, M) and n > 0, and
choose finitely many points zz € M, i = 1,...,q, such that g(I" x I") C Ufj B(zi, €,/2). Let 6 = min{n, €,,/2:i < q}.
By the above claim, each R(z;) is a homotopically dense Gs-subset of C(I" x 1", M). Therefore, so is the set ﬂ,‘qu(Zi)
according to Corollary 2.1. Hence, there exists g’ € ﬂ[Sq R(z:) which is 0-homotopic to g. It is easily seen that
g'(I" x I") ¢ UZI B(zi, €,), s0 ¢’'({y} x I") C Uicg '({y} x I") N B(zi, €,,) for any y € I". Observe that each set
g'({y} xI"YN B(z;, €,), i < q, is of dimension < n because g’ € R(z). Hence, dimg’'({y} x I") < n for all y € I".
Thus, g’ € R7(I", M). This completes the proof. O

Next proposition shows that in the definition of FAP(n)-spaces we can consider any product I x I¥ where m > 0 and
k < n.

Proposition 2.2.
If a metrizable space M has the FAP(n)-property, then any map g: I™ x I¥ — M, where m > 0 and k < n, can be
approximated by a map g': 1" x I¥ — M such that dim g'({z} x I¥) < n for all z € T™.

Proof. Suppose M has the FAP(n)-property. Let e > 0 and g: I" x I¥ — M with k < m. Take a retraction r: I" — I*
and consider the maps 7ty: I" x I" — 1" x I¥ and my: I" x I¥ — 1" defined, respectively, by m((z, x)) = (z, r(x)) and
75(z, y) = z. Then 7 = myom: 1" xI" — 1" is the natural projection. Since M € FAP(n), there exists h € C(I" x1", M)
which is e-homotopic to the map g o 7y and dim h({z} x I") < n for all z € I". Consequently, the map g’ = h|(I" x I¥)
is e-homotopic to g and dimg’'({z} x I¥) < n, z € T". O

Next theorem provides a characterization of FAP(n)-spaces in terms of simplicial maps.

Theorem 2.2.

For a complete metric space M the following conditions are equivalent:
(i) M possesses the FAP(n)-property;

(i) If p: K — L is at most n-dimensional simplicial map between finite simplicial complexes, then the set Rh(L, M)
is homotopically dense in C(K, M);

Proof. (i) = (ii) Suppose M € FAP(n) and p: K — L a simplicial map between finite simplicial complexes with
dimp = k < n. Let KO, [ be the set of vertices of K and L, respectively, and fix go € C(K, M) and € > 0.

First, we assume that K is a simplex. Then L is also a simplex and, since dimp = k, p~'(z) N K© contains at most
k + 1 points for every vertex z € L. Consequently, we can find a map e©@: K@ — ¢/ which is injective on each
set p7'(z) N KO, z € LO. Here, 0y is a k-dimensional simplex. This map induces an affine map e: K — g;. Then
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the diagonal map h = pAe: K — L x g; is an affine embedding. So, there exists a retraction r: L x op — K such
that h o r is the identity on h(K). Consider the projection 7: : L x g — L. By Proposition 2.2, there exists a map
g: L x gp = M e-homotopic to go o r such that dimg({z} x ox) < n for every z € L. Then for the map ¢ = goh
we have dimg’(p~'(2)) < n because h(p~'(z)) is homeomorphic to a subset of {7z} x g;. Moreover, it follows that g’ is
e-homotopic to go. Therefore, in this case R7(L, M) is homotopically dense in C(K, M).

Now, we can prove the general case. Let {K;:i < s} be all simplexes of K and for each i < s we denote

H,={g € C(K,M) :dimg(p~'(2) nK) < n V¥ zepK)}

According to Proposition 2.1, H; are Gs in C(K,M). It is easily seen that 'R,ﬁ(L,/\/I) = ﬂﬁj ‘H;. So, by Corollary
2.1, it suffices to show that each H; is homotopically dense in C(K, M). Using the previous case, each set K; = {g €
C(K:,M) : dimg(p~'(2)NK;) £ n ¥V z € p(K;)} is homotopically dense in C(K;, M). Therefore, there exists a map g; € K;
which is e-homotopic to go|K;. Then, by the Homotopy Extension Theorem, g; can be extended to a map g, € C(K, M)
e-homotopic to gg. Obviously, g, € H;. So, each H; is homotopically dense in C(K, M) which completes the proof.

(i) = (i) This implication is trivial because any projection s: I x I" — I" is a simplicial map with respect to suitable
trianqulations of I and I" x I". O

3. Proof of Theorem 1.1 and Corollaries 1.1 - 1.2

In this section, following the notations from Section 2, we assume that (M, p) is a completely-metrizable FAP(n)-space.
As we already observed, every g € C(X, M) is simplicially factorizable provided M is an ANR. Moreover, if f: X — Y
is a perfect map between paracompact spaces, then dim f = dima(f) when either dimf = 0 or Y is a C-space [1]. Let
us also note that every ANR has the FAP(0)-property. Hence, the proofs of Corollaries 1.2 and 1.3 follow from Theorem
1.1.

By Proposition 2.1, R/ (Y, M) is a Gs-subset of C(X, M). So, to prove Theorem 1.1 it suffices to show that any simplicially
factorizable map in C(X, M) can be approximated by maps from R/ (Y, M). This will be done in Proposition 3.1 below.
Recall that a map p: K — L between two simplicial complexes is a PL-map if p(0) is contained in a simplex of L and p
is linear on o for every simplex o € K.

Lemma 3.1.

Let p: K — o be a PL-map between a finite simplicial complex K and a simplex o with dimp < n. Suppose
go € C(K, M) such that dim go(p~"(y)) < n for all y € do, where da is the boundary of a. Then, for every € > 0 there
exists a map g € Rh(a, M) which is e-homotopic to go and g|p~'(do) = go|p~"(d0).

Proof. We may assume that p is simplicial because any PL-map between finite simplicial complexes is simplicial
with respect to some triangulations of the complexes. Let Q = p~'(do) and G = {g € C(K, M) : g|Q = go|Q}. All sets
U(k) = Rh(a,M, k), k > 1, are open in C(K, M) and their intersection is R} (g, M), see Lemmas 2.1 and 2.3. So, by
Lemma 2.4, it suffices to show that each U(k) has the following property: any g € G can be homotopically approximated
by maps from U(k) N G.

So, fix g € G, k > 1 and 0 > 0. We are going to find h € U(k) N G which is 0-homotopic to g. Since g|Q = g¢|Q,
g € Rh(y, M, k) for every y € do. Consequently, each y € do has a neighborhood V, in ¢ with corresponding 8, > 0

both satisfying the hypotheses of Lemma 2.2. Choose finitely many y; € do, i <'s, such that V = U V,, covers do. Let
i<s
F =o0\V and n=min{0d,9,, : i < s}. We consider such a triangulation T of o that the complex L = {teT:1nF + o}
is disjoint with do. Because K and o are finite complexes, both they have triangulations Tx and T, such that T, is
a subdivision of T and p remains simplicial with respect to Tx and T,. So, we can apply Theorem 2.2 to find a map
g1 € Rh(a, M) which is n-homotopic to g. Then the map g.: QU p~'(L) = M, g,|Q = g|Q and g2|p~" (L) = g1|p7(L),
is n-homotopic to g|QU p~'(L). Since QU p~'(L) is a subcomplex of K, by the Homotopy Extension Theorem, g, can be
extended to a map h: K — M which is n-homotopic to g. We have h € ’R,ﬂ(y,/\/l,k) for all y € 0. Indeed, this follows
from the choice of V,, and §;, i <'s (when y € V), and from g1 € Ri(g, M) (when y € L). Hence, h € U(k) N G which
completes the proof. O
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Next step is to prove that the set R/ (L, M) is homotopically dense in C(N, M) for any perfect PL-map f: N — L between
simplicial complexes with dimf < n .

Lemma 3.2.
Let N, L be simplicial complexes and f: N — L a perfect PL-map with dimf < n. Then R! (L, M) is a homotopically
dense subset of C(N, M)

Proof. We follow the arguments from the proof of [1, Lemma 11.3]. Fix g € C(N,M) and a € C(N, (0,1]). We are
going to find h € R (L, M) which is a-homotopic to g. Let L, i > 0, be the i-dimensional skeleton of L and put
L= = @ and h_y = g. Construct inductively a sequence (h; : N — M);s¢ of maps such that

o hilf1(LE=D) = hy_y £ (LED);

a

e h;is 53 homotopic to h;_q;

o dimh;(f~"(y)) < n for every y € 1O,

Assuming that the map h;_1 : N — M has been constructed, consider the complement L@\ L= = 11,., 31, which is the
discrete union of open i-dimensional simplexes. Since, by [1, Lemma 4.1}, each f~"(g}) is a finite subcomplex of N, and
dimhi_1(f'(y)) < n for every y € L=, we can apply Lemma 3.1 to find a map g; : f~'(g)) = M, j € J;, such that

e g; coincides with h;_; on the set f_1((f}171));

e gis %—homotoplc to h,_q;
e dimg;(f~'(y)) < n for every y € 0.

Define a map ¢; : f~(L¥) — M by the formula

(x) = hi_q(x) if x € F1(LED);
" g;(x) if x e f_1(0/).

It can be shown that ¢; is %—homotoplc to hi_1[F~1(L@). Moreover, f~'(L?) is a subcomplex of N (according to [1,
Lemma 4.1]). So, by the Homotopy Extension Theorem, there exists a continuous extension h; : N — M of the map ¢;

a
which is ——-homotopic to h;_1. The map h; satisfies the inductive conditions.

2i+2
Then the limit map h = lim;_,,, h; : N — M is well-defined, continuous and a-homotopic to g. Finally, since h|f~" (L) =
hif=Y(LY) for every i >0, h € R (L, M). O

Now, we can complete the proof of Theorem 1.1.

Proposition 3.1.

Letf: X — Y be a perfect map between paracompact spaces with dima(f) < n. Then every simplicially factorizable map
g € C(X, M) can be homotopically approximated by simplicially factorizable maps h € C(X, M) such that dim h(f~'(y)) <
n for every y € Y.

Proof. We follow the construction from the proof of [2, Proposition 3.4]. Fix a simplicially factorizable map g €
C(X,M) and € € C(X,(0,1]). Then there exist a simplicial complex D and maps gp: X — D, g°: D — M with
g = g” o gp. The metric p induces a continuous pseudometric pp on D, pp(x,y) = p(g°(x), g°(y)). Since D is a
neighborhood retract of a locally convex space (see [3] and [8]) and any sufficiently close maps from a given space into
D are homotopic, we apply [1, Lemma 8.1] to find an open cover U of X satisfying the following condition: if a: X —» K
is a U-map into a paracompact space K (i.e, a~'(w) refines U for some open cover w of K), then there exists a map

q': G — D, where G is an open neighborhood of a(X) in K, such that gp and g’ o @ are €/2-homotopic with respect to
the pseudometric pp. Let U be an open cover of X refining U with inf{e(x) : x € U} > 0 for all U € U;.
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Next, according to [1, Theorem 6], there exists a locally finite open cover V of Y such that: for any V-map B: Y — L into
a simplicial complex L we can find an U-map a: X — K into a simplicial complex K and a perfect PL-map p: K — L
with Bof =poaand dimp < dima f. Take L to be the nerve of the cover V and B: Y — L the corresponding natural
map. Then there are a simplicial complex K and maps p and « satisfying the above conditions. Hence, the following

diagram is commutative:
X K
Y L

The choice of the cover U guarantees the existence of a map ¢p: G — D, where G C K is an open neighborhood of

a(X), such that gp and hp = ¢p o a are e/2-homotopic with respect to pp. Then, according to the definition of pp,

a
_—

—_—
B

h" = gP o gp o a is e/2-homotopic to g with respect to p. Replacing the triangulation of K by a suitable subdivision,
we may additionally assume that no simplex of K meets both a(X) and K\G. So, the union N of all simplexes 0 € K
with o N a(X) # & is a subcomplex of K and N C G. Moreover, since N is closed in K, py = p|[N: N — L is a perfect
map and dim py < dima f. Therefore, we have the following commutative diagram, where N and L are finite complexes,

pn is a PL-map and ¢ = g® o ¢p:

a (poa
- — M

%

Using that a is a Us-map and inf{e(x) : x € U} > 0 for all U € U4, we can construct a continuous function ¢, : N — (0, 1]

PN

~<——2

-

B

with ejoa < €. Then, by Lemma 3.2, there exists a map ¢; € C(N, M) which is e;/2-homotopic to ¢ and dim ¢1(py'(2)) < n
for every z € L. Let g’ = ¢ 0a. Obviously, g’ is simplicially factorizable. It is easily seen that g’ and g are e-homotopic
and g'(f(y)) C @1(pN' (B(y))) for all y € Y. So, dim g’(f~"(y)) < dim ¢1(p' (B(y))) < n. The proof is completed. O

4. Some more examples of FAP(n)-spaces

The class of AP(n,0)-spaces was introduced by the authors in [2]: we say that a metrizable space M has the AP(n, 0)-
approximation property (br., M € AP(n,0)) if for every € > 0 and a map g: I" — M there exists a 0-dimensional map
g': 1" — M which is e-homotopic to g. Next proposition provides a wide class of spaces with the FAP(n)-property.

Proposition 4.1.
Let My € AP(n,0) be a completely-metrizable n-dimensional space, n > 0. Then M; x M, has the FAP(n)-property for
any completely-metrizable space M,.

Proof. We are going to show that every map g = (g1, g2): I" x I" — M; x M,, where m > 0, can be homotopically
approximated by a map h € C(I" x I", My x M) with dim h({z} x I") < n for all z € I™. Denote by s the projection
w: I" x I" — I". Since M; has the AP(n,0)-property, the map g,: I” x I" — M, can be homotopically approximated
by a map hq: I" x I" — M such that all restrictions h4|({z} x I"), z € I", have O-dimensional fibers, see [2, Theorem
1.1]. This means that the diagonal product 7Ah: I" x I" — I" x M, is a O-dimensional map. It follows from our
definition that every metrizable space has the FAP(0)-property. So, by Theorem 1.1, the map g,: I" x I" — M, can be
homotopically approximated by a map hy: I" x I" — M, such that all images hz(({z} x I")n h! (21)), (z,z1) € I" x My,
are O-dimensional. Then h = (hy, hy): I" x I" — My x M, approximates g. For any z € I" consider the map
p.: h({z} xI") = hi({z} xI"), p.(h(z, t)) = hi((z. 1)), t € I". Observe that dim hy({z} xI") < n (recall that dim M; = n)
and p;'(z1) = hy(({z} x I") N h7'(z1)) for any z; € hy({z} x I"). So, dimp, = 0. According to the dimension-lowering
Hurewicz theorem, dim h({z} x I") < dim h1({z} x I") 4+ dim p, < n. This completes the proof. O
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Since every space with the disjoint (n — 1)-disks property DD"~'P, in particular, every manifold modeled on the n-
dimensional Menger cube or the n-dimensional N obeling space, is an AP(n, 0)-space, see [2, Corollary 6.5], we have
the following

Corollary 4.1.
Let X be a completely-metrizable n-dimensional space with the disjoint (n — 1)-disks property. Then X x M has the
FAP(n)-property for any completely-metrizable space M.

Now, we introduced a subclass of the FAP(n)-spaces: a metric space M is said to be a strong FAP(n)-space it M €
FAP(k) for all k < n. This is equivalent to the following condition: any map g € C(I" x I¥, M), where m > 0 and k < n,
can be homotopically approximated by a map g’ € C(I" x I¥, M) with dim g’({z} x I¥) < k for all z € I".

The local nature of strong FAP(n)-spaces follows from Theorem 2.1.

Theorem 4.1.
A complete metric space M has the strong FAP(n)-property iff every z € M has a neighborhood with the same property.

By [10], any Euclidean space possesses the strong FAP(n)-property for all n > 0. More general examples of strong
FAP(n)-spaces are provided by next proposition.

Proposition 4.2.
The product [ ._; M; of completely-metrizable LC%-spaces without isolated points is a strong FAP(n)-space.

Proof.  According to [2, Corollary 6.3], any product of k many completely-metrizable spaces LC’-space without isolated
points has the AP(k, 0)-property. Then Proposition 4.1 completes the proof. O

Corollary 4.2.
Any product of finitely many completely-metrizable 1-dimensional LC’-spaces without isolated points has the FAP(n)-
property for all n > 0.

Acknowledgements

The second author was partially supported by NSERC Grant 261914-08.

References

[1] Banakh T., Valov V., General position properties in fiberwise geometric topology, preprint available at http://arxiv.org/
abs/1001.2494

[2] Banakh T, Valov V., Approximation by light maps and parametric Lelek maps, preprint available at http://arxiv.org/
abs/0801.3107

[3] Cauty R., Convexité topologique et prolongement des fonctions continues, Compos. Math., 1973, 27, 233-273
(in French)

[4] Matsuhashi E., Valov V., Krasinkiewicz spaces and parametric Krasinkiewicz maps, available at http://arxiv.org/
abs/0802.4436

[5] Levin M., Bing maps and finite-dimensional maps, Fund. Math., 1996, 151, 47-52

[6] Pasynkov B., On geometry of continuous maps of countable functional weight, Fundam. Prikl. Matematika, 1998, 4,
155-164 (in Russian)

[7] Repové D., Semenov P, Continuous selections of multivalued mappings, Mathematics and its Applications, 455,
Kluwer Academic Publishers, Dordrecht, 1998




Spaces with fibered approximation property in dimension n

[8] Sipachéva O., On a class of free locally convex spaces, Mat. Sb., 2003, 194, 25-52 (in Russian); English translation:
Sb. Math., 2003, 194, 333-360
[9] Tuncali M., Valov V., On dimensionally restricted maps, Fund. Math., 2002, 175, 35-52
[10] Tuncali M., Valov V., On finite-dimensional maps I, Topology Appl., 2003, 132, 81-87
[11] Uspenskij V., A remark on a question of R. Pol concerning light maps, Topology Appl., 2000, 103, 291-293

420



	Introduction
	Some properties of FAP(n)-spaces
	Proof of Theorem 1.1 and Corollaries 1.1 - 1.2
	Some more examples of FAP(n)-spaces
	Acknowledgements
	References

