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1. Introduction

Reduced Cech homology H,(X;G) and cohomology groups H"(X;G) with coefficient from an abelian
group G are considered everywhere below. By a space, unless stated otherwise, we mean a metric compactum.

Alexandroff [1] introduced the homological dimension theory as a further geometrization of the ordinary
dimension theory. His definition of the homological dimension dgX of a space X (with coefficients in an
abelian group @) provided a new characterization of the covering dimension dim X: If X is finite-dimensional,
then dim X is the maximum integer n such that dim X = dg, X = ds1X = n, where S' is the circle
group and Q; is the group of rational elements of S'. Here is Alexandroff’s definition: the homological
dimension dg X is the maximum integer n such that there exist a closed set F' C X and a nontrivial element
v € H,_1(F;G) with v being G-homologous to zero in X. According to [1, p. 207] we have dgX < dim X
for any space X.

The aim of this paper is to provide more properties of the homological dimension. Except some general
properties of d¢g, we also describe dimensional full-valuedness of compact metric spaces using the equalities

E-mail address: veskov@nipissingu.ca.
1 The author was partially supported by NSERC Grant 261914-13.

http://dx.doi.org/10.1016/j.topol.2017.02.063
0166-8641/© 2017 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.topol.2017.02.063
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/topol
mailto:veskov@nipissingu.ca
http://dx.doi.org/10.1016/j.topol.2017.02.063
http://crossmark.crossref.org/dialog/?doi=10.1016/j.topol.2017.02.063&domain=pdf

V. Valov / Topology and its Applications 221 (2017) 38-50 39

deX = dim X for some specific groups G. The lack of exactness of Cech homology is a real problem. We
overcome this problem by using the exact homology, developed by Sklyarenko [15], and its coincidence with
Cech homology in some important cases (let us note that the exact homology is equivalent to Steenrod
homology in the class of metric compacta).

Because the definition of dgX does not provide any information for the homology groups Hy_1(F; G)
when F' C X is closed and k < dgX — 1, we consider the set H x ¢ of all integers k > 1 such that there exist
a closed set F' C X and a nontrivial element v € Hy_1(F'; G), which is homologous to zero in X. Obviously,
dcX = maxHx,g. The set Hx g was very useful in establishing some local homological properties of
homogeneous ANR-compacta, see [19]. In this paper we also provide some properties of Hy .

Suppose (K, A) is a pair of closed subsets of a space X with A C K. By i’y i we denote the homomor-
phism from H,(A;G) into H,(K;G) generated by the inclusion A < K. This inclusion generates also the
homomorphism ji 4 : H"(K;G) — H"(A;G). Following [2], we say that K is an n-homology membrane
spanned on A for some v € H,(A; G) provided v is homologous to zero in K, but not homologous to zero
in any proper closed subset of K containing A. It is well known that for space X and a closed set A C X
the existence of a non-trivial element v € H,(A4;G) with i’y x(v) = 0 yields the existence of a closed set
K C X containing A such that K is an n-homology membrane for v spanned on A, see [2, Property 5,
p. 103]. The above statement remains true for any Hausdorff compactum X and a closed set A C X, see
Lemma 2.6 below.

Recall that the cohomological dimension dimg X is the largest integer n such that there exists a closed
set A C X with H"(X, A;G) # 0. It is well known that dimg X < n iff every map f: A — K(G,n) can
be extended to a map f: X — K(G,n), where K(G,n) is the Eilenberg-MacLane space of type (G,n),
see [16]. We also say that a space X is dimensionally full-valued if dim X xY = dim X +dim Y for all metric
compacta Y, or equivalently (see [3] and [11, Theorem 11]), dimg X = dimz X for any abelian group G.

The paper is organized as follows. In Section 2 we provide some properties of the dimension dg and the
set Hx . As stated above, we generally have the inequalities dz X < dim X > dg X, where the equalities
yield peculiar properties of X stated below:

Theorem 2.9. The following holds for any space X with dim X = n:

(1) If deX = n for a torsion free abelian group G, then:
(1.1) there exist a point x € X and a local base B, at x consisting of open sets U such that bd U is a
dimensionally full-valued set of dimension n — 1, and
(1.2) X is dimensionally full-valued;
(2) If X is dimensionally full-valued and X has a base of B of open sets U with H"(U;Z) = 0, then
daX = n for every field G;
(3) If X is dimensionally full-valued and lc™, then dzX = dgX = n for every field G.

The assumption in item (1) of the above theorem that G is torsion free is essential. Indeed, we already
observed that dim X = dimg, for any finite-dimensional metric compactum X, but not any such X is
dimensionally full-valued.

It follows from Theorem 2.9 (see Corollary 2.10) that if X is a space such that dimX = n and X
is homologically locally connected up to dimension n with respect to the singular homology with integer
coefficients (br., lc"), then the following conditions are equivalent: X is dimensionally full-valued; there is
a point € X having a local base B, of open sets U such that bd U is dimensionally full-valued for each
U € B;; dgX = n for any torsion free field G; dz X = n.

Let us also mention Corollary 2.11 stating that every two-dimensional Ic?-space is dimensionally full-
valued. This improves a result of Kodama [10, Theorem 8| that every two-dimensional ANR is dimensionally
full-valued.
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Using the sets H x ¢, we obtain in Section 3 some properties of homogeneous A NR-spaces. In particular,
the following proposition is shown:

Theorem 3.3. Let X be a homogeneous ANR-space.

(1) If G is a field and dimg X =n, thenn € Hx g andn+1 ¢ Hx g;
(2) If dim X =n, then HxzN{n—1,n} # @.

The final Section 4 contains all preliminary information about the exact and Cech homology groups we
are using in this paper.

2. Some properties of dg

Everywhere below H, denotes the exact homology (see [13,15]), where G is any module over a commu-
tative ring with unity. This homology is equivalent to Steenrod’s homology [17] in the category of compact
metric spaces. According to [15], for every module G and a compact metric pair (X, A) there exists a nat-
ural transformation T'x 4 : fl*(X ,A;G) — H,(X, A;G) between the exact and Cech homologies such that
T)k(,A : ﬁk(X,A;G) — Hi(X, A;G), is a surjective homomorphism for each k, see [15, Theorem 4] (if A
is the empty set, we denote T )k(’@ by T )k() This homomorphism is an isomorphism in some situations, see
Proposition 4.4.

We already mentioned that dgX < dim X for any group G. Next proposition shows that in some cases
we have a stronger inequality.

Proposition 2.1. For any X and a field G we have dgX < dimg X.

Proof. It suffices to prove the required inequality when dimg X = n < co. The set Hx ¢ does not contain
any k > n + 2 because, according to the Universal Coefficient Theorem for Cech homology with field
coefficients, k — 1 > dimg X implies Hy_1(F'; G) = 0 for every closed set F' C X. So, we need to show that
n+1¢ Hx . Indeed, if n +1 € Hx ¢, then there exist a closed set A C X and non-trivial v € H,(4;G)
with i’§ (v) = 0. Since G is a field, by Proposition 4.4(i), H,(A4;G) and H,(X;G) are isomorphic to the
groups I;Tn(A; G) and ﬁn(X; @), respectively. Let 74 be the element from I—AI,L(A; @) corresponding to v and
?’}‘7 x }AI”(A; G) — ﬁn(X ; G) be the inclusion homomorphism. It follows from the exact sequence

— Hpi1 (X, A;G) = Hy(A:G) = Hy(X;G) —

that ﬁn+1(X,A;G) # 0. On the other hand, dimg X = n implies that H""3(X, A;G) = 0, so
Extg(H""2(X, A;G),G) = 0. Hence, by [15, Theorem 3], we have the exact sequence

0 — Huy1(X, A;G) — Homg (H" (X, 4;G), G) — 0.

Then the groups ﬁn+1(X,A; G) and Homg(H" (X, A; G), G) are isomorphic. Finally, since dimg X = n,
H""(X, A;G) = 0. Thus, H,+1(X, A; Q) is also trivial, a contradiction. O

We consider the set CH x ¢ of all integers £ > 1 such that there exist a closed set /' C X and a nontrivial
element o € H*1(F;G) with o ¢ j;“g;(Hk*l(X; @G)) (in such a situation we say that « is not extendable
over X). Obviously, the set CH x ¢ is a dual notion of the set Hx ¢.

Next proposition provides a connection between the sets CHx ¢ and Hx g+, where G* denotes the dual
group of G (G is considered as a topological group with the discrete topology).
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Proposition 2.2. Let X be a metric compactum and G a countable abelian group. Then n € CHx ¢ if and
only if n € Hx g+

Proof. The proof follows from the fact that for any space Z and any k > 0 the group Hy(Z; G*) is the dual
group of H¥(Z; @), where both G and H*(Z;G) are equipped with discrete topology, see [8, Chap. VIII,
§4]. Indeed, if n € CHx g, then there exist a closed set A C X and a non-trivial element v € H"1(4;G)
with v ¢ j% 4 (H"'(X;G)). Choose a homomorphism o : H""'(A;G) — S' such that a(y) # 0 and
a(j}j(H”*l(X;G))) = 0. Because of the duality mentioned above, a can be treated as a non-trivial
element of H,_1(A; G*) such that szf)% =ao jg‘{j So, i’j{;(a) = 0, which yields n € Hx ¢-.

If n € Hx g~, we take a closed set A C X and a non-trivial « € H,_1(A4;G*) with iz;(a) = 0. We
consider « as a non-trivial element of H"~(A4;G)*. So, a(y) # 0 for some v € H"1(A;G). This implies
that v ¢ j;’(j (H"Y(X;G)) because « is homologous to zero in X. 0O

Proposition 2.3. For every space X and every abelian group G we have maxCHx ¢ = dimg X.

Proof. The definition of the set CHx ¢ and the exact sequence
— H"Y(X;G) - H"Y(F;G) - HY(X,F;G) —

imply that if n € CHx ¢, then H"(X, F;G) # 0. Thus, maxCHx ¢ < dimg X.

On the other hand, if dimg X = n, then there exists a closed set Y C X and points z € Y possessing
a basis of open in Y sets W such that all homomorphisms j"W_’;dYW c H YW G) — H* Y (bdy W; Q) are
not surjective, see [11, Theorem 2|. Hence, the homomorphisms j?(;)}iyw cH Y X;G) — H Y bdy W5 G)
are also not surjective, which implies that n € CHx g. O

Corollary 2.4. For every countable abelian group G and a space X we have:

(1) de-X = dimg X;
(2) Ifdimg X is finite, then Hx g+ = [1,dimg X].

Proof. The first item follows from Propositions 2.2-2.3. Obviously, the second item also follows from Propo-
sitions 2.2-2.3 provided CHx g = [1,dimg X]. The last equality follows from the inclusion [1,dimg X]| C
CHx . So, let n € [1,dimg X]. Since dimg X > n — 1, there exists a closed set A C X and a non-trivial
v € H" Y (A;G) with v ¢ j}’_j(H"_l(X; G)) (we use the following well known fact: dimg X < k if and
only if the homomorphism j% , : H*(X;G) — H"(F;G) is surjective for every closed set F' C X). Hence,
[1,dimg X] C CHxc. O

The well known Bockstein theorem (see [4,11]) states that for every group G there is a set of countable
groups o(G) such that dimg X = sup{dimyg X : H € o(G)} for any space X. Corollary 2.4(1) yields a
similar equality for dg-X.

Corollary 2.5. For any space X and any countable abelian group G we have dg« X = sup{dy-X : H € 0(G)}.

Next proposition is a non-metrizable homological analogue of Theorem 14 from [1, chapter IV, §6] and
Property 5 from [2].

Lemma 2.6. Let B C A be a compact pair and H,_1(B;G) contain a non-trivial element v, which is
homologous to zero in A. Then there exists a closed set K C A containing B such that K is a homological
membrane for ~y.
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Proof. Consider the family F of all closed sets F' C A containing B such that z%_Fl('y) = 0. Obviously,
A € F and any minimal element of F is a homological membrane for 7. To show that F has a minimal
element, according to Zorn’s lemma, we need the following claim.

Claim 1. Suppose {F, : « € A} is an infinite linearly ordered decreasing subfamily of F and F = (| F,.
Then F € F.

Denote by C; the family of all finite open covers of F; and let C,, C be the restrictions of C; on the sets F,
and F', respectively. The set C; becomes directed with respect to the relation: w’ < w” iff w” is a refinement
of w'. For every w € C; let N, be the nerve of w. There is a natural simplicial map pe o @ Ny»v — Ny
provided w’ < w”. The maps p,, . induce corresponding homomorphisms wﬁ,,w, : Hy(N!': G) — Hi(N.; G)
for every k > 0. Therefore, we have the inverse systems Sf = {H(N,; G), 7rfj,7w cw < w'}, k>0, such that
Hy(Fy; G) is the limit of SF, see [6]. The sets C and C, also generate the nerves Ny, p, Ny, and the inverse
systems

Sk = {Hk(Nw|F;G)77T(]2/‘F’w‘F Tw w/}
and
52 = {Hk(Nw\Fa§G),7T£/‘me‘Fa Tw w’},

where w|F and w|F, denote the restrictions of w on the sets F and F,,, respectively. It is easily seen that for
every open cover ¢ of F, there exists w € C; such that w|F, refines 6. Consequently, Hy(F,;G) = lgLnSé
Similarly, Hy(F;G) = @Sk. Note that each Nr, is a subcomplex of the finite complex N, w € Cy.
Moreover, if F,, C Fp for some a, 3 € A, then N, is a subcomplex of Nyg,. So, the families {Nyx, :
a € A}, w € Cy, are decreasing and each one of them consists of finite simplicial complexes. Because A is
infinite, for every w € C; there is a(w) € A such that Ny, |z, = Ny|F, (., = Nu|r for all 3 a(w).

Now, we can complete the proof of Claim 1. Let z%‘}('y) = vr and w € C;. Then, according to the
above notations, Ny, = NyF, - Consider also the projections mp,, : Hy, 1 (F;G) = H,—1(Nyp; G) and
B ()0 - Hy 1 (Fow); G) — Hn,l(Nw‘Fu(w);G). Then we have the commutative diagram

.n—1

'F,F,

H, 1(F;G) — Hy1(Faw) G)

le'w J/TFFO(M),W

infl
Nw\F"Nw|F

Hy—1(Ny|r; G) ST H"—l(Nw\Fam;G)

Since i;?}la(w) (vr) = i’éj;a(w) (v) =0 and iﬁ:LNw‘F is the identity, we obtain 7, (yr) = 0. The last

a(w)

equality (being true for each w € Cy) implies v = 0. Hence, F € F. O

Corollary 2.7. Let X be a Hausdorff compactum with n € Hx g. Then there exists a pair F' C K of closed
subsets of X such that K is a homological membrane for some non-trivial element of H,_1(F; Q).

Proof. Since n € Hx ¢, there exists a proper closed subset F' C X and a non-trivial v € H,,_1(F; G) such
that v is G-homologous to zero in X. Then apply Lemma 2.6 for the pair F C X. 0O

Corollary 2.8. Let X be a space and G any group. Then, n € Hx g if and only if there exist x € X and a local

n

base B, at x consisting of open sets U with each bdU containing a closed set Fy such that iF;%(’yU) =0

for some non-trivial vy € H,—1(Fy; G).
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Proof. Obviously, the existence of a local base with the stated property yields n € Hx ¢. So, we need to
show the “only if” part. To this end, let n € Hx . Then, there exists a compact pair F' C K such that K
is an (n — 1)-homology membrane for some v € H,,_1(F; G) (see Lemma 2.6). According to [2, Property 6],
every x € K \ F has a local base B, of open sets U C X such that U N K is an (n — 1)-homology membrane
for an element v € H" 1 (Fy; G) spanned on Fyy, where Fyy = bdg (U N K). Because z";lm—K(fyU) =0,

Iy
iy w(w)=0. O

A space X is homologically locally connected in dimension n (br., n — lc¢) if for every z € X and
a neighborhood U of z in X there exists a neighborhood V' C U of x such that the homomorphism
;{}’U . H,(V:Z) — H,(U:Z) is trivial, where H,(.;Z) denotes the singular homology groups with integer
coefficients (H,(.; Z) should not be confused with the reduced singular homology). If in the above definition
the group Z is replaced by a group G, we say that X is n — lc with respect to G. One can show that
X € n — lc with respect to any group G provided X € k — lc for every k € {n,n — 1} (for n > 1 this
follows from Proposition 4.8; for n = 0 it is obvious). We say that X is homologically locally connected up
to dimension n (br., X € lc™) provided X is k — lc for all k < n.

According to [12, Theorem 1] and [15, Proposition 9], the homology groups Hy (X, A;G), fIk(X,A;G)
and H, & (X, A; G) are isomorphic for any abelian group G and any k < n provided A C X is a pair of metric
compacta such that both X and A are l[c"!, see Propositions 4.2 and 4.3.

It follows from Proposition 4.8 and Proposition 4.2 that any I¢™ space X is homologically locally connected
up to dimension n with respect to both singular and Cech homology with arbitrary coefficients, i.e. for every
group GG, a point x € X and its neighborhood U there exists a neighborhood V' of x such that V' C U and
the homomorphisms i’&U : Hy(V;G) — Hi(U; G) and ?‘“/U . Hy(V; Q) — Hy,(U; G) are trivial for all k < n.

Theorem 2.9. The following holds for any space X with dim X = n:

(1) If dgX = n for a torsion free abelian group G, then:
(1.1) there exist a point x € X and a local base B, at x consisting of open sets U such that bdU is a
dimensionally full-valued set of dimension n — 1, and
(1.2) X is dimensionally full-valued;
(2) If X is dimensionally full-valued and X has a base of B of open sets U with H"(U;7Z) = 0, then
daX =n for every field G;
(3) If X is dimensionally full-valued and lc™, then dzX = dgX = n for every field G.

Proof. (1.1) Suppose dgX = n. Then n € Hx g, so there exist + € X and a local base B, at = of
open sets U C X such that each bdU contains a closed set Fyy with z’};lx (vw) = 0 for some non-trivial
vu € H,—1(Fu; Q) (see Corollary 2.8). According to Proposition 4.5, H,,_1(Fy;Z) # 0. Because dim X = n,
we can suppose that dimbdU < n — 1 for all U € B,. Hence, dim F;; < n — 1. On the other hand,
H,_1(Fy;G) # 0 implies dim Fyy > n—1. Thus, dim Fy = n—1 and, by Proposition 4.7, Fy; is dimensionally
full-valued. This yields that bd U is also dimensionally full-valued. Indeed, for any finite-dimensional metric
compactum Y, we have the inequalities

dmY +n—1=dimFy xY <dimbdU xY <dimY +n — 1.

Hence, dimbdU x Y = dimbdU + dim Y.

(1.2) As above, we can find a closed set Fyy C X of dimension n—1 and a non-trivial v € H,,_1(Fy; G) such
that z’};lx (7) = 0. Then, by Proposition 4.6, H,, (X, Fy; G) # 0. Because G is torsion free, the last relation
implies H,, (X, Fy;Z) # 0, see Proposition 4.5. Finally, according to Proposition 4.7, X is dimensionally
full-valued.
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(2) Let G be any field. Because X is dimensionally full-valued, dimg X = dim X = n, see [11, The-
orem 11]. Since dgX < dim X = n, it suffices to show that n € Hx ¢. To this end, observe that, since
G is a field, hdimg X = dimg X = n, see [7]. Here, hdimg X denotes the maximal integer m such that
Hy(X,P;G) =0 forall k > m and all closed sets P C X. On the other hand, by [14, Corollary 2], if h dimg X
is finite, it is equal to the maximum integer k such that the module Hji = lim__, ﬁ]k(X7 X\ U;Q) is non-
trivial for some # € X. Therefore, there exists a point z with H,(X,X \ U:G) # 0 for all sufficiently
small neighborhoods U of z. We fix such U with U € B. Then, by the excision axiom, ﬁn(X,X \U;QG) is
isomorphic to H, (U,bdU; G). Consider the exact sequences (see Theorems 2-3 from [15])
oL

H,(U;G) —— H,(U,bdT;G) —2— H,_1(bdT;G) 2% H, (T:;G)

and
0 — Ext(H"™ (U, Z),G) — H,(U;G) — Hom(H™(U;Z),G) — 0.

Since H"*1(U;Z) = 0 (recall that dimU < n) and H"(U;Z) = 0, the second sequence yields
H,(U;G) = 0. Hence, the homomorphism 0 : H,(U,bdU;G) — H,_1(bdU;G) is injective and the im-
age L = O(H,(U,bdU;G)) is a non-trivial subgroup of H,_1(bdU;G) such that zde (L) = 0, where

Zdé o H,_1(bdU;G) — H,_1(U;G) is the homomorphism generated by the inclusion bdU < U. Be-

cause G is a field, the homomorphisms Tg_l : Hy 1 (U;G) = H,_1(U;G) and T:dl} . H,_1(bdT;G) —

H,_1(bdU;G) are isomorphisms, see Proposition 4.4(i). So, it follows from the commutative diagram

-n—1

n—1
that 7}" (L) contains a non-trivial element v with T

bd T
Thus, n € Hx,g-
(3) We have dimg X = n (recall that X is dimensionally full-valued). Moreover, by [7], hdimg X =
dimg X = n. Hence, as in the proof of item (2), we can find a point € X such that H,,(U,bdU;G) # 0 for

all sufficiently small neighborhoods U of x. Because X is ¢, X is also locally homologically connected up to

(7) = 0. The last equality implies i;gi) (v) =0.

dimension n with respect to Cech homology with arbitrary coefficients. Hence, there exists a neighborhood
V' of x such that the homomorphism iy, y : H,(V; G) — H,(X; G) is trivial.

We claim that I:Tn(U; G) = 0 for each neighborhood U of x with U C V. Indeed, suppose there is a
neighborhood U of z with U C V and H,(U;G) # 0. Then Proposition 4.4(i) implies that H,(U;G)
is isomorphic to H,(U;G). So, H,(U;G) is a non-trivial group such that the inclusion homomorphism
it v =1yx © zU v 1s trivial. That yields deX > n + 1, which contradicts Proposition 2.1.

Therefore, the homomorphism 8 : H, (U,bdU;G) — H,_ 1(de G) is injective and the image L =
O(H,,(U,bdU;@)) is a non-trivial subgroup of H,_ 1(bdTU; G) with 7 zde (L) = 0 (see the proof of item ( ).

G),

Because the groups Hn,l(de;G) and Hn,l(X;G) are isomorphic to H,,_1(bdU;G) and H, (X
respectively, we have dg X = n.

To prove that dz X = n, consider the field Q of all rational numbers. According to the previous paragraph,
there is a point € X with H,,_1(bdU;Q) # 0 for all sufficiently small neighborhoods U of z. So, by
Proposition 4.5, H,,_1(bdU;Z) # 0 for any such U. Finally, Proposition 4.9 (together with the equality
dim X = n) implies dzX =n. O
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Corollary 2.10. Let X be a metric lc™-compactum, where dim X = n. Then the following conditions are
equivalent: X is dimensionally full-valued; there is a point x € X having a local base B, such that bd U is
dimensionally full-valued for each U € B,; dgX =n for any torsion free field G; dz X = n.

Let us also mention the following corollary, which improves a result of Kodama [10, Theorem §].
Corollary 2.11. Every two-dimensional lc?-compactum is dimensionally full-valued.

Proof. The complete proof is presented in [18, Theorem 3.2], here we provide a sketch only. By [1], ds1 X =
hdimg: X = 2. Then, as in the proof of Theorem 2.9(3), there is € X such that ﬁQ(U, bdU;S') and
H 1(bdU;S") are both non-trivial for sufficiently small neighborhoods U of x, while the homomorphisms
IpaU.x ﬁl(de;Sl) — ﬁl(X;Sl) are trivial. Moreover, %X : ﬁQ(U; Sty — ﬁ2(X;Sl) is also trivial
for small U because X is Ic? and the exact homology groups with coefficients S' are isomorphic to the
corresponding Cech groups (see Proposition 4.4(i)). So, by the Universal Coefficient Theorem for Cech
cohomology, H?(U,bdU;Z) # 0, H*(bdU;Z) # 0 and the triviality of the homomorphism 7}13 7.y Yields
the triviality of the inclusion homomorphism j}, .- : H'(X;Z) — H'(bd U;Z). It follows from the exact
sequence

1 o o -
oo HY(X;7Z) 2T jU(bdT;2) —2 H2(X,bdT;Z) — - -

that dx is an injective homomorphism. Hence, H?(X,bdU;Z) contains elements of infinite order (recall
that the simplicial one-dimensional cohomology groups with integer coefficients are free, so any non-trivial
one dimensional Cech cohomology group H'(. : Z) is torsion free, see for example [4, Theorem 12.5]).
This implies that H%(X,bdU;Q) # 0. So, dimg X = 2, and by [7, p. 364], hdimg X = 2. On the other
hand, dgX = hdimgX = 2, see [18, Corollary 2.3]. Finally, Theorem 2.9(1) yields X is dimensionally
full-valued. O

3. Homogeneous metric A NR-compacta

The following statement was established in [19] (see Theorem 1.1 and Corollary 1.2):

Proposition 3.1. Let X be a finite dimensional homogeneous ANR-space with dim X > 2. Then X has the
following properties for any abelian group G and n > 2 withn € Hx.q andn+1¢ Hx q:

(1) Every x € X has a basis of open sets Uy such that H,,_1(Uy;G) =0 and H,_1(bdUy; G) # 0;
(2) If a closed subset K C X is an (n — 1)-homology membrane spanned on B for some closed set B C X
and v € Hy,_1(B;G), then (K\ B)NX\ K =@.

Here is our first proposition concerning homogeneous ANR.

Proposition 3.2. Let X be as in Proposition 3.1 and Z C X a closed set. If n > 2 is an integer withn € Hz c
and n+1 ¢ Hx q, then Z has a non-empty interior in X. Moreover doZ = dgX iff Int(Z) # @.

Proof. Since n € Hyz ¢, there exists a closed set F' C Z and non-trivial v € H,_;(F,G) homologous to
zero in Z. Consequently, by Corollary 2.7, we can find a closed set K C Z containing F' such that K is
a homological membrane for v spanned on F'. Because 7, being homologous to zero in Z, is homologous
to zero in X, n € Hx g. Recall that n +1 ¢ Hx ¢, so we can apply Proposition 3.1(2) to conclude that
(K\ F)NX\ K = @. This implies that K \ F' is open in X, i.e., Int(Z) # @.
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Suppose now that dgZ = dgX =n. Then n € Hz ¢ and n+ 1 ¢ Hx ¢. Hence, Int(Z) # @. Conversely,
if Int(Z) # @ and dgX = n, choose = € Int(Z). Then, by Proposition 3.1(1), there exists U € B, such that
U C Int(Z) and H,,_1(bdU;G) contains a non-trivial element homologous to zero in U. Hence, dgZ > n.
Finally, the inequality dgZ < dgX implies dgZ = dgX. O

Theorem 3.3. Let X be a homogeneous ANR-space.

(1) If G is a field and dimg X =n, thenn € Hx g andn+1¢ Hx c;
(2) If dim X =n, then HxzN{n—1,n} # @.

Proof. (1) Since G is a field, by [7], hdimg X = dimg X = n. Then there is a point € X having sufficiently
small open neighborhoods U C X with H,(U,bdU;G) # 0 (see the arguments from Theorem 2.9(2)).
Consider the exact sequence

— H,(U;G) = H,(U,bdU;G) — Hp_1(bdU;G) — H,_1(U; G).

We claim that H,, (U; G) = 0 for all sufficiently small U. Indeed, since the groups H,,(U;G) and H, U;G)
are isomorphic by Proposition 4.4(i) (recall that G is a field), and X is locally contractible, we can choose U

so small that the inclusion homomorphism 7 | : H, (U;G) — H,(X;G) is trivial. So, H, (U; G) # 0 would

imply dgX > n + 1, which contradicts Proposition 2.1. Hence, fIn (U;G) = 0. Then, proceeding as in the
proof of Theorem 2.9(2), we obtain n € Hx . Finally, by Proposition 2.1, deX < dimg X = n. Therefore,
n+1lé¢H X,G-

(2) By [20, Theorem 1.1], every point = € X has a basis of neighborhoods U with dimbdU = n — 1
and H" Y(bdU;Z) # 0. For any such U consider the exact sequences, where the coefficient group Z is
suppressed

~

0 — Ext(H"(bdU),Z) — H,_1(bdU) — Hom(H" ' (bdU),Z) — 0
and
0 — Ext(H" ' (bdU),Z) — Hp_5(bdU) — Hom(H"%(bd U),Z) — 0.

The equality ffn,l(de; Z) = ﬁn,g(bdﬁ; Z) = 0 implies the triviality of the groups Ext(H"~'(bd U;Z), Z)
and Hom(H" Y (bdU;Z),Z). Thus, H* 1 (bdU;Z) = 0 (see §52, Exercise 9 from [5]), a contradiction.
Hence, at least one of the groups H,_1(bdU;Z) and H,_(bdU;Z) is not trivial. According to [20, The-
orem 1.1], H" Y(bdU;Z) is finitely generated. Hence, by [15, Theorem 4] (see also Proposition 4.4(iv)
below), H,,_2(bdU;Z) is isomorphic to H,_s(bdU;Z). Moreover, the equality dimbd U = n — 1 yields that
H,_1(bdU;7Z) is isomorphic to H,_,(bdU;Z). Because X is an ANR, the sets bd U are contractible in X
for sufficiently small U. Therefore, both homomorphisms i" =X and "2 _ are trivial, which implies that

bd U, X bd U, X
‘Hx 7z contains at least one of the integers n —1 and n. O

4. Appendix

There are two types of Universal Coefficients Theorems for the exact homology, see Theorem 2 and
Theorem 3 from [15].

Proposition 4.1. Let (X, A) be a pair of compact metric spaces and G be a module over a principal ideal
domain K. Then we have the exact sequence:

0 — Extg (H"1(X, A; K),G) — H,(X, A; G) — Homg (H™(X, A; K),G) — 0.
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If, in addition, G is finitely generated, the sequence
0 Ho(X, 4 K) @k G — Hy(X,A;G) = Hy_1 (X, A;G) x5 G — 0
is also exact, where ﬁn_l(X,A; K) xx G denotes the torsion product TorK(ﬁn_l(X, A K), Q).

We say that a space X is homologically locally connected up to dimension n (br., lc™) if for every x € X
and a neighborhood U of x in X there exists a neighborhood V' C U of x such that the homomorphism
;T\ZU . H,,(V;Z) = H,,(U;Z) is trivial for all m < n. Here, H.,(.;.) denotes the singular homology groups.
According to [12, Theorem 1], the following is true:

Proposition 4.2. Let (X, A) be a pair of paracompact spaces. If both X and A are lc™, then there exists
a natural transformation Mx a4 between the singular and Cech homologies of (X, A) such that M§(,A :
I;Tk(X,A; G) — Hi(X, A;G) is an isomorphism for each k < n and each group G.

There is also an analogue of Proposition 4.3 concerning the homology H, (X, A; G), see [15, Proposition 9]:

Proposition 4.3. Let (X, A) be a pair of compact metric spaces with both X and A being lc™. Then there
is a natural transformation Sx, a between the singular and the exact homologies of (X, A) such that S%A :

H (X, A;G) — Hi(X, A;G) is an isomorphism for each k <n — 1 and it is surjective for k = n.

As we already noted, if G is a module over a ring with unity and (X, A) is a compact metric pair, then
there exists a natural transformation

Tx.a: H (X, A;G) = H. (X, A;G)

between the exact and Cech homologies such that the homomorphism T)’?’A . Hy, (X,4;G) = Hp(X, 4;G)
is surjective for each k. According to [15, Theorem 4], this homomorphism is an isomorphism under certain
conditions. We list below some of these conditions.

Proposition 4.4. The homomorphism T)’CQA is an isomorphism in each of the following situations:

(i) The group G admits a compact topology or G is a vector space over a field;
(ii) Both Hy(X,A;G) and G are countable modules;
(ifi) dim X = k;
(iv) both H**Y(X, A;7Z) and G are finitely generated with finite number of relations.

We don’t know if the second Universal Coefficient Theorem from Proposition 4.1 also holds for Cech

homologies when K = Z and G is a torsion free field. Probably H,(X, A;G) is not isomorphic to
H,(X,A; K)®G, but we have the following conclusion:

Proposition 4.5. Let (X, A) be a compact pair and n be a non-negative integer. Then Hp(X, A;G) # 0
implies H, (X, A;Z) # 0 for every torsion free abelian group G.

Proof. We choose a family {w,} of finite open covers of X such that H,(X,A;G) is the limit of the
inverse system {H, (NX, NA; G), 75 o}, where N and NZ' are the nerves of w, and the restriction of
wo over A, and g 1 (NF,Ni) — (N3, NZ') are the corresponding simplicial maps with § being a
refinement of a. By Proposition 4.2, all H,(NX,N2;G) (resp., H,(NX,N2;7Z)) are isomorphic to the
singular homology groups H,,(NX, N4:G) (resp., H,(NX,N2;7Z)). So, the second Universal Coefficient
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Theorem from Proposition 4.1, which holds for the singular homology with arbitrary coeflicients, implies that
H,(NX,NA;G) are isomorphic to the tensor products H, (NX, NZ2;Z) ® G (recall that, since G is torsion
free, the torsion product of G with any abelian group is trivial). Because H,, (X, A;Z) is the limit of the
inverse sequence { H,,(NX, NA;7), 71';7&}, the triviality of H,, (X, A;Z) would yield that H, (NX, N2 7Z) =0
for all a. Consequently, all groups H,,(NX, N2; G) would be also trivial, which contradicts the condition
H,(X,A;,G)#£0. O

Proposition 4.6. Let (X, A) be a compact pair, G be an abelian group and n > 1 an integer. If there is a
non-trivial element v € H,_1(A; G) such that z:}‘_)% (v) =0, then H,(X, A;G) # 0.

Proof. Following the notations from the proof of Proposition 4.5, take a family {w,} of finite open covers
of X such that the homology groups H, (X, A;G), H,_1(X;G) and H,_1(A; G) are limit, respectively, of
the inverse systems {H,(NX, N4; G), Thalts {H,_1(NZX; G), 75 .+ and {H, (N2 G), 75 - If for each a
we denote by 7, : A — Nofx the natural map, then there exists ag such that v,, = 7} (7) is a non-trivial

element of Hn,l(Ngf‘O; G). It follows from the commutative diagram

Ho 1(A:G) —2%%  H, (X:G)

* *

n—1
7

A NX
Hn_l(NA'G) Nag-Nag Hn_l(NX'G)

«p? g’

that i’]i]_Al ~x (Yao) = 0. Because H, (N2, N2 :G), Ho—1(NZ;G) and H,,_1(NZ ; G) are naturally isomor-
ag

) Y Y )
&0° @ (7)) @ (e7))

phic to the corresponding singular homology groups, we have the exact sequence

— H,(NX N2:G)— H, 1(N2;G) = H, 1(NX:G) — ...

«p? g’ g’ «p?

Therefore, H,(NX, N4 :G) # 0, which implies H, (X, A;G) #0. O

(e 7o RS [eTo RS

Let us also mention the following sufficient condition for a given metric compactum to be dimensionally
full-valued, see [9, Corollary 1]. We provide a short proof of this result, different from the original one.

Proposition 4.7. Let X be a space with dim X = n. If there exists a closed subset A C X such that
H,(X,A;Z) #0, then X is dimensionally full-valued.

Proof. Since dim X = n, H,(X, A;Z) and ﬁn(X, A;7) are isomorphic and H"1(X, A;Z) = 0. So, the
first exact sequence from Proposition 4.1 implies Hom(H"(X, A;Z),Z) # 0. This means that H"(X, A;Z)
contains Z as a direct multiple. Thus, the tensor product H"(X, A;Z) ® G is not trivial for all abelian
groups G. Then the exact sequence

0—- H"X,A,Z)® G — H"(X,A;G) » HY(X,A;Z)«G —= 0

yields H"(X, A; G) # 0. Therefore, dimg X = dim X for all abelian groups G. Finally, by [11, Theorem 11],
X is dimensionally full-valued. O

Proposition 4.8. If X is k —lc and (k — 1) — lc, where k > 1, then X is k — lc with respect to every abelian
group G.
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Proof. Let U be a neighborhood of a given point z. Since X is k — lc and (k — 1) — lc, there exist two
neighborhoods W C V of x such that V' C U and the inclusion homomorphisms %V’V : pr(W;Z) —

H,(V;Z), zVU : ﬁp(V;Z) — PNIP(U; Z) are trivial for every p = k — 1, k. Consider the following diagram,
whose rows are exact sequences

H,(W;Z)® G Hy(W;G) Hy_1(W;Z) G
ity ®id l ity l iy xid l
Hi(V;Z)® G Hy(V;G) Hy_1(V:Z) %G
iy ®id J/ Wy J/ iy g xid l
H(U;Z)® G H,(U:G) H,_(U;Z) G

Tk Tk Tk
Because the homomorphisms ZVU ® id and ¥, WV * id are trivial, so is the composition iy, ;; o iy, = iy -

Hence, X is k — lc with respect to G. O

Proposition 4.9. Let X be a metric Ic"~-space with the following property: there exists a point x € X such
that any sufficiently small neighborhood V' of x contains a closed set Fyy C X with H,_1(Fy;G) # 0, where
G is a given abelian group. Thenn € Hx q.

Proof. Let G be a fixed group. Then X is k — lc with respect to G for all kK <n — 1 (for £ > 1 this follows
from Proposition 4.8, and for k = 0 it is obvious). On the other hand, by [12, Theorem 1], the singular
homology groups ﬁn_l(W; @) are isomorphic to the groups H,_1(W; G) for every open set W C X. Thus,
the inclusion homomorphisms z’[}_Xl : H,—1(U;G) = H,—1(X; G) are trivial for all small neighborhoods U
of . Then any such U contains Fy and the homomorphism z’};lx :Hy 1 (Fy;G) — Hyp—1(X;G), being the
composition i) ot Fu U, is trivial. Therefore, n € Hx ¢. O
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