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ABSTRACT. We introduce and investigate the notion of (strong) KZ%-manifo-
Ids, where G is an abelian group. One of the result related to that notion
(Theorem 3.3) implies the following partial answer to the Bing-Borsuk prob-
lem [6], whether any partition of a homogeneous metric AN R-space X of
dimension n is cyclic in dimension n—1: If X is a homogeneous metric AN R-
continuum with dimg X = n and H"(X;G) # 0, then H"~1(M;G) # 0 for
every set M C X, which cuts X between two disjoint open subsets of X.
Another implication of Theorem 3.3 (Corollary 3.5) provides an analog of
the classical result of Mazurkiewicz [26] that no region in R™ can be cut by
a subset of dimension < n — 2. Concerning homology manifolds, it is shown
that if X is arcwise connected complete metric space which is either a ho-
mology n-manifold over a group G or a product of at least n metric spaces,
then X is a Mazurkiewicz arc n-manifold. We also introduce a property
which guarantees that Hi(X, X \ z;G) =0 for every x € X and k <n — 1,
where X is a homogeneous locally compact metric ANR.

1. INTRODUCTION

In this paper we investigate some properties of generalized Cantor manifolds.
Cantor manifolds were introduced by Urysohn [33] as a generalization of Euclidean
manifolds. It appeared that Euclidean manifolds have a richer structure and
that was a motivation for the study of further specifications of Cantor manifolds.
Another interesting fact is that homogeneous metric AN Rs have some common
properties with generalized Cantor manifolds (see [19], [21], [22]), and the same is
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true for homology manifolds (see Corollary 4.2 below). This is not so surprising
having in mind the Bing-Borsuk conjecture that every homogeneous separable
locally compact metric AN R of dimension n is a homology n-manifold [6, Remark,
pp.106-107].

Recall that a space X is a Cantor n-manifold if any partition of X is of di-
mension > n — 1 [33] (a partition of X is a closed set P C X such that X \ P
is the union of two open nonempty disjoint sets). In other words, X cannot be
the union of two proper closed sets whose intersection is of covering dimension
< n — 2. Strong Cantor manifolds is another specification of Cantor manifolds
which was considered by Hadziivanov [13]. HadZziivanov and Todorov [15] intro-
duced the class of Mazurkiewicz n-manifolds, which is a proper sub-class of the
strong Cantor n-manifolds. This notion has its roots in the classical Mazurkiewicz
theorem [26] that no region X in the Euclidean n-space can be cut by a subset
M with dim M < n — 2 in following sense: any two points from X \ M can be
joined by a continuum K C X \ M.

But the strongest specification of Cantor manifolds is the notion of V"-continua
introduced by Alexandroff [1]: a continuum X is a V™-continuum if for every two
closed disjoint subsets Xy, X7 of X, both having non-empty interiors, there exists
an open cover w of X such that there is no partition P in X between Xy and X,
admitting an w-map into a space Y with dimY <n —2 (f: P — Y is said to be
an w-map if there exists an open cover v of Y such that f~'(y) refines w).

The above notions are related as follows: strong Cantor n-manifolds are Cantor
n-manifolds, every V" -continuum is a Mazurkiewicz n-manifold and Mazurkie-
wicz n-manifolds are strong Cantor n-manifolds [15]. None of the above inclusions
is reversible [19].

More general concepts of the above notions were considered in [19] and [30]. In
particular, we are going to use the following two, where C is a class of topological
spaces.

Definition 1. A connected space X is an Alezandroff manifold with respect to C
(br., Alezandroff C-manifold) if for every two closed, disjoint subsets Xy, X7 of
X, both having non-empty interiors, there exists an open cover w of X such that
no partition P in X between Xy and X; admits an w-map onto a space Y € C.

Definition 2. A semi-continuum X is said to be a Mazurkiewicz manifold with
respect to C (br., Mazurkiewicz C-manifold) provided for every two closed disjoint
sets Xp, X7 C X with non-empty interiors, and every set F = U;’io F; C X with
each F; € C being proper closed subset of X, there exists a continuum K in X\ F
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joining Xy and X;. If, in the above definition, Xy and X; can be joined by an
arc in X \ F, X is called a Mazurkiewicz arc C-manifold.

It is still unknown if every compact Alexandroff Dg_Q—manifold is a Mazurkie-
wicz Dg_Q—manifold, where Dg_Q is the class of all spaces whose cohomological
dimension dimg is < n— 2. Searching for the answer of this question, we consider
in Section 2 different types of connectedness between disjoint subsets of compacta.
The notions of Kg-manifolds and strong Kg-manifolds, introduced in Section 2,
play a crucial role in the paper. We also provide in Section 2 some examples of
(strong) KJ-manifolds.

The main result in Section 3 is Theorem 3.3. A particular version of that
theorem states that if (X, F') is a strong K@-manifold, where X is a metric com-
pactum, and M C X is a set with H"~1(M, M N F;G) = 0, then for any two
disjoint nonempty open sets P and @ in X there exists a continuum K C X \ M
joining P and @ provided M C X\ (PUQ). The last requirement can be avoided
if dimg M < n — 1. One corollary of this theorem providing a partial answer to
the Bing-Borsuk question [6] was mentioned in the abstract. Another corollary
is the following analog of the Mazurkiewicz theorem [26] cited above: If M is a
bounded subset of R” with dimM < n — 1 and H""'(M;Z) = 0, then every
pair of nonempty disjoint open sets P, C R™ can be joined by a continuum in
R™\ M.

The starting point for our considerations in Section 4 was the following result
of Krupski [22, Proposition 1.7]: Let X be a locally compact locally connected
separable metric space such that for all k < n and x € X the singular homology
groups H (X, X \ z) are trivial. Then every open connected subset of U C X is a
Cantor n-manifold. We establish that, under the hypotheses of Krupski’s result,
every connected open subset of X is a Mazurkiewicz arc manifold with respect
to the class of all spaces whose covering dimension is < n — 2 (Theorem 4.1).
The same conclusion also holds for arcwise connected open subsets of a complete
metric space which is a product of n metric spaces. We also introduce the LS™-
property and show that LS™~2 implies Hy(X, X \ z;G) = 0 for every z € X and
k <n —1 (see Theorem 4.5), where X is a homogeneous locally compact metric
ANR. This improves a result of Mitchell [27].

Everywhere in this paper reduced Cech cohomology groups are considered. If
it is not mentioned otherwise, we suppose that the coefficients of the cohomol-
ogy groups are from a fixed group G and we omit the symbol for the group of
coeflicients.
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Finally, let us raise the following questions (the second question was answered
positively in [18] provided X is cyclic in dimension n):

Question 1.1. Let X be a compact Alexandroff manifold with respect to the class
Dg‘z, Is it true that X is a Mazurkiewicz Dg_2—mam'fold? What about if (X, F)
is a K&-manifold or X is a VZ-continuum?

Question 1.2. Is it true that any homogeneous AN R-continuum X of dimension
n is an Alexandroff D}~ 2-manifold?

Acknowledgements: The authors wish to thank the referee for his/her valu-
able remarks and suggestions which significantly improved the paper.

2. ALEXANDROFF TYPES CONNECTEDNESS OF SPACES

In this section all spaces are assumed to be at least paracompact and G denotes
an abelian group. For any space X the cohomological dimension dimg X is the
smallest integer n such that H"*1(X, A;G) = 0 for all closed subsets A C X
(the reader is referred to [10] for basic facts on the cohomological dimension of
compacta). If w is an open cover of X and Z C X is closed, we denote by |w| and
|wz| the nerves of w and the system wy = {UNZ : U € w}. For any such w and
ZC X letp,: H*(Jw|,|wz|) = H*(X, Z), k > 0, be the projection between the
k-th cohomology groups, where p,,,: (X, Z) — (Jw|, |wz|) is a map generated by
a partition of unity subordinated to w (we call such a map p,,, to be natural).
Further, i4: (A, B) = (X, Z) denotes the embedding of the pair (A, B) into the
pair (X, 7).

Definition 3. Let P and @ be disjoint nonempty open subsets of a continuum
X and F C X closed. We say that the pair (X, F) is Kg-connected between P
and @ if there exist an open cover w of Y = X \ (P U Q) such that the following
condition holds for every partition C of X between P and @Q): any natural map
Puwe: (C,CNF) = (Jwel, lwenr|) generates a non-trivial homomorphism

P+ H' H|wel, lwenr|) = H™H(C,C N F).

If, in the above situation, there exists also e € H" !(|w|, |wrny]|) such that
Pie (5, (e)) # 0 for every partition C' in X between P and @, the pair (X, F')
is called strongly K@-connected between P and Q. Further, (X, F') is said to be
a K@ -manifold (resp., strong Kg-manifold) if it is KJ-connected (resp., strongly
K-connected) between any two nonempty open disjoint sets P,Q C X. If F = @&,
we will say that X is a (strong) K7-manifold.
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Definition 3 is justified by the following result which was actually established
by Kuzminov [25]:

Theorem 2.1. Every compactum X with dimg X = n contains a pair (Y, F) of
closed sets such that (Y, F) is a strong KZ-manifold.

Similarly, the definition of Alexandroff C-manifold yields the following one:

Definition 4. Let P and ) be open nonempty subsets of a continuum X with
PNQ = @. We say that X is C-connected in the sense of Alexandroff between P
and @ (shortly, A(C)-connected between P and Q) if there exists an open cover w
of X \ (PUQ) such that no partition of X between P and @) admits an w-map
onto a space from the class C.

Proposition 2.2. Let P and Q be nonempty open subsets of a continuum X with
PNQ =2 and F C X closed. If the pair (X, F) is K&-connected between P and
Q, then X is A(Dgfz)-connected between P and @, where Dgfz is the class of
spaces of dimension dimg <n — 2.

PROOF. According to Definition 3, we can find an open cover w of Y = X'\ (PUQ)
satisfying the following condition: for every partition C in X between P and @
and a natural map p,.: (C,CNF) — (Jwc|, |lwenr|) there exists an element
ec € H" M (|wel, lwenr|) with pf(ec) # 0.

Suppose there exists a partition C of X between P and ) admitting an
w-map g: C — T onto a compactum 7T with dimg7 < n — 2. Thus, we
can find a finite open cover 7 of T such that v = ¢g~!(7) is refining w. Let
pv: (C,CNF) = (|v],lvenr|) and pr: (T,g(C N F)) = (|7],|T9cnry|) be nat-
ural maps. Obviously, the function V. € 7 — ¢~ 1(V) € v provides a simpli-
cial homeomorphism g7 : (|7], |7ycnr)|) = (|v|, [vcnr|). Then the maps p, and
gr = g;, o pr o g are homotopic. Hence,
(1) P, =9"opro(g)"
Because H" (T, g(CNF)) = 0 (recall that dimg T < n—2), the homomorphism
g H" YT, g(C N F)) - H"YC,C N F) is trivial. Then, by (1), so is the
homomorphism p%: H" (v, |vcnr|) = H"1(C,C N F). On the other hand,
since v refines w, we can find a map ¢, : (||, |[venr|) = (Jwel, lwenr|) such that
Puwe and @, o p, are homotopic. Therefore, pf,_, = p; o ¢;. Since p, _(ec) # 0 for
some ec € H" Y(|wel|, lwenrl), pi(ek(ec)) # 0, which contradicts the triviality
of p}.

Therefore, X is A(D™?)-connected between P and Q. O
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Corollary 2.3. A compactum X is an AlemandroﬁDgfz-manifold provided (X, F)
is a K&-manifold for some closed set F' C X.

Definition 5. Let X, P, @ and F be as in Definition 3. We say that the
pair (X, F') is V& -connected between P and @ if there exists an open cover w of
X\ (PUQ) such that g*: H" }(T,g(CNF)) — H"}(C,CNF) is a non-trivial
homomorphism for any partition C' of X between P and ) and any surjective w-
map g: C — T. The pair (X, F') is called a relative V& -continuum provided (X, F)
is VZ-connected between any two open sets P, C X with disjoint closures.

When F' is the empty set, the above definition provides V&%-continua intro-
duced by Stefanov [29]. The proof of Proposition 2.2 yields the following stronger
conclusion:

Corollary 2.4. If a pair (X, F) is KZ-connected between two open sets P,Q C
X with disjoint closures, then (X, F) is VZ&-connected between P and Q. In
particular, every KZ-manifold (X, F) is a relative V& -continuum.

There is an interesting analogy between V}-continua and relative V{%-continua.
It follows from Theorem 2.1 and Corollary 2.4 that every compactum X with
dimg X = n contains a relative V/-continuum. On the other hand, every com-
pactum with H"(X) # 0 contains a VZ-continuum (see [29] for finite-dimensional
metric X, and [34] for any compact X).

We are going to provide more examples of KZ-manifolds and strong Kp-
manifolds. A closed non-empty set A C X is said to a a cohomological carrier
of a non-zero element o € H™(X) if i%(a) # 0 and i%(a) = 0 for every proper
closed subset B C A, where i4 denotes the inclusion map A — X.

Next proposition was established by the second author using different termi-
nology.

Proposition 2.5. [34, Proposition 2.5] Every cohomological carrier of a non-zero
element of H™(X) is a strong Kg-manifold.

Following Yokoi [35], a compactum X is called an (n, G)-bubble ift H™(X) #0
and H"(A) = 0 for every closed proper set A C X. This is a reformulation of
the notion of an n-bubble introduced by Kuperberg [23] and Choi [8], see also
Karimov-Repovs [17] for the stronger notion of an H™-bubble. A compactum
X is said to be a generalized (n, G)-bubble [18] if there exists a surjective map
f+ X = Y such that the homomorphism f*: H*(Y) — H"(X) is nontrivial, but
fA(H™(Y)) = 0 for any proper closed subset A of X, where f4 is the restriction
of f over A.
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Proposition 2.6 below was actually established in [18, Theorem 2.3, Claim 1].
Proposition 2.6. Any generalized (n,G)-bubble is a strong Kg-mani-fold.

Proposition 2.7. [34, Theorem 1.1] Every homogeneous metric AN R-continuum
X with dimg X =n and H"(X) # 0 is an (n, G)-bubble, and hence a strong K-
mamnifold.

Proposition 2.8. Let X be a continuum and F' C X a nonempty nowhere dense
closed subset such that the quotient space X/F is a (strong) KZ-manifold. Then
(X, F) is also a (strong) KZ-manifold.

PROOF. Suppose X/F is a K@Z-manifold, and U; and U, two nonempty disjoint
open subsets of X. Since F' is nowhere dense, there are disjoint open sets V; and
Vs in X such that V; C U;\ F, j = 1,2. Then W; = n(V}), j = 1,2, are nonempty
open and disjoint sets in X/F, where 7: X — X/F is the quotient map. So, there
exists a finite open cover v of (X/F)\ (W1 U W) such that for any partition P of
X/F between W, and W, any natural map p,, : P — |yp| generates a non-trivial
homomorphism p?, : H" '(]yp|) - H™" '(P). Hence, w = n~!(7) is an open
cover of X \ (V1 UVz). If C is a partition of X between Uy and Us, then «(C) is
a partition of X/F between W; and Wa, and the function v 3 T — 7~ }(T) € w
generates a simplicial homeomorphism 7: (|7l [Y=(cnm)|) = (Jwel, lwenrl).
Moreover, the homomorphism pj = : H" Y(|yn(ey]) = H" Y(x(C)) is non-
trivial. Since the maps 7 o Prypoy © ™ and py are homotopic (as maps from
(C,CNF) to (Jwcl,|lwenrl)), Poe = T °Pi o ©T - In case CNF = o the
complex |yx(cnp)| is also empty. So, H" *(|vr )|, r(cnml) = H* (1vro))-
Then the equality p;,, = 7" opZ © o7* implies that py,  is non-trivial (recall that
7%, 7* are isomorphisms and pfmc) is non-trivial). In case CNF # &, n(CNF)
is the point 7(F) of X/F and |v,(cnr)| is a simplex of the nerve |y, (cy|. We have
the following commutative diagram, where the vertical maps P ) are the dual
maps generated by py_ ., 7(C) = |7yl

n— Jt n— 21 n—
H" Y=ol eenm ) —— H" (o)) —— H" {(|Yrcnm))

J{pf/vl lpfhz lp:,g

Sk

H" 1(x(C),n(CNF)) —2 H"(x(C)) —2— H"(x(CNF))

Since |vr(cnryl) is a simplex, H"’l(hﬂ(CﬂF)D = 0. Consequently, j; is surjective,
which implies that pZ ; is non-trivial because so is p? ,. Therefore, (X, F') is a
K¢ -manifold.
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Suppose X/F is a strong KgZ-manifold. Then there exists an element e €
H" Y|yx(c)l) such that p* ,(e) € H*(x(C)) is non-trivial. Hence, so is the
element 7*(p% 5(e)) € H"'(C) if CNF = @. But 7*(p% 5(e)) = pl. ((7%) 7 (e)).
Therefore, (7%)7!(e) is an element of H" !(Jwe|) such that pk_ ((7%)7(e)) €
H"~1(C) is non-trivial. This shows that (X, F) is a strong K&-manifold. In case
CNF # &, we have Hn_1(|’)/ﬂ-(CmF) |) = 0 because |yrcn)| is a simplex. Then it
follows from the above diagram that there exists e; € H"‘1(|'y,r(c)|, [Yr(cnml)
with ji(e1) = e and p3i(e1) # 0. As in the first case, we can show that
pie (%) (e1)) € H"1(C,C' N F) is also non-trivial. Hence, (X, F) is a strong
K¢ -manifold. ]

Let us note that the implication ” X/ F is a (strong) K@-manifold yields (X, F)
is a (strong) KZ-manifold” in Proposition 2.8 can not be inverted. For example,
(S', F) is a strong K }-manifold but S'/F, where F is a two-point subset of S!, is
not a K}-manifold because the identification point 7(F) is a partition of S!/F.

Corollary 2.9. The pair (I",S"'), n > 1, is a strong K%-manifold.

PROOF. This follows from Proposition 2.8 because I"/S"~! = S" is a strong
K7-manifold according to Proposition 2.7. O

The next proposition provides more examples of strong Kg-manifolds (re-
call that the Eilenberg-MacLane complexes K (G, n) have the following property:
dimg X < n if and only if any map g: A — K(G,n) can be extended over X,
where X is compact and A C X is closed).

Proposition 2.10. Let X be a continuum and F' C X a closed nowhere dense
subset of X. If there exists a map f: F — K(G,n — 1), which is not extendable
over X but it is extendable over Y U F for any proper closed subset Y of X, then
(X, F) is a strong KZ&-manifold. In particular, if dim X =n and f: F — S"~!
is a map not extendable over X but extendable over any proper closed subset of
X containing F', then (X, F) is a strong K} -manifold.

PROOF. Since H" 1(F) is isomorphic to the group [F; K(G,n — 1)] of pointed
homotopy classes of maps from F to K(G,n — 1), let a € H" (F) be the
homotopy class [f] of f. Let A be a proper closed subset of X. Consider the
following diagram, where the vertical arrows are homomorphisms generated by
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the corresponding inclusions

HY(X) —1  HYF)  —2s HY(X,F)

ot e |
HY(A) —2 H"Y(ANF) —2— H"(A,ANF).
Because f is not extendable over X, a ¢ if(H" 1(X)). Hence, 3 = 6;(a) is
a non-trivial element of H™(X, F). On the other hand, since the interior of F'
in X is empty, FUA # X. So, f is extendable over A U F', which implies
that the restriction f|(AN F) is extendable over A. Hence, [f|(AN F)] = j5(a)
belongs to i5(H" 1(A)). So, §2(j5(a)) = j5(B8) = 0. In this way we proved
that 3 is a non-zero element of H"™ (X, F') whose image under the homomorphism
j3: H"(X,F) —» H"(A, AN F) is trivial for every proper closed subset A C X.

Now, following the proof of Theorem 1 from [25], one can show that (X, F)
is a strong Kp-manifold. Suppose U; and U; are non-empty open subsets of X
with disjoint closures, and let my, : Yy < X be the inclusion of Y}, = X \Uy, into
X, k=1,2,and Y = Y7 NY;,. Consider the Mayer-Vietoris exact sequence

H=(Y,Y A F) ——s HYX.F) —— @ H" (V.Y F)

k=1

with j = (mj,m3). Since j(8) = 0, there exists a non-trivial element v €

H"Y(Y,Y N F) with 6(y) = 3. Consequently, there exist an open cover w of Y’
and e € H" Y(|w|, |wynr|) with pf(e) = 7.

Let C be a partition of X between U; and Uy. So, X = P U P, and C =
P; N Py, where each Py is a closed subset of X containing Uy, k = 1,2. Denote
byi:C =Y, i : P — Y; and iy; : P, — Y the corresponding inclusions.
Then we have the following commutative diagram, whose rows are Mayer-Vietoris
sequences:

. 2
HYY,YNF) —— H"(X,F) —2— @ H"(Y;,Y,NF)
k=1

li* Jid li’;z@igl

. 2
HY(C,CNF) -2 HY(X,F) —2< @ H"(P,,P.NF).

Obviously,
(2) S (i* (7)) = id(6(7)) = B £ 0.
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On the other hand, the commutativity of the diagram

H" Y|w|, lwynr|) —=— H"Y(Y,Y NF)

I |

*

Py
H" Ywel, lwenr|) —— H*Y(C,CNF)

implies that p, o (i:(e)) = i*(pi(e)) = i"(y). Therefore, according to (2),
Pl (ic(e)) # 0.

Suppose now that dim X = n and f: F — S~ ! is a map not extendable over
X but extendable over any proper closed subset of X containing F. Since S™~!
as an n-skeleton of K(Z,n — 1), f considered as a map to K(Z,n — 1) is not
extendable over X because any such an extension would yield an extension of f
(see the proof of [10, Theorem 1.4]). So, (X, F') is a strong K7-manifold. O

We say that an n-system S = {(F;",F,) : i = 1,..,n} of pairs with any pair
consisting of closed disjoint subset of X is essential if for any sequence {C;} of
partitions C; of X between F;" and F;” we have )}, C; # @. A space X is said
to be spanned on S if S is essential but the system Sy = {(F;" N Y, F, NY):i=
1,..,n} is not essential for every proper closed subset Y C X. Observe that if S
spans X, then the set F' = J;_,(F;" U F,") is nowhere dense in X.

Corollary 2.11. Let X be an n-dimensional continuum and S be an n-system
in X, n > 2, spanning X. Then (X, F) is a strong K7 -manifold, where F =
Ui (FF U FD).

PrOOF. Let ¢g;: X — J, J = [-1,1], be a function with ¢;(F;") = 1 and
gi(F;7) = —1,¢=1,..,n. Denote by g: X — J" the diagonal product map
g(z) = (91(2), ..., gn(x)), = € X. Obviously, f = g|F is a map from F into S"~*
(here S"~! is identified with the boundary of J").

Since S is essential on X and inessential on every proper closed subset of X,
the map f is not extendable over X but it is extendable over any proper closed
set of X containing F. Indeed, suppose f: X — S"~! is an extension of f. Then
for each i the set C; = f~1(P;), where P; = {x € I" : x; = 0}, is a partition
of X between Ff and F; and (), C; = @, a contradiction. If Y is a proper
closed subset of X containing F', there exist partitions L; of X between F;“ and
F such that "}_, L; NY = @. According to [2, Lemma 1, pp. 339], there are
closed Gs-sets D; in Y, which are partitions between F;" and F,, such that such
that ﬂ:;l D; =@ and Y N L; C D; for each 7. Then we can construct functions
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hi: Y — [=1,1] with hy(F;") = 1, hy(F]) = —1 and D; = h;'(0), 1 < i < n.
Obviously, the diagonal product h of all h; is a map from Y into J" such that
a=(0,..,0) € h(Y). Let r: J*\ {a} — S"! be a retraction and f = r o h. It
follows from the definition of f and f that f(z) and f(z) belong to the same face
of J" for every x € F. This implies that f and f|F are homotopic. So, by the
homotopy extension theorem, f is extendable over Y.

Finally, according to Proposition 2.10, (X, F) is a strong KJ-manifold. U

Corollary 2.11 extends a result proved independently by Hamamdzhi-ev [16]
and the first author [31] that, under the hypotheses of this corollary, X is a
V"-continuum.

3. K{-MANIFOLDS AND MAZURKIEWICZ MANIFOLDS

Another type of connectedness is inspired by Mazurkiewicz C-mani-folds, where
C is a given class of spaces.

Definition 6. Let P,Q C X be nonempty open subsets of X with disjoint clo-
sures. The space X is said be M(C)-connected between P and @ if for every set
F C X with F € C there exists a continuum K C X \ F' connecting P and Q.

It is well known [15] that any continuum X which is A(D"~2)-connected be-
tween two nonempty open sets P, Q C X with disjoint closures is M (C)-connected
between P and () with respect to the class C of all normally placed (n — 2)-
dimensional subsets of X (here D"~2 is the class of all spaces of covering dimen-
sion dim < n — 2). We don’t know if this holds when the covering dimension
is replaced by the cohomological dimension dimg. But this is true if instead of
A(D"?)-connectedness the stronger Kg-connectedness of X is assumed (recall
that a set M is a normally placed in X provided every two disjoint closed in M
sets have disjoint open in X neighborhoods; for example, every F, - subset of a
normal space is normally placed in that space).

Theorem 3.1. Let the pair (X, F) be strongly K-connected between two open
disjoint sets P,QQ C X. Then for every Lindeloff normally placed subset M C X
with dimg M < n — 2 there exists a continuum K C X \ M connecting P and Q.

PROOF. Suppose there exists a Lindeloff normally placed subset M C X with
dimg M < n — 2 such that any continuum K connecting P and ) meets M.
According to [19, Lemma 2.5], there are nonempty open sets P;,@; C X such
that P, C P, @, C @Q and if K is a continuum in X joining P; and Q,, then
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KNM\(P,UQ1) # @. We are going to show this is not true, which will complete
the proof.

Let w be a finite open cover of Y = X \ (P; U @) and e an element of
H" Y(|wl|, |wrny|), both satisfying the requirements from Definition 3 with P
and @ replaced by P; and Q, respectively. Obviously, M7 = M \ (P, U Q1)
is closed in M. So, M is also Lindel6ff and normally placed in Y. Moreover,
dimg M; < n — 2, which implies H"~1(M;, M; N F) = 0. Consequently, there
exist an open cover v of M; refining w and a simplicial map

s (Bl annrl) = (loan |, lwannrl) such that (70)* (i3, (¢)) = 0,

where iy, is the embedding (Jwas, |, |warAr|) < (Jw], Jwr]). Since M is Lindeldff,
we may assume that v is countable. Next, let v; = {A; : 1,2,..} be a system of
closed in M; sets covering M; N F such that A; C U; N F, where U; € v, for
all i. Using the proof of [11, Theorem 3.1.1], we find an open in M; system
{L; : i =1,2,..} such that \; = {fé\/h ci = 1,2,..} is a swelling of v, with
fiwl c U;, © > 1, where flMl is the closure of L; in M;. Recall that Ay is a
swelling of 1 if each Zf”l contains A; and for any finite set of indices i1, .., 15
we have (;_, f?fl # @ iff N;_, Ai, # @. Consider the Lindel6ff space M \ L,
where L = J;~; L;. If My \ L is non-empty, there exists a countable system
Ao ={B;:i =1,2, ..} of closed subsets of M7 such that Ag covers M \ L, Ay
refines v and all B; are contained in M7\ F'. In case M, \ L = &, A is the empty
family. Obviously, A = A\; U A5 is a closed countable cover of M; refining . Let
A={A; :i=1,2,.}. Using again the proof of [11, Theorem 3.1.1], we find an
open in M; swelling 0 = {W; : i = 1,2,..} of X such that 6 refines . Moreover,
we can insist that W; N F' = & provided A; N F = @.

Claim. There exists an open in'Y swelling 6 = {V; : i =1,2,..} of A refining
w such that A; C VN My C W; for all i.

We follow the proof of Lemma 4.1.2 from [31]. Obviously, it suffices to construct
by induction open in Y swellings o,,, = {V1, ..., V;n} of {A1,...; A}, m > 1, such
that

® Om+1 :O'mU{Vnﬁl};
.AkCVkﬂMlcvklicwk,kZ].;
e cach V; is contained in an element of w.

Suppose we already constructed o, for some m. Since A, 1 and M \ W, are
closed disjoint subsets of M; and M; is normally placed in Y, there are disjoint
open in Y sets V,; ,; and Vm+1 with App1 C Vo and My \ W,y C Vm+1. Let
E be the union of all intersections V', ﬂ...ﬂVis, 1 < i < m, such that 02:1 A0
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A1 = 2. We claim that ENA,,11 = @. Indeed, otherwise ﬂzzl ij NApt1 #
@ for some indices ji, .., jp such that j, < m and ﬂzzl Aj, N Apy1 = 9. Then

P P P
m ij ﬁAerl C ﬂ ij N M, ﬁAm+1 C m ij N Wi+t #+ 2.
k=1 k=1 k=1
Since {W; : i = 1,2, ..} is a swelling of A, this implies that (\{_, Aj, N Api1 # @,
a contradiction. To finish the inductive step, observe that A refines w. So, there
exists O € w containing Ap, 1. We set Vipp1 =V, NO\ E, and 0,41 =
Om U{Vimt1}. It is easily seen that o,,41 is a swelling of {A; :i=1,2,..,m+ 1},
which completes the proof of the claim.
Recall that 0 is a refining of . Moreover, any refining function between 6 and
~ provides a simplicial map

5 (100 1020r]) = (an | yasinrl) such that(ng)* (i3, (e)) = 0,

where 77 is the composition 77 owfoy. Let 0; = {W; : A; € A;}, j = 1,2. Obviously,
6 = 6, U 05. Consider the open in Y system
o={Vi\F:W; €} U{V;:W; €6} andlet W = [ ] =.
Ye€o

It follows from our construction that ¢ = {¥; : ¢ = 1,2,..} has the following
property: for any indices i1, ..,is we have

ﬂziﬂé@iﬂ ﬂWik £ & and ﬂEikmF;«AQiff ﬂWikﬂF#Q.

k=1 k=1 k=1 k=1
Hence, there exists a simplicial homeomorphism & between the nerves (|0|, |0ar,~F|)
and (|o|, |ownr|). So, €71 is also a simplicial homeomorphism from (|o|, |ownr|)
onto (|0|, |r,~r|). Then for the simplicial map 7 below we have

m =i om0 (ol lownrl) = (Jwl, lwray]), 7 (e) = 0.

Suppose the set W contains a partition C' of X between P; and Q, and consider
the following diagram, where i : (|o¢|, |ornc|) = (|o], |ownr|) and ic are natural
inclusions:

(C,CNF) —<5 (Y,FNY)

[re |7

TOo%

(locllorncl) —— (v, lwray])



1338 V. TODOROV AND V. VALOV

It follows from our construction that for every x € C (resp., x € C' N F) both
points 7(i(pye (2))) and p,(ic(z)) belong to a simplex of the nerve |w| (resp.
|wrAy]). So, the maps 7 oo p,. and p, o ic are homotopic and we have the
commutative diagram:

H* (o], lwpay ) == H""Y(|locl,locnrl)

lpz lp:’c
H=Y(Y,FNY) —Ss H"™YC,CNF)

Because 7*(e) = 0, the last diagram implies

3) ic(pi(e) = 0.
On the other hand, by (3), the following diagram

i
H" (||, lwpny]) —— H"}(|wel, lwonrl)

I+ J=.
H™Y(Y,FNnY) —<— H"YC,CNF)

yields i (pf(e) = p. (5, (e)) = 0, a contradiction.

Hence, W does not contain any partition of X between P; and @;. Choose
an open set W such that both sets P, \ W and Q;\ W are non-empty and
W NY = W. Suppose that X \ W is not connected between P;\ W and Q, \ W,
i.e. X\W = AUB with A, B being disjoint closed sets such that P;\W C A and
Q,\W C B. Then the sets B = BUQ, and A’ = AU P, are disjoint and closed
in X whose union is a proper subset of X. So, there is a partition C' in X between
A’ and B’. Obviously, C is a partition between P; and @); which is contained in
W, a contradiction. Hence, X\ W is connected between P, \W and Q) \W This
implies (see [24, §47, Theorem 3, p. 170]) the existence of a continuum K ¢ X\ W
connecting P; and Q. Finally, since M; C W,KcX \ Mj. This contradicts
the fact that any continuum connecting P; and @, should meet M;. O

Corollary 3.2. Every strong Kg&-manifold is a Mazurkiewicz Dg_g—mamfold.
The proof of Theorem 3.1 provides a stronger conclusion.

Theorem 3.3. Let the pair (X, F) be strongly K{.-connected between two nonempty
open disjoint sets P,QQ C X and M be a Lindeloff normally placed subset of X
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with H""Y(M,M N F) = 0. Then in each of the following two cases there exists
a continuum K C X \ M connecting P and Q.

(1) MC X\ (PUQ);

(2) dimgM <n—1and FNM is a Gs-set in M.

PROOF. It suffices to prove the theorem in case PNQ = @. The proof of item (1)
follows from the proof of Theorem 3.1 considering M, P and @ instead of M7, P,
and @1, respectively. For the second item, according to the proof of Theorem 3.1,
we need to show that H"~1(M;, MyNF) = 0, where M; = M\ (PUQ). That will
be done if we show that the homomorphism H" (M, M NF) — H" (M, F N
M) is surjective. To this end, consider the quotient map 7: M — M/(M N F)
(here M/(M N F) is the quotient space obtained from M by shrinking M N F
to a point). Since F'N M is a Gs set in M, M \ F is an F,-subset of M. This
implies that dimg M \ F' < n— 1. On the other hand, (M/(MNF))\{nr(MNF)}
is homeomorphic to M \ F, so, dimg M/(M N F) < n — 1. Consequently, the
homomorphism H"~Y(M/(MNF)) — H" (M, /(FNM)) is surjective. Finally,
by a result of Bartik [5], H* " 1(M,M N F) = H"Y(M/F) and H"~Y(My, M, N
F)= H""Y(M;/(F N My)), which completes the proof. O

We say that a subset M C X cuts X between two disjoint sets A, B C X if
(AUB)NM = @ and every continuum in X joining A and B meets M. The next
corollary follows from Theorem 3.3 and Proposition 2.7 (when M is a partition
of X, this corollary was established by the second author in [34]).

Corollary 3.4. Let X be a homogeneous metric AN R-continuum with dimg X =
n and H"(X) # 0. Then H" Y(M) # 0 for every set M C X, which cuts X
between two disjoint open subsets of X.

Corollary 3.4 is interesting because the Bing-Borsuk question [6] whether the
group H"~1(M) is non-trial for any partition M of a homogeneous metric AN R-
space of dimension n is still unanswered.

The next corollary can be compared with the classical Mazurkiewicz theorem
[26] that any region X in the Euclidean space R™ has the following property: if
M C X with dim M < n — 2, then every two points from X \ M can be joined by
a continuum K C X \ M.

Corollary 3.5. Let M be either a subset of S™ or a bounded subset of R™ with
H"Y(M;Z) = 0. Then every pair of disjoint open sets P,Q C S™ (resp., P,Q C
R™) such that (PUQ)NM = & can be joined by a continuum in S™\ M (resp.,
in R®\ M). If, in addition dim M < n — 1, the requirement (PUQ)NM = &
can be removed.
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PRrROOF. Obviously, the case when M C S™ follows from Corollary 3.4. When
M is a bounded subset of R™, we take an n-dimensional cube B whose interior
contains M and meets both P and @. Then the proof follows from Corollary 2.9
and Theorem 3.3. O

Let us mention that the requirement in Corollary 3.5 M to be bounded in R"”
is essential. Indeed, any (n — 1)-dimensional hyperplane in R™ is a counterexam-
ple. Also, because every n-dimensional set in R™ has a non-empty interior, the
condition (PU Q)N M = & can not be dropped unless dim M < n — 1.

4. HOMOLOGY MANIFOLDS AND MAZURKIEWICZ MANIFOLDS

In this section we are going to show that some homological properties of a
metric space X imply that X is a Mazurkiewicz arc n-manifold in the following
sense: If M is an F,-subset of X with dim M < n — 2, then any two disjoint sets
A and B, both having non-empty interiors, can be joined by an arc in X \ M.
Obviously, every Mazurkiewicz arc n-manifold is a Mazurkiewicz manifold with
respect to the class of all spaces whose covering dimension dim is < n — 2.

Everywhere in this section we consider singular homology groups reduced in
dimension zero with coefficients in a given group G (if G is not written then the
coefficients are integers). The following notion introduced by Torunczyk [32] is
well known: A closed subset A of a space X is said to be a Z,-set in X if for
any map f:I" — X and any open cover w of X there is a map g: I" — X \ A
which is w-close to f (i.e., for all z € I" both points f(x) and g(z) belong to some
element of w). A homological counterpart of this notion was defined by Banakh-
Cauty-Karassev [4]: A closed subset A C X is called a G-homological Z,,-set in
X if Hy(U,U\ A;G) = 0 for all £ < n and all open U C X. It follows from
the excision axiom that a point x € X is a G-homological Z,-set in X provided
Hi(X,X\z;G)=0for all k£ <n.

Further, let us remind the definition of the separating dimension t(X) of a
space X introduced by Steinke [28] and its transfinite extension ¢rt(X) given
by Arenas-Chatyrko-Puertas [3]: trt(X) = —1 iff X = @; trt(X) < « for an
ordinal « if any closed set B C X containing at least two points can be separated
by a closed set P C B with ¢rt(P) < a. When trt(X) is an integer, then
trt(X) = ¢t(X). Moreover, t(X) < ind(X) [28]. Hence, for metrizable X we have
t(X) <ind(X) < dim X.

Following Mitchell [27], we say that X has the property H(n,G) at the points
of a set M C X if Hi(X,X \2z;G) =0 for all £k < n and all z € M. When
M = X in the above definition, X is said to have the H(n, G)-property.
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Theorem 4.1. Let X be a complete metric space and M be an F,-subset of X
such that trt(M) < n — 2 and X has the property H(n — 1,G) at the points of
M. Suppose P,QQ C X are open sets which can be joined by an arc in X. Then
there is an arc in X \ M joining P and Q. In particular, any arcwise connected
open subset of X is a Mazurkiewicz arc n-manifold provided X has the property
Hn-1,G).

PROOF. Let M be a countable union of closed sets M;, i = 1,2,... Since each
x € M is a G-homological Z, _i-point in X and trt(M;) < n — 2, we can apply
Theorem 4.3 from [4] stating that if A is a closed subset of a space X such that
trt(A) = m and all a € A are G-homological Z,,;,-points in X, then A is a G-
homological Z,,-set in X (for the covering dimension dim this was established by
Daverman [9, Lemma 2.1]). Therefore, any one of the sets M; is a G-homological
Zi-set in X. Then, by [4, Theorem 3.2(6)], M; are Z;-sets in X. Consequently,
the spaces C; = C(I, X \ M;) are dense (and obviously, open) in the space C(I, X)
of all continuous maps from I into X equipped with the compact-open topology.
Finally, since C(I, X) is complete, () C; is also dense in C(I, X). Because P and
@ can be joined by an arc in X, there exists a map f: I — X with f(0) € P and
f(1) € Q. Since P and @ are open, f can be approximated by maps g: I — X\ M
with g(0) € P and ¢(1) € Q.

The second half follows from the first one and the following observations: if
U C X is open, then the excision axiom implies Hy(U,U \ x;G) = 0 for all
k <n—1and z € U; moreover, trt(M) < dim M for any set M C X. O

Below, by a homology n-manifold over G we mean a metric space X such that
for every € X we have Hp(X, X \2;G) =0if k #n and H,(X, X \ z;G) = G.

Corollary 4.2. Let X be an arcwise connected complete metric space. In each
of the following cases any arcwise connected open subset of X is a Mazurkiewicz
arc n-manifold:

(1) X is a homology n-manifold over a group G;
(2) X is a product of at least n metric spaces X;, 1 <1i < m.

PROOF. The first item follows directly from Theorem 4.1. To prove the second
one, consider the exact sequence for every i and x € X;

Ho(Xi \ X, G) — Ho(Xi;G) — Ho(Xi,Xi \ x,G) — 0.

Since X; is arcwise connected (as an image of X), Hy(X;; G) = 0. So, Ho(X;, X;\



1342 V. TODOROV AND V. VALOV

x;G) = 0. Then, by [4, Theorem 3.2 and Theorem 6.1(2)], Hx(X, X \ 2;G) =0
for every z € X and k < m — 1. Finally, Theorem 4.1 completes the proof. O

In some situations the space X \ M from Theorem 4.1 is arcwise connected.

Theorem 4.3. Let X € H(n—1,7Z) be a connected and locally connected complete
metric space and M be an F,-set in X with dim M < n—2. Then U\ M is arcwise
connected for any open connected set U C X with U\ M # @.

PROOF. Since X is connected and locally connected, U is arcwise connected and
locally arcwise connected. Moreover, by the excision axiom, U has the property
H(n—1,7Z). Let M = |JM; with each M; being closed in X. It follows from
the proof of Theorem 4.1 that each M; NU is a Z;-set in U. For any two points
a,b € U\ M consider the set-valued map ®: I — U defined by ®(0) = a, (1) =b
and ®(t) = U for each t € (0,1). It is easily seen that ® is lower semi-continuous
and for every x € U and its neighborhood W there is a neighborhood V- C W of
x with the following property: if ¢t € [0, 1] and x;, x5 are two points from ®(¢) NV
there is an arc in ®(¢t) N W joining z7 and x9. Then, by [12, Theorem 1.2], ®
admits a continuous selection g: I — U \ M. Obviously, g(I) is an arc in U \ M
joining a and b. O

Next proposition shows that any space with a base consisting of Cantor man-
ifolds is a Mazurkiewicz manifold.

Proposition 4.4. Suppose X is a connected complete metric space possessing
a base B of open sets such that U is a Cantor manifold with respect to a given
class C for every U € B. Then X \ M is arcwise connected for every F,-subset
M =M, of X with M; €C,i>1.

PROOF. According to a result of Hadziivanov-Hamamdziev [14, Theorem 1], X \
M is connected. Moreover, by the same result, all U \ M, U € B, are connected.
Hence, X \ M is connected and locally connected. Because X \ M is complete (as
a Gs-subset of X), it is arcwise connected. O

A metric space X is said to have the local separation property in dimension
n (written LS™) if for every € X and every neighborhood U of = there exists
another neighborhood V C U of = such that any map f: S¥ — V, k < n, can be
approximated by maps g: S® — V such that each g(S¥) does not separate V. It
can be shown that if a space has the property LS™, then the statement in above
definition holds with S¥ replaced by I*.

The disjoint (n,m)-cell property of a metric space X, denoted by D(n,m), is
defined as follows: for each ¢ > 0 and any two maps f: I — X and g: I — X
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there exist maps f’: I" — X and ¢’: I™ — X such that f’ and g’ are e-close
to f and g, respectively, and f'(I") N ¢’(I™) = @. We are interested in the
property D(0,n), which implies the property H(n,G) for any G. Using an idea
from Krupski [22, Theorem 2.6] we provide some conditions for a homogeneous
spaces to have the property H(n — 1, G).

Theorem 4.5. Any homogeneous locally compact metric AN R-space X with X €
LS™2 has the D(0,n — 1)-property. Thus X has the H(n — 1,G)-property for
any group G.

PROOF. We are going to prove that X has the D(0,n — 1)-property. So, by [22,
Theorem 2.5], X € H(n — 1,Z) which, according to the Universal Coefficients
Formula, implies X € H(n — 1,G) for any group G. By Proposition 1.8 and
Theorem 2.5 from [22], it suffices to show that every a € X is LCC"™? in X, i.e.
for every neighborhood U of a there exists another neighborhood V' C U of a such
that any map f: S¥ — V\a, k < n—2, can be extended to a map f: B¥*! — U\a
(here B¥*! is the (k + 1)-dimensional ball). To this end, let a € U C X be an
open connected set with a compact closure. Take an open neighborhood V- C U
of a such that V is contractible in U. We may also suppose that V satisfies the
requirements from the definition of the LS™2-property.

Let f: S¥ — V\a be a map with k <n — 2 and g: S* — V\a be an approxi-
mation of f such that g(S*) does not separate V. The proof will be done if g can
be extended to a map from B**! into U\a. Indeed, U\a € AN R implies that if ¢
is close enough to f, then f and g are homotopic in U\a and f is extendable to a
map f: B¥*! — U\a provided g has such an extension. According to the choice
of V, there exists an extension g: B¥*! — U of g, and let b € U\g(B**!). Since
g(S*) does not separate V, it does not separate U. Then U\g(S*) is connected
and locally connected, so there exists an arc C' in U\g(S¥) joining the points a
and b. Following an idea from the proof of [22, Theorem 2.6], consider the set

A= {z e C: there exists a map g,: B*"* — U\z extending g}.

Obviously, A is open in C' and b € A. We are going to show that A is also closed
in C. That would imply that A = C and a € A, which will complete the proof.
Suppose = € A, and let € < d(z, X\U)/2 be a positive number, where d is a
metric on X, such that if a map ¢’: S¥ — U\z is e-close to g, then g and ¢’ are
homotopic in U\z (such e exists because U\z is an AN R). Proceeding as in the
proof of Theorem 2.6 from [22] (with S! replaced by S¥), we can find 6 > 0, a
point y € A with d(x,y) < § and a map h: U — U such that h=!(z) = y and h is
e-close to the identity on U. Since the map g,: B¥*! — U\y (see the definition of
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A) extends g, then hog, maps B¥™! into U\z and (hog,)|S¥ = hog is homotopic
to g in U\z. Hence, by the homotopy extension property, g can be extended to a
map from B**! into U\z. So, x € A, which means that A is closed. O

Recall the property A(n) of Borsuk [7]: X € A(n) if for every z € X every
neighborhood U of x contains a neighborhood V' of = such that each compact
nonempty set B C V of dimension dim B < n — 1 is contractible in a subset
of U of dimension < dim B + 1. If U in that definition has a compact closure,
then X € A(n) implies that every map f: K — U, where K is a compactum
of dimension dim K < n, can be approximated by maps g: K — U such that
dim g(K) < dim K. On the other hand, if X is a homogeneous locally compact,
locally connected metric space of dimension dim > n, then every region in X is a
Cantor n-manifold, see [21]. Moreover, according to [22, Observation 3.1], X x R
has the disjoint disk property provided X is homogeneous locally compact AN R
of dimension > 4 satisfying A(2). Therefore, Theorem 4.5 implies next corollary
which improves [27, Note added in proof].

Corollary 4.6. Let X be a homogeneous locally compact metric AN R-space such
that dimX =n > 4 and X € A(n—2). Then X has the property H(n — 1,7Z)
and the product X X R has the disjoint disk property.

It is still unknown whether the dimension of a product of two homogeneous
AN R-compacta satisfies the logarithmic law. The next corollary provides a par-
tial answer of this question.

Corollary 4.7. Let X € LS" 2 be a homogeneous locally compact metric AN R-
space such that dim X = n. Then dim X XY =dim X +dimY for every compact
metric space Y .

PROOF. According to the proof of Theorem 4.5, X € LCC"~2. Using the termi-
nology of Kodama’s paper [20], this means that every z € X is an HL"2-point.
On the other hand, X does not have any HL" '-point. Indeed, otherwise each
point of X would be HL"~! by the homogeneity. Then X has D(0,n) by [22,
Proposition 1.8] and, by [22, Corollary 2.4], dim X > n, a contradiction. There-
fore, we can apply [20, Corollary 2] to conclude that dim X XY = dim X +dim Y’
for any compact metric space Y. O
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