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NORMAL SELECTI]RS FOR THE NURMAL SPACES ;. it

g™ e '!.'l"'_ S 4 A HEI:IEF, V..M. Va[uv i '-.: | 2 --;i ¥
(Subm:rfed by Academ:mn B. Pez‘kanc‘hm on: February 2, 1934‘) “'f' =

1. Introduction. Terminology and Notations.:Definifion - 1. Let.?f" be a class "of

- topological spaces and 2 (X') and  (X) be families of subsets of a- given
- topological space X. The 'space X is said.to be a "o —2 (X')— (X }selector
(it every l.s.c.iset-valued mapping ®:Y — 2 (X) with Y¢X® has a u.s.c. se-
lection y: Y — S (X). If, in addltlon, X is a closed convex subset of a locally

convex vector space and every . s. c. mapping ®: ¥ Tonv Z (X) with Y€ has
a u.s. c. selection y: 1’-—»-{!()(’) then X is said to be a convex- H—2(X),
—u (X )-selector (here Conv 2 (X) stands for the family of the closed convex
hulls of the members of Z (X))

. In what follows” & (X) stands Ior the famjly of all non- -void closed "sub-
sets of X, €(X)={Fe¢F (X):F.is compact} and ¥'(X)=F(X)U{X}: A
stands for the class of all normal (always Hausdorff), spaces:iThe class of all
t-paracompact members of 4" is denoted by P, and the class of all p-para-

-compact (in the sense of A. Arkhangel'skii, [!]) members of &, by p2.

The (ccnvex}.}i’ F (X )—%€ (X)-selectors were called in [7] (conirex]

o -selectors. As in [7], several particular, cases ::-f the fo]lowmg question are

discussed in the present paper:

Let o be a class of topological spaces w:th f(fc.?f‘c.xf’ where € ‘deno-
tes the class of all compact Hausdorff spaces. Is. every (convex-) A -selector, Wthh
belongs to o a (compleie) metric space?

Let us recall that in [[ the positive answers 'to the above questmn were
obtained in the case of X" =%, as well as of X' =pP. . '

- 2. Statements of the Results. Theorem 1. Let X be a normal space whlch isa
(convex-) /" —Z (X)—F (X)— sclector, where €' {X]-::.:.‘!’(X]-::.?{XJ Then

(a) X is a complete ‘separable metric space: * I '

(b) every decreasmg sequtnce of members o[ Z(X) (Conv.&‘?(X]) has no
empty intersection.

Corollary I. The class of all norma] N — %"'{X} .?'(X)selectors cumcldes
with the class of all completely metrizable separable spaces "__ :

From the proof of Theorem 1 (below) we also. get*: .

C-::-roilau'jur 2.. The class of all Ny-paracompact and normal ‘o?t\‘ u.ﬁv'(X] .?'(X}

selectors coincides with the class of all completely mclrlzable separable spaces.
. Analogous results follow for convex-selectors of corresponding types too.
Corollary 3. The class of all normal #"—& (X)—~& (X)-selectors coincides
with the class of all compact metrizable spaces, ° -
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Corollary 4. The normal.space X is a convex-A"—F (X)—F (\\')-sclector
iff X is a closed, convex, scparable, weakly compact subspace of a Frechet
space,

Corollary 5. If X is a normal convex-A"—%F (X)—%F (X)-sclector and V is
normal, then every ls.c. mapping ®:¥ — Conv# (X)) has a single-valued
continuous selection. This corollary is in agreement with the following remark
of 5. Nedev. _ : L

If X is a Ty-space and every Ls.c. @:X — Conv (F (V)) with ¥ — a Ba-
nach space, has a u.s.c. sclection y: X' — % (V), then X is paracompact and
(which is the same) every such @ has a continuous single-valued selection, (The
collectionwise-normal version, as well as different generalizations of the last
assertion, hold too). v

Open question: Is the converse of Theorem 1 true? _

3. Proois. The Corollaries 1., 2.. 3, 5. and ome half of Corollary 4. fol-
low immediately from Theorem 1. (and its proof below) and from some known
results on selections of sect-valued mappings (see, for instance, [*f]). All we
havg to prove, therefore, are Theorem | and the selection theorem formulated
in Cor. 4. .

Proof of Theorem 1. (a) (V. Valov). That X is a separable completely metri-
zable space. In fact, we shall prove something more. Namely, call the normal
space X a multi-valued absolute retract for normal spaces (MAR (A7) iff,
whenever the normal space Y contains X as a closed subset, there exists a
u.s.c. retraction r:V — F (X) (i. e. r(x)={x} for every x€ X). We shall show
that the class of all normal spaces X in which every membzr of %'(X) (every
member of Conv (¢'(X)) in the casc when X is a closed ‘convex subspace of
a locally convex vector space) is MAR (A7), coincides with the class of all
separable complelely metrizable spaces (fulfilling the corresponding requirements
of convexity, respectively). We begin with the following lemma.

Lemma I. Let A be a set and, for each u¢ A, Ya=X, be topological spa-
ces, Y. being first countable. Suppose also YV is dense in X, where
X=M{Xa: a€A} and Y=II{Va: €A} Next, let x¢Y and let A be a closed
subset of X containing x. If every closed Gs-subset of X which contains x
meets X\ H then there a discrete space TV N\ H of cardinality | T|=¥N,
exists, such that T |J{x} is the one-point compactification of 7.

Proof of Lemma 1. We shall exploit Efimov's arguments [*], the prool of
Lenima 5. For p<w, [inite set B(u)=A and a point xue ¥\ A are defined
inductively, under the conditions: (i) B(p)={a€ A:xt3=x}; (i) xt=x_ for
every a¢ A(p)= U{B(v):v<p} and (iii) {B(p):p<w,} is a disjoint family. Let
H<w, and suppose B(v) and x¥ have already been defined for each v<p. Put
H(l-l)=ﬂ;(,'|, Ty (X) where m, o X— I{Xa:ag A(p)} is the natural projection.
As H(p) is a closed Gg-set containing x, we can take yr¢(H(p)NY) N A and
et C(u)={a,..q,)Jc=A and the open sets U,cX,, be such that yme U( y»)
=M{U;:i=1,2,. .. n)XI{Aa:0e AN\ C{n)}c X\ H. Define xx¢U(y)NY by
seiting xt=y* for a¢C(p) and x*=x, otherwise, Put B(p)={u¢A: xifx } and
T={xt:p<w,}. One checks casily that T is discrete (since B(p) N A(p) = for
every p<o,) and T U{x} is compact,

Lemma 2. Suppose X is MAR(¥) and X contains the onc-paint compacti-
fication of no uncountable discrete space. Then X is separable and completely
metrizable.

Proof of Lemma 2. Let A be the set of all continuous mappings f:.X
—[0,1]:=1. We consider A as imbedded in the cube (4 so that the closure of
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X in [* is thé Storie-Cech comipactification BX of X. Denote by Y the spdce
obtained from /4 by mcans of making the points of /4 X isolated. ¥V is a
normal space containing A" as a closed subset, so that there is a u,s.c. retrac-
tion r,: Y —=F (X) (i.c. r(x)={x} for every x€X). For cach open Uc X put
e(U)=Inta(r#(U))=Inta({x€/*:n(x)c U}). Clearly, (i) (/)N X=U and
(ii): UynNU,=@ implies e(U,)Ne(U;)=G). Thus we have

Remark I If X is MAR (A7), then ¢(X)=sup {Card(y):y is a dthjmnt fa-
mily of open subsets of X}=WN,, because ¢(/*)=<N,.

Next, let r:/A—C(pX) be defined as follows: r{;)\ﬁfuf":xge({ﬂ] for
x¢/4 One checks easily that r is u.s.c, that r(x)<r(x) for each xg/A
and r(x)={x} for x¢X. Suppose now that for some x¢.JX, cvery closed
Gg-subset of [ containing x meets /AN r~!(x). Then, by Lemma 1, there is a
discrete space T/4N r~}x) with Card (7 )=N, and such that P=TU{x} is
compact. Note that x¢r~(r(y)) for every y¢T since T< PN\ r~Yx). Hence
= r(y)N AP is finile for cach yeT7, thus there is a set 7<= T with Card
(7")=N, such that the family {r(y):y€ 7"} is disjoint. Fix a point x,€r(y)n X
for every y€ 7", It follows from the 1. s. continuity of r that the set {x, x, :yET']
is the one-point compactification of the uncountable discrete space {x,:y¢€T'};
this contradicts the assumption of Lemma 2. Hence we can fix a closed Gs-set
H(x) wilh x¢ H(x)cr=(x) for each x¢JX. B}r results of Pol a. Pol [8),
Theorem 1, there is a countable subset {x,:i=1,2,...} of X such that
U {H(x,—):f:l,?,.. .} is dense in Z=U{H(x): xEA} For each n fix a coun-
table subsct B(n) of A such that H(x,)=nam (Ram (H(X,)) where T : I
— [%0 js the natural projection,Put B= U {B(n):n=1,2,...}, One checks casi-
ly that il x€ A and mg{x)=rm,( y), then x€r(y), so that the restriction f=n,/X
is a continuous bijection from A" onto the scparable metrizable space ny(.\).
Actually, however, f is a homeomorphism. Indeed, for every open subset U of
X we have f(U)=mny{r#(U))Nng(X), where U is open in BX with Un X=U.
The Cech-completeness of X follows now from [, Proposition 1. Lemma 2
has thus been proved.

Now, if for a normal space X cach member of €'(X) is MAR (A7), then
A is separable and completely metrizable by Lemma 2 and Remark 1. In the
copvex cade, one has also lo apply Proposition 2 from [?] in a suitable man-
ner (by passing to the completion). Thus, proposition (a) of Theorem 1 has
been proved.

(b) The intersection of every decreasing sequence of members of 2(.X)
is not cmply,

Suppose this is not the case and let FioF,D..2F, 2 be astrictly (with-

% +

out loss of generality) decreasing sequence of mcfmhe#s F, of Z(X) with an
empty intersection. Yet, let ¥ be a normal space with an open covering
w={U,cU,= ...} the last having no locally finite open (nor closed) rchnL-
ment (for the existence of such an Y. see [']). For yeV define d(y)=F,,,
where ny=min{n:y¢U,}). Obviously, the mapping @:V—2(\) is L.s.c, so
there exists an w.s, c. selection y: ¥V —F(X) for . Next, fix a point x,€F,
bt .FMH for every n=1,2,.,. . Since N{F,:n=1,2,_...}:=4 the sct H--{t
n=1,2,...) is closed and discrete in F, (even in \’) For x€F, define p(x)

i {_\-”‘, -‘Cn trsvee)s where ge=wmax {n: rEF} The mappimge ¢ .f- —F (H) is
l.s.c., so that tlwm exists [*°] a w.s.c, selection r:F,—€(H) for ¢ (remem-
ber that F, is metrizable and hence a paracompact space). Now put 2, =(roy)—!
(X X - -0 X,0) One checks easily that for each a Lhe set /2, is closed in
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Y,P,cU, and Y= U{P,:n=1,2,..,}. But this enables us to construct an open
tocally finite refinement for o (2], which is a confradiction.

Proof of the Selection Theorem from Corollary 4. Let ®:}¥ — Conv (#(X))
be l.s.c. where ¥ is a normal space. "In order to construct a single-valued
continuous selection for ® we are going to show that, for each £>0, the co-
vering {P~1(O(x)): x€ X} of ¥ has an open locally finite refinement and then to
apply Michael's arguments from [!]. The proof of Theorem 3.2%, a)— b)) (O;{x)
denotes the open ball of center x and radius €). Let {OJfx)): i=1, 25 be
countable covering of X and denote o={®—0.(x):/=1,2,...}. As is well
known (and can casily be seen), it suffices to show that w has an index-refi-
nement consisting of Fs-sets in order to prove that o has an open locally
finite refinement. To this end, denote by A” the set X endowed with the weak
topology. Obviously X" may be considered as a compact convex subspace of

a certain Frechet space and hence the |.s, c. mapping ®: }’—*me (F(X")) has
a single-valued continuous selection f: ¥V — X'. Put Hi,= f—! Bn_.,,_.q,:(r}]
where Bs(x) denotes the closed ball of center x and radius 8, and let H,=
U{Hin:n=1,2,...} It is clear that H; is an F,-subsct of ¥ (note that Bs(x)
being closed and convex in A, is a closed subset of A"), H,ch=Y0.(x))
for every i=1,2.... and {H,, i=1,2,...} covers Y. The next steps being

obvious, the proof is complete.
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