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1. Introduction

The classes of I-favorable and very I-favorable spaces were introduced by P. Daniels, K. Kunen and H. Zhou [2]. Let us
recall the corresponding definitions. Two players are playing the so-called open-open game in a space (X, 7x), a round
consists of player I choosing a nonempty open set U C X and player Il a nonempty open set V C U; I wins if the union
of II's open sets is dense in X, otherwise Il wins. A space X is called I-favorable if player I has a winning strategy. This means
that there exists a function o : [ J{T{: n > 0} — Tx such that for each game

0(92), Bo,0(Bo), B1,0(Bo, B1), B2, ..., Bn,0(Bo, ..., Bn), But1, ...

the union U@O By is dense in X, where ¥ # 0 (@) € Tx and Byy1 Co(Bo, B1,..., By) # @ and @ # By € Tx for k > 0.

A family C c [Tx]S? is said to be a club if: (i) C is closed under increasing w-chains, i.e., if C; € C; C --- is an increasing
w-chain from C, then Un>1 Cn € C; (ii) for any B € [Tx]S® there exists C € C with B C C.

Let us recall [7, p. 218], that C C. 7x means that for any nonempty V € 7x there exists W € C such that if U € C and
UcCW, then UNV # @. A space X is I-favorable if and only if the family

{PelTxS?: P e Tx)

contains a club, see [2, Theorem 1.6].
A space X is called very I-favorable if the family

{PelTxIS?: P Tx)

contains a club. Here, P C; 7x means that for any S C P and x ¢ clx|JS, there exists W € P such that x e W and
W NJS =0. It is easily seen that P C, 7x implies P C. 7x.
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It was shown by the first two authors in [5] that a compact Hausdorff space is I-favorable if and only if it can be
represented as the limit of a o-complete (in the sense of Shchepin [10]) inverse system consisting of I-favorable compact
metrizable spaces and skeletal bonding maps, see also [4] and [6]. For similar characterization of I-favorable spaces with re-
spect to co-zero sets, see [14]. Recall that a continuous map f : X — Y is called skeletal if the set Inty cly f(U) is nonempty,
for any U € Ty, see [8].

In this paper we show that there exists an analogy between the relations I-favorable spaces—skeletal maps and very
[-favorable spaces—d-open maps (see Section 2 for the definition of d-open maps). The following two theorems are our
main results:

Theorem 3.3. A Hausdor{ff space X is very I-favorable if and only if X = a-1lim S, where S = {Xa, qg‘, C} is a o-complete inverse
system such that all X, are (not-necessarily Hausdorff) spaces with countable weight and the bonding maps q'g are d-open and onto.

Theorem 4.1. A completely regular space X is very I-favorable with respect to the co-zero sets if and only if X is d-openly generated.

We say that a space X is an almost limit of the inverse system S = {X,, ng, I'}, if X can be embedded in lim S such that
75 (X) = Xy for each o € I". We denote this by X =a-1im S, and it implies that X is a dense subset of limS. A completely
regular space X is d-openly generated if there exists a o-complete inverse system S = {X,, ng , I'} consisting of separable
metric spaces X, and d-open surjective bonding maps ng such that X =a-lim .

Theorem 4.1 implies the following characterization of «-metrizable compacta (see Corollary 4.3), which provides an
answer of a question from [14]: A compact Hausdorff space is very I-favorable with respect to the co-zero sets if and only

if X is k-metrizable.
2. Very I-favorable spaces and d-open maps

T. Byczkowski and R. Pol [1] introduced nearly open sets and nearly open maps as follows. A subset of a topological
space is nearly open if it is in the interior of its closure. A map is nearly open if the image of every open subset is nearly
open. Continuous nearly open maps were called d-open by M. Tkachenko [12]. Obviously, every d-open map is skeletal.

Proposition 2.1. Let (X, 7x) and (Y, Zy) be topological spaces and f : X — Y a continuous function. Then the following conditions
are equivalent:

(1) fisd-open,

(2) clx f~Y (V)= f~Y(cly V) forany open V C Y;

(3) f(U) ClIntycly f(U) for every open subset U C X;

@) {71V Vely) i Tx.

Proof. The implication (1) = (2) was established in [12, Lemma 5]. Obviously (3) = (1). Let us prove the implication
(2) = (3). Suppose U C X is open. Then we have X\ f~(Inty cly f(U)) C X\ U. Indeed, Y \Inty cly f(U) =cly(Y \cly f(U))
and by (2) we get

FH(ely (Y \dly f))) =clx(f7(Y \ cly f(W))).
But clx(f~1(Y \ cly f(U))) =clx(X\ f~'(cly f(U))) and

X\ f N (cly f)) c X \elx fTHfU)) C X \elxU C X\ U.

Hence f(U)NY \Intycly f(U)=¢ and f(U) C Inty cly f(U).

To show (4) = (2), assume that {f~1(V): V € Ty} C, Tx. Since f is continuous we get clx f~1(V) c f~1(cly V) for any
open set V C Y. We shall show that f~'(cly V) c clyx f~1(V) for any open V C Y. Suppose there exists an open set V C Y
such that

FNcly V) \cx fH(V) #0.

Let xe f~(cly V) \ clx f~'(V) and S = {f~1(V))}. Since x ¢ clx | JS = clx f~1(V), there is an open set U € By such that
xe f~Y(U) and f~1(U)N f~1(V) =@. Therefore, f(x) € UNcly V which contradicts V N U = @.

Finally, we can show that (2) yields {f~'(V): V € Ty} C, Tx. Indeed, let S c {f~'(V): V € Ty} and x ¢ clx | JS. Then
there is U € 7y such that | JS = f~1(U). Hence, clx | JS = f~!(cly U). Put

W= f"(Y\clyU).
We have xe W and WNclxUS=0. O
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Remark 2.2. If, under the hypotheses of Proposition 2.1, there exists a base By C 7y with {f~1(V): V € By} ¢, Ty, then f
is d-open.

Indeed, we can follow the proof of the implication (4) = (2) from Proposition 2.1. The only difference is the choice of the
family S. If there exists x € f~1(cly V) \ clx f~1(V) for some open V C Y, we choose S = {f~1(W): W e By and W C V}.
Next lemma was established in [12, Lemma 9].

Lemma2.3. et f: X — Y and g:Y — Z be continuous maps with f being surjective. Then g is d-open provided sois go f. O

Let X be a topological space equipped with a topology 7x and Q C 7x. Suppose that there exists a function
o :|J{Q": n >0} — Q such that if Bg, By,... is a sequence of nonempty elements of Q with By C 0(@) and Bpy1 C
o((Bo, By, ...,By)) for all n € w, then {By: n € w} U {o((Bg, B1,...,By)): new}Cy Q. The function o is called a strong
winning strategy in Q. If Q = 7, o is called a strong winning strategy. It is clear that if o is strong winning strategy, then
it is a winning strategy for player I in the open-open game.

Lemma 24. Let o : [ J{Q": n > 0} — Q be a strong winning strategy in Q, where Q is a family of open subsets of X. Then P C; Q
for every family P C Q such that P is closed under o and finite intersections.

Proof. Let P C Q be closed under o and finite intersections. Fix a family S C P and x ¢ cl|JS. If o (@) N{J S # ¢, then take
an element U € S such that o0 (@)NU # @ and put Vo =0 (@)NU € P. If o (@) N|J S =0, then put Vo =0 (&) € P. Assume
that sets Vo, ..., V, € P are just defined. If o(Vy,..., V) NJS # @, then take an element U € S such that o (Vo,..., Vy)N
U#@ and put Vypq =0 (Vo,...,Vp)NU e P. If 6(Vo,...,Vy) NUS =0, then put Vo1 =0(Vo,...,Vy) € P. Take a
subfamily

u:[vk; VkﬁUS;é(/)andkew}CQ.

Since o is strong strategy, then | J{Vy: n € w} is dense in X. Hence cl|JU =cl{JS. Since {V,: n € w}U{o ((Vo, V1, ..., Va)):
new} C, Q there exists V € {Vy: ne w}U{o((Vo, V1,...,Vp)): new}CP suchthatxeV and VNYS=0. O

Proposition 2.5. Let X be a topological space and Q C Tx be a family closed under finite intersection. Then there is a strong winning
strategy o : |J{Q": n >0} — Q in Q if and only if the family {P € [Q]S®: P C, Q} contains a club C such that every A € C is
closed under finite intersections.

Proof. If there is a club C C {P € [Q]S®: P C, Q}, then following the arguments from [2, Theorem 1.6] one can construct
a strong winning strategy in Q.

Suppose there exists a strong winning strategy o : [ J{Q": n >0} - Q. Let C be the family of all countable subfamilies
A C Q such that A is closed under o and finite intersections. The family C c [Q]S® is a club. Obviously, C is closed under
increasing w-chains. If B € [Q]S?, there exists a countable family Az c Q which contains B and is closed under ¢ and
finite intersections. So, Ag € C. According to Lemma 2.4, AC; Q forall AeC. O

Corollary 2.6. A Hausdorff space (X, T) is very I-favorable if and only if the family {P e [T1S®: P c, T} contains a club C with the
following properties:

(i) every A € C covers X and it is closed under finite intersections;
(i) for any two different points x, y € X there exists A € C containing two disjoint elements Uy, Uy € Awithxc Uyand y e Uy;
(i) yC=7. o

The next proposition shows that every space X having a base By such that the family {P e [Bx]S®: P C, By} contains
a club is very I-favorable.

Proposition 2.7. If there exists a base BB of X such that the family {P e [B]S®: P C, B} contains a club, then the family {P €
[7Tx]S%: P c, Tx} contains a club too.

Proof. If there exists a base BB of X such that the family {P e [BIS®: P c, B} contains a club, then there exists a strong
winning strategy in B. Therefore, player I has winning strategy in the open-open game G(B) (i.e., the open-open game
when each player chooses a set from ). This implies that X satisfies the countable chain condition, otherwise the strategy
for player II to choose at each stage a nonempty subset of a member of a fixed uncountable maximal disjoint collection
of elements of 53 is winning (see [2, Theorem 1.1(ii)] for a similar situation). Consequently, every nonempty open subset
G C X contains a countable disjoint open family whose union is dense in G (just take a maximal disjoint open family in G).
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Now, for each element U € 7x \ B we assign a countable family Ay C B of pairwise disjoint open subsets of U such that
clJ Ay =clU. If U € B, then we assign Ay = {U}. Let C C {P € [BIS®: P c, B} be a club. Put

C'={AUQ: QeCandAc [7Tx]1S® with Ay C QforallU €A}

First, observe that if AUQa C DUQp and AUQ4, DUQp €, then Q4 C Qp. Indeed, if U € Q4 c Bthen U e DUQp
and U € B. If U € D, then we get {U} = Ay C Qp (i.e. U € Qp). Therefore, if we have a chain {A, U Qa,: n € w} C(’, then

JtAnugninewt={JAulJQa,ecC.

new new

The absorbing property (i.e. for every A € [Tx]S® there is an element P € C’ such that A c P) for C’ is obvious. So,
C' C [Tx]S¥ is a club.
It remains to prove that AU Q C 7x for every AU Q € C'. Fix a subfamily S c AU Q and x ¢ cl| S. Define

S'={Uces: UeQ}UU{AU: UecA)

and note that cl| S =cl| J&'. The last equality follows from the inclusion | JS’ C | JS and the fact that [ J. Ay is dense in
U for every U € A. So, if x ¢ cl| S then x ¢ cl[JS'. Since S’ C Q € C there is G € Q such that xe G and GNcl|YS' =0. O

If X is a completely regular space, then X'x denotes the collection of all co-zero sets in X.

Corollary 2.8. Let X be a completely regular space and B C Xx a base for X. If {P € [BIS®: P C, B} contains a club, then the family
(P e[Zx]S?: P C, Xx} contains a club too.

Proof. The proof of previous proposition works in the present situation. The only modification is that for each U € X'x \ B
we assign a countable family .Ay C B of pairwise disjoint co-zero subsets of U such that cl| J.Ay = clU. Such Ay exists.
For example, any maximal disjoint family of elements from B which are contained in U can serve as .Ay. The new club is
the family

¢'={AUQ: QeCand A e[Zx]S? with Ay C Qforall U € A},
where C C {P € [BIS?: Pc,B}isaclub. O

3. Inverse systems with d-open bounding maps

Recall some facts from [5]. Let P be an open family in a topological space X and x, y € X. We say that x ~p y if and
onlyifxeV < yeV for every V € P. The family of all sets [x]p ={y: y ~p x} is denoted by X/P. There exists a mapping
q: X — X/P defined by q[x] = [x]p. The set X/P is equipped with the topology 7p generated by all images q(V), V € P.

Lemma 3.1. ([5, Lemma 1]) The mapping q : X — X /P is continuous provided P is an open family X which is closed under finite
intersection. Moreover, if X = P, then the family {q(V): V € P} is a base for the topology Tp. O

Lemma 3.2. Let a space X be the limit of an inverse system { X, ng, X'} with surjective projections 7ty : X — X. Then the bonding
maps ng are d-open if and only if each 7, is d-open.

Proof. Assume all ng are d-open. We are going to prove that any projection 7, is d-open. It suffices to show that
np((m,)”(U)) is dense in some open subset of X, for any open U C X,, where o > p. Since ng is d-open and
ﬂp((ng)*l(U)) = ng(U), 7, is d-open. Conversely, if the limit projections are d-open, then, by Lemma 2.3, the bonding

maps are also d-open. O

Theorem 3.3. A Hausdorff space X is very I-favorable if and only if X = a-lim S, where S = {Xj, qg‘, C} is a o -complete inverse
system such that all X 4 are (not-necessarily Hausdorff) spaces with countable weight and the bonding maps qg‘ are d-open and onto.

Proof. Suppose (X, 7) is very I-favorable. By Corollary 2.6, there exists a club C c {P € [T]1S®: P c, T} satisfying condi-
tions (i)-(iii). For every A € C consider the space X4 = X/A and the map g4 : X — Xj4. Since each A is a cover of X closed
under finite intersections, by Lemma 3.1, g4 is a continuous surjection and {ga(U): U € A} is a countable base for X4.
Moreover, q/f(qA(U)) =U for all U € A, see [5]. This, according to Remark 2.2, implies that each q4 is d-open (recall that
AC,T).1f A, B €C with B C A, then there exists a map g4 : X4 — Xp which is continuous because (q)~'(gg(U)) = ga(U)
for every U € B. The maps qg are also d-open, see Lemma 3.2. In this way we obtained the inverse system S = {XA,qQ, C}



A. Kucharski et al. / Topology and its Applications 158 (2011) 1453-1459 1457

consisting of spaces with countable weight and d-open bonding maps. Since C is closed under increasing chains, S is
o-complete. It remains to show that the map h:X — limS, h(x) = (qa(x))acc, is an embedding. Let 7w4:limS — X4,
A € C, be the limit projections of S. The family {n;l(qA(U)): UecA, AeC}is a base for the topology of limS. Since
hfl(ngl(qA(U))) =U for any U € A€C, h is continuous and h(X) is dense in lim S. Because C satisfies condition (ii) (see
Corollary 2.6), h is one-to-one. Finally, since h(U) = h(X) ﬂn;1 (qa(U)) for any U € A € C (see [5, the proof of Theorem 11])
and C contains a base for 7, h is an embedding.

Suppose now that X =a-limS, where S = {Xa, q'g,C} is a o-complete inverse system such that all X4 are spaces with
countable weight and the bonding maps qg are d-open and onto. Then, by Lemma 3.2, all limit projections 74 :lim S — Xy,
A € C, are d-open. Since X is dense in limS, any restriction g4 = 74|X:X — X, is also d-open. Moreover, all g4 are
surjective (see the definition of a-1im). Then, according to Proposition 2.1, {q;l(U): U e 74} € 7, where 7, is the topology
of Xa. Consequently, if B4 is a countable base for 7, we have Py = {q;l(U)z U € Ba} C) 7. The last relation implies
Pa C1 B with B=J{Pa: A eC} being a base for 7. Let us show that P ={P4: A€ C}isa club in {Q € [BIS?: Q C, B).
Since S is o -complete, the supremum of any increasing sequence from C is again in C. This implies that P is closed under
increasing chains. So, it remains to prove that for every countable family {U;: j=1,2,...} C B there exists A € C with
Uj € Py for all j > 1. Because every U; is of the form qATJ,l(Vj) for some Aj € C and Vj € By, there exists A € C with
A > Aj for each j. It is easily seen that P4 contains the family {U;: j > 1} for any such A. Therefore, P is a club in
{Q € [BIS?: Q ¢, B). Finally, according to Proposition 2.7, the family {Q € [7]S%: Q ¢, T} also contains a club. Hence,
X is very I-favorable. O

It follows from Theorem 3.3 that every dense subset of a space from each of the following classes is very I-favorable:
products of first countable spaces, x-metrizable compacta. More generally, by [13, Theorem 2.1(iv)], every space with a
lattice of d-open maps is very I-favorable.

The next theorem provides another examples of very I-favorable spaces.

onto,

Theorem 3.4. Let f : X — Y be a perfect map with X, Y being regular spaces. Then Y is very I-favorable, provided so is X.

Proof. This theorem was established in [2] when X and Y are compact. The same proof works in our more general situa-
tion. O

Corollary 3.5. Every continuous image under a perfect map of a space possessing a lattice of d-open maps is very I-favorable. 0O

4. Very I-favorable spaces with respect to the co-zero sets

We say that a space X is very I-favorable with respect to the co-zero sets if there exists a strong winning strategy o :
U{X%: n>0} - Xx, where Yx denotes the collection of all co-zero sets in X. By Proposition 2.5, this is equivalent to the
existence of a club in the family {P € [Zx]S®: P Ci Tx}.

A completely regular space X is d-openly generated if X is the almost limit of a o-complete inverse system S =
{Xo, ng, I'} consisting of separable metric spaces X, and d-open surjective bonding maps ng.

Theorem 4.1. A completely regular space X is very I-favorable with respect to the co-zero sets if and only if X is d-openly generated.

Proof. Suppose X is very I-favorable with respect to the co-zero sets and o : [ J{Z%: n > 0} — X is a strong winning strat-

egy in Xx. We place X as a C*-embedded subset of a Tychonoff cube I#. If B C A, let 7rp : 14 — I? be the natural projection
and pp be restriction map g |X. Let also Xg = pp(X). If U € X we write B € k(U) to denote that pEl(pB(U)) =U.

Claim 1. For every U € Xy there exists a countable By C A such that By € k(U) with pg, (U) being a co-zero set in Xp,;.

For every U € Xx there exists a continuous function fy: X — [0, 1] with flj] ((0,1]) = U. Next, extend fy to a continu-
ous function g:I4 — [0, 1] (recall that X is C*-embedded in I?). Then, there exists a countable set By C A and a function
h:1Bv — [0,1] with g=h omg,. Obviously, U = pgl} (10,1 N pBy (X)), which completes the proof of the claim.

Let B={Uy: a < t} be a base for the topology of X consisting of co-zero sets such that for each o there exists a finite
set Hy C A with Hy € k(Uy). For any finite set C C A let y¢ be a fixed countable base for Xc.

Claim 2. For every countable B C A there exists a countable set I C A containing B and a countable family Uy C X'x satisfying the
following conditions:

(i) Ur is closed under o and finite intersections;
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(ii) I ek(U) forallU e Ur;
(iii) Br ={prU): U eUr}is abase for pr(X).

We construct by induction a sequence {C(m)};>0 of countable subsets of A, and a sequence {Vpn}m>o of countable
subfamilies of X'x such that:

Co=B and Vo = {p;' (V): V € Bg}, where Bg is a base for Xg;
Cm+1)=Cm UUJ{By: UeVnlk;

Vams1 = VamU{o(Uq,...,Up): Uq,...,Up € Vam, n>1};
Vimi2 = Vame1 UUIPE (v0): € CCBm+1) is finite);
Vam43 = Vamgz U{iZ1 Uit Us,...,Un € Vampa, n>1}.

It is easily seen that the set I" = J5_q Cm and the family U, = (Uno Vi satisfy the conditions (i)-(iii) from Claim 2.
Claim 3. The map pr : X — X is a d-open map.

It follows from (ii) that U = {p;l(V): V € Br}. According to Lemma 2.4, Uy Cy X'x. Consequently, U C; 7x. Therefore,
we can apply Proposition 2.1 to conclude that p is d-open.

Now, consider the family A of all I" € [A]S® such that there exists a countable family I/ C Xy satisfying the condi-
tions (i)-(iii) from Claim 2. We consider the inverse system S = {X, pg, A}, where ® C I' € A and pg, :Xr — Xp is the
restriction of the projection 7/ :I/" — I® on the set Xr. Since pe = pL, o p; and both p; and pe are d-open surjections,
pg is also d-open (see Lemma 2.3). Moreover, the union of any increasing chain in A is again in A. So, A, equipped the
inclusion order, is o -complete. Finally, by Claim 2, A covers the set A. Therefore, the limit of S is a subset of I4 containing
X as a dense subset. Hence, X is d-openly generated.

Suppose that X is d-openly generated. So, X = a-1imS, where S = {X,, p(‘é, I'} is a o-complete inverse system con-
sisting of separable metric spaces X, and d-open surjective bonding maps pg- Let ps :IimS — X,, 0 € I', be the limit
projections and s = ps|X. As in the proof of Theorem 3.3, we can show that P ={Ps,: o € I'} is a club in the family
{Q € [Bx]S®: Q C, By}, where By = U{Ps: 0 el'}and Py = {q;l(V): V € B,} with B, being a countable base for the
topology of X,. Since By consists of co-zero sets, by Corollary 2.8, the family {Q € [Zx]S®: Q ¢, X} contains also a club.
Hence, X is very I-favorable with respect to the co-zero sets. O

We say that a space X C Y is regularly embedded in Y is there exists a function e:7x — 7y satisfying the following
conditions for any U, V € 7x:

e e()=0;
e e(U)NX="U;
e e(U)yne(V)=0 provided UNV =@.

Theorem 4.1 and [13, Theorem 2.1(ii)] yield the following external characterization of very I-favorable spaces with respect

to the co-zero sets (I-favorable spaces with respect to the co-zero sets have a similar external characterization, see [14,
Theorem 1.1]).

Corollary 4.2. A completely regular space is very I-favorable with respect to the co-zero sets if and only if every C*-embedding of X in
any Tychonoff space Y is regular.

The next corollary provides an answer of a question from [14] whether there exists a characterization of x-metrizable
compacta in terms a game between two players.

Corollary 4.3. A compact Hausdorff space is very I-favorable with respect to the co-zero sets if and only if X is k -metrizable.

Proof. A compact Hausdorff space is x-metrizable spaces iff X is the limit space of a o -complete inverse system consisting
of compact metric spaces and open surjective bonding maps, see [11] and [10]. Since every d-open surjective map between
compact Hausdorff spaces is open, this corollary follows from Theorem 4.1. O

Recall that a normal space is called perfectly normal if every open set is a co-zero set. So, any perfectly normal spaces
is very I-favorable if and only if it is very I-favorable with respect to the co-zero sets. Thus, we have the next corollary.

Corollary 4.4. Every perfectly normal very I-favorable space is d-openly generated.
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Lemma 4.5. Let (X, T) be a completely regular space. If there is a strong winning strategy ¢’ : | J{T": n > 0} — 7, then there is a
strong winning strategy o : | J{R": n > 0} — R, where R consists of all regular open subset of X.

Proof. Assume that o’ : | J{7™: n >0} — 7 is a strong winning strategy. We define a strong winning strategy on R. Let
0 (@) =Intclo’(2). We define by induction o ((Vo, V1, ..., Vi), Vkr1 Co((Vo, V1,..., Vi), by

o ((Vo, V1,..., Vapp) =Intclo’((Vg, Vi, ..., Viiq)).
where V]

ka1 = Vi1 N (Vo Vi, V).
Let us show that F = {V,: ne w}U{o((Vo, V1,...,Vni1)): new} RIS CF and x ¢ cl| S, let

F={viinew}U{o' (Vg Vi,....Vpiq)): n€w}
and
S={WeF:wes}

Note that (JS" € |JS, hence x ¢ cl|JS'. So, there is W' € &’ such that W/ NU’ =¢ for all U’ € F'. Assume that W' =
Vigr Na'((Vg, Ve,..., V,Q)) and U'=Viy1No’((Vy, Vi, ..., V). Then we infer that

Vigr Nintclo’((Vg, Ve, ..., V) N Vigg Nintclo’((Vg, V1, ..., V))) = 0.

Since Vi1 C o((Vo, V1, ..., Vi) = Intcla’(Vj, V), ..., V) and Viiq C o ((Vo, Vi, ..., Vi) = Intclo’((V), V), ..., V]),
we get Vi1 N Vigq =@ Suppose W' = Vi1 No'((Vg, VY, ..., V) and U =0'((Vg, Vy,..., V). Then

Vipr NIntclo’((Vg, V1, ..., V) nintcle’((Vg, V1, ..., V])) = 0.

So, WNU =¢. Similarly, we obtain WNU =8 if W =0'((Vy, Vy,..., V) and U' =0'((Vy, V1,..., V). This completes
the proof. O

We say that a topological space X is perfectly k-normal if for every open and disjoint subset U, V there are open F,
subset Wy, Wy with Wy NWy =@ and U € Wy and V € Wy. It is clear that a space X is perfectly k-normal if and only
if that each regular open set in X is Fy.

Proposition 4.6. If a normal perfectly k -normal space is a continuous image of a very I-favorable space under a perfect map, then X
is d-openly generated.

Proof. Every open F,-subset of a normal space is a co-zero set, see [3]. So, every regular open subset of a normal and
perfectly k-normal space is a co-zero set. Consequently, if X is the image of very I-favorable space and X is normal and
perfectly k-normal, then X is very I-favorable (see Theorem 3.4). Hence, according to Lemma 4.5, X is a very I-favorable
with respect to the co-zero sets. Finally, Theorem 4.1 implies that X is d-openly generated. O

Corollary 4.7. If the image of a compact Hausdorff very I-favorable space under a continuous map is perfectly «-normal, then X is
k-metrizable.

Corollary 4.7 implies the following result of Shchepin [11, Theorem 18] which has been proved by different methods:
If the image of a k-metrizable compact Hausdorff space X under a continuous map is perfectly x-normal, then X is «-
metrizable too.

Let us also mention that, according to Shapiro’s result [9], continuous images of k-metrizable compacta have special
spectral representations. This result implies that any such an image is I-favorable.
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