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ABSTRACT. We investigate to what extend finite-dimensional homogeneous
locally compact AN R-spaces have common properties with topological mani-
folds. Specially, the local structure of homogeneous AN R-spaces is described.
Using that description, we provide a positive solution of the problem whether
every finite-dimensional homogeneous metric AN R-compactum X is dimen-
sionally full-valued, i.e. dimX XY = dimX + dimY for any metric com-
pactum Y.

1. INTRODUCTION

By a space we mean a locally compact separable metric space, and maps are
continuous mappings. Reduced Cech homology H,,(X;G) and cohomology groups
H™(X; G) with coefficient from an abelian group G are considered everywhere be-
low. A space is said to be homogeneous provided that, for every two points z,y € X
there exists a homeomorphism h mapping X onto itself with h(x) = y. Homogeneity
of X implies local homogeneity, that is for every =,y € X there exists a homeo-
morphism h mapping a neighborhood of x onto a neighborhood of y such that
h(z) =y.

One of the motivations to investigate the homogeneous AN R-spaces is the well-
known Bing-Borsuk [I] conjecture that every finite-dimensional homogeneous met-
ric AN R-compactum is a topological manifold. According to Jakobsche [14], a pos-
itive solution of that conjecture in dimension three implies the celebrated Poincaré
conjecture. J. Bryant and S. Ferry [4] announced last year the existence of infinitely
many topologically different counter-examples to that conjecture for every n > 6
(the first announcement of Bryant-Ferry results was in 2018). For an additional
background on the Bing-Borsuk conjecture one can see the survey [15].

Despite the existence of counterexamples to the Bing-Borsuk conjecture, it is
still interesting to investigate the extend to which finite-dimensional homogeneous
AN R-spaces have common properties with topological manifolds. We show that
homogeneous AN R-spaces have indeed some properties typical for topological man-
ifolds. The local structure of homogeneous AN R-compacta X with a finite coho-
mological dimension dimg X = n was established in [29, Theorem 1.1], where G
is a countable principal ideal domain with unity and n > 2. In the present paper
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2 VESKO VALOV

we improve the results in [29] by considering locally compact homogeneous AN R-
spaces and replacing the principal ideal domains with countable groups. Moreover,
we also provide some new properties of homogeneous AN Rs or locally homogeneous
AN Rs.

Theorem [1] describes the local structure of homogeneous AN R-spaces and
shows their similarity with topological manifolds:

Theorem 1.1. Let X be a homogeneous connected AN R-space with dimg X =
n > 2, where G is a countable group. Then every point x € X has a base B,
of connected open sets U C X each having a compact closure and satisfying the
following conditions:

(1) IntU = U, the boundary bdU of U is connected and its complement in X
has exactly two components;

(2) H* Y(bdU;G) # 0, H*(U;G) = H" Y(U;G) = 0 and U is an (n — 1)-
cohomology membrane spanned on bdU for any non-zero

v € H" 1 (bdTU;G);
(3) bdU is an (n —1,G)-bubble.

Recall that for any nontrivial abelian group G the Cech cohomology group
H"(X;G) is isomorphic to the group of pointed homotopy classes of maps from
X to K(G,n), where K(G,n) is a CW-complex of type (G,n), see [I7]. The co-
homological dimension dimg X is the largest number n such that there exists a
closed set A C X with H"(X, A;G) # 0. Equivalently, for a metric space X we
have dimg X < n if and only if for any closed pair A C B in X the homomorphism
JBa: H"(B;G) — H"(A; G), generated by the inclusion A < B, is surjective, see
[10]. This means that every map from A to K(G,n) can be extended over B. If X
is a finite-dimensional space, then for every G we have dimg X < dimz X = dim X
[22]. On the other hand, there is a compactum X [§] with dimX = oo and
dimz X = 3. A space A is a (k,G)-bubble if H*(A;G) # 0 but H*(B;G) = 0
for every closed proper subset B of A.

The following property of homogeneous AN Rs is essential, see [1], [2]: If (K, A)
is a compact pair of subsets of X such that K is an (n — 1)-cohomology membrane
for some v € H" }(A;G), then (K \ A)N X \ K = @. We call this property the
n-cohomology membrane property. Recall that K is said to be an k-cohomology
membrane spanned on a closed set A C K for an element v € H¥(A;G) if 7 is
not extendable over K, but it is extendable over every proper closed subset of K
containing A. Here, v € H¥(A;G) is not extendable over K means that v is not
contained in the image jf(yA (Hk (K; G))

Everywhere below, B, stands for a local base at a point x € X. We say that
a space X has an n-dimensional G-obstruction at a point x € X [22] if there is
W € B, such that the homomorphism ji;y, : H™(X, X\U;G) — H" (X, X\W;G)
is nontrivial for every U € B, with U C W. Kuzminov [22], [21], proved that every
compactum X with dimg X = n contains a compact set Y with dimg Y = n such
that X has an n-dimensional G-obstruction at any point of a dense subset of Y.
According to Theorem [[.2] n-dimensional homogeneous spaces have an obstruction
at every point and the corresponding homomorphisms are surjective.
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Theorem 1.2. Let X be a locally homogeneous AN R-space such that dimg X = n,
where G is a countable group. Then the following holds:

(i) X has the n-cohomology membrane property;
(ii) X has an n-dimensional G-obstruction at every x € X. Moreover, there is
W € B, such that the homomorphism ji; s is surjective for any U,V € B,

withUcCcV cVcWw.

Here is another common property of locally homogeneous AN Rs and topological
manifolds.

Corollary 1.3. Let X be as in Theorem [L2. If U C X is open and f : U — X 1is
an injective map, then f(U) is also open in X.

One of the important questions concerning homogeneous AN Rs is whether ev-
ery finite-dimensional homogeneous AN R-compactum is dimensionally full-valued.
Recall that a locally compact space X is dimensionally full-valued if dim X x Y =
dim X + dim Y for any compact space Y. Let us note that there are metric AN R-
compacta which are not dimensionally full-valued, see [7] and [9]. The question
for the dimensional full-valuedness of homogeneous AN R-compacta goes back to
[B] and was also discussed in [5] and [I3]. A positive answer of that question for
3-dimensional spaces was given in [29]. Now, we provide a complete solution of that
problem.

Theorem 1.4. Let X be a finite-dimensional locally homogeneous AN R-space.
Then the following holds:

(i) X is dimensionally full-valued;

(ii) Providing X 1is homogeneous and connected, every x € X has a neighbor-
hood W, such that bdU s dimensionally full-valued for all U € B, with
UcCW,.

2. THE COHOMOLOGY MEMBRANE PROPERTY

If, in the definition of the n-cohomology membrane property, we additionally
require K to be a compact set contractible in a proper subset of X, then we say
that X has the weak n-cohomology membrane property. We will see that the proof
of Theorem [IT] is based mainly on that property. In this section we prove that
any locally homogeneous space X with dimg X = n, where G is countable, has the
weak n-cohomology membrane property. We also provide some implications of that
property.

A space X is called a (k,G)-carrier of a nontrivial element v € H*(X;G) if
jff()B(v) = 0 for every closed proper subset B C X.

Lemma 2.1. Let A C X be a compact set and ~y be a non-zero element of H"(A; G).

(i) If v is not extendable over a compact set P C X containing A, then there
exists an n-cohomology membrane K C P for v spanned on A;
(ii) There is a closed set B C A such that B is a carrier of j} p(7).

Proof. (i) Consider the family F of all closed subsets F' of P containing A such
that v is not extendable over F. Let {F.} be a decreasing subfamily of F and
Fy =, F-. Suppose 7 is extendable to ¥ € H"(Fy;G). Then, considering 7
as a map from Fp into K(G,n) and having in mind that K(G,n) is an absolute
neighborhood for metrizable spaces [19], we can extend 7 over a neighborhood W
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of Fy in P. But that is impossible since W contains some F,. Hence, by Zorn’s
lemma, F has a minimal element K which is an n-cohomology membrane for
spanned on A.

(ii) Now, let F be the family of closed subsets F' of A such that j} r(v) # 0 and
{F;} be a decreasing subfamily of F with Fo = (), Fr. If 70 = j} g, (7) = 0, then
there is a homotopy H : Fy x [0,1] = K(G,n) connecting the constant map and .
Using again that K (G, n) is an absolute neighborhood extensor for metric spaces,
we find a closed neighborhood W of Fj in A and a homotopy H:W x [0,1] —
K (G, n) connecting j y () and the constant map. This is a contradiction because
W contains some F,. Hence, F has a minimal element B which is a carrier of

J4,5(7)- U

We also need the following version of Effros’ theorem [I1] for locally compact
spaces, see [31, Theorem 2.5]):

Theorem 2.2. Let X be a homogeneous space and p be a metric on the one-point
compactification of X. Then for any a € X and ¢ > 0 there exists 6 > 0 such that
for every x € X with p(x,a) < § there exists a homeomorphism h: X — X with
h(z) = a and p(h(y),y) < e for ally € X.

Proposition 2.3. Let X be a homogeneous AN R-space with dimg X = n, where
G is an arbitrary group. Then H™(P;G) = 0 for any proper compact set P C X.

Proof. This was established in [28] in case X is compact using the following propo-
sition, see [28, Proposition 2.3]: If X is a metric compactum with dimg X = n,
A C X is carrier of a nontrivial element of H"(X; G) and thereis amap f: X — X
homotopic to the identity idx of X, then A C f(A). This statement remains true
if X is an AN R-space with dimg X = n, A is a carrier of a nontrivial element of
H™(Q; G), where Q C X is compact, and there exists a homotopy F' : Ax[0,1] - X
with F(z,0) = z and F(z,1) = f(x), z € A.

Fix a metric p on X generating its topology and suppose there exists a proper
compact set P C X with H"(P;G) # 0. So, by Lemma [2Iii), P contains a
compact set K such that K is a carrier for jp (), where o € H"(P;G) is non-
trivial. Take two open sets U,V C X containing P and having compact closures
in X with U C V. Since X € ANR, there is an open cover w of X such that
any two w-close maps f1, f : U — X are homotopic. Restricting w on V, we find
£ > 0 such that any maps fi,f2 : U — X with p(fi(z), f2(z)) < &, z € U, are
homotopic. Moreover, we can assume ¢ < min{p(P, X\U), p(U, X\V)}. Next, take
a point a from the boundary bd K of K in X and a point b ¢ K with p(a,b) < 6,
where § > 0 is the Effros’ number corresponding to € and the point a. Accord-
ingly, there is homeomorphism h : X — X such that h(a) = b and p(z,h(z)) < e
for all x € X. So, h(K) C U and h(U) C V. Since h generates an isomorphism
h* : H"(h(P);G) — H™(P;G), the set A = h(K) is a carrier for jZ(P)ﬁ(K)(,B),
where 8 = (h*)"!(a). Consider the map g = h=}|U : U — h~}(U). Observe that
p(g(z),z) < e for all z € U. Hence, g and the identity idg on U are homotopic. In
particular, there is a homotopy F : g(4) x [0,1] — X such that F(z,0) = 2 and
F(z,1) = g(x), z € g(A). Therefore, we can apply the modification of [28, Propo-
sition 2.3] stated above to conclude that A C g(A). Because b = h(a) € A, the last
inclusion implies b € g(A) = K, a contradiction. O
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Remark. Proposition remains true without homogeneity of X provided P is a
closed set contractible in X.

This is true if H"(X;G) = 0 because dimg X < n. If H"(X;G) # 0 this
is also true. Indeed, since dimg X < n, every a € H"(P;@G) is extendable to
a € H"(X;G). On the other hand P is contractible in X, so every such & is zero.

A compact pair A C K is called a k-homology membrane spanned on A for a
nontrivial element v € Hy(A; G) if i () = 0 but ¥ p(v) # 0 for any proper
closed subset B of K containing A. Here, H, denotes the Cech homology and
i]i!,K : Hy(A; G) — Hi(K; G) is the homomorphism induced be the inclusion A —
K. According to Bing-Borsuk [1], if A C K is a compact pair and v € H(A4;G)
is a nontrivial element homologous to zero in K, then there is a closed set B C K
containing A such that A C B a k-homology membrane for « spanned on A. Bing-
Borsuk [I] considered the Vietoris homology which is isomorphic with the Cech
homology in the realm of metric compacta. So, homology membranes with respect
to Cech homology always exist in the class of metric compacta.

Proposition 2.4. Any locally homogeneous AN R-space with dimg X = n, where
G is a countable group, has the weak n-cohomology membrane property.

Proof. Suppose there exists a compact pair A C K such that K is contractible in a
proper subset of X and K is an (n — 1)-cohomology membrane for some nontrivial
v € H 1(A;G), but (K\ A)N X\ K # @. Since G is countable, we use the
following result, see [I8, viii 4G]: The homology group H,,_1(Y; G*) is isomorphic
to H" }(Y; G)* for any metric compactum Y. Here, G* and H"~}(Y;G)* are the
character groups of G and H"~}(Y; G), considered as discrete groups. This implies
that K is an (n — 1)-homology membrane spanned on A for some nontrivial 3 €
H,,_1(A; G*), see the proof of [29, Proposition 2.1]. Hence, following the proof of [1]
Theorem 8.1], we can find a compact set P C X contractible in X with H,, (P; G*) #
0. So, H"(P;G) # 0, which contradicts the remark after Proposition [Z3] O

We also need the following properties of cohomology membranes, see Corollary
2.2 and Lemma 2.4 from [29], respectively.

Lemma 2.5. For any space X with the weak (n—1)-cohomology membrane property
the following conditions hold:

(i) If K is an (n— 1)-cohomology membrane spanned on a set A C K for some
v € H" Y(A;G), where K is a compactum contractible in a proper subset
of X, then K\ A is a connected open subset of X.

(ii) Let A C P be a compact pair such that P is contractible in a proper subset
of X and there exists a non-zero v € H"~(A; G) not extendable over P.
Then A separates every set I' C X containing P as a proper subset.

Let (X, p) be a metric space. We say that p is convez if for each z,y € X there
exists an arc A C X with end-points « and y such that A with the restriction of
the metric p is isometric to the interval [0, p(z,y)] in the real line (where the real
line is considered with its usual metric). According to [27], every connected locally
connected space admits a convex metric.
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6 VESKO VALOV

Proposition 2.6. Let G be a countable group and X be a locally homogeneous
AN R-space with dimg X = n. Then we have:

(1) Ewery closed set P C X with dimg P = n has a non-empty interior;
(2) Every x € X has a neighborhood W such that any connected U € B, with
U =intU C W satisfies the following conditions:
(i) H"(U;G) = 0, H* Y(bdU;G) # 0 and it contains an element not
extendable over U ;
(ii) U is an (n — 1)-cohomology membrane spanned on bd U for any non-
trivial « € H"~Y(bd U; G) not extendable over U.

Proof. (1) This was established in [29] Corollary 2.3] in case X is compact homo-
geneous ANR. For the covering dimension dim and locally homogeneous AN Rs
it was established in [25, Theorem A] (see also [24] for a property stronger than
locally homogeneity). Suppose P C X is a closed set with dimg P = n. Then P is
the union of countably many compact sets F}; each contractible in a proper subset
of X. By the countable sum theorem for dim¢, we have dimg F; = n for at least
one j. So, we can assume that P is a compact set contractible in a proper subset of
X. Since dimg P = n, there is a closed set A C P and an element v € H"1(A; G)
not extendable over P. Then, according to Lemma [2.1i), there exists a closed
set K C P such that K is an (n — 1)-cohomology membrane for v spanned on A.
Because X has the weak n-cohomology membrane property, (K \ A)N X\ K = @.
This implies K \ A is open in X. Finally, the inclusion K \ A C P completes the
proof.

(2) Since X is a countable union of compact sets each contractible in a proper
subset of X, as in the previous paragraph, there exists a compact pair A C K such
that dimg K = n, K is an (n — 1)-cohomology membrane for some v € H""1(A; G)
spanned on A and K is contractible in a proper subset of X. Then each K \ A is
a connected open set in X, see Lemma 2.5(i). Let € K\ A and let W € B, with
W CK\A.

Let U € B, be connected with U = intU C W. Such sets U exist. Indeed,
since X is locally connected, each of its component of connectedness X, is open,
and according to [27], there is a convex metric generating the topology of X.. On
the other hand, if d is a convex metric, then every open ball B(z,d) = {y € X, :
d(x,y) < &} is connected and intB(z,d) = B(z,J).

Since each U is contractible in a proper subset of X, H"(U;G) = 0. We claim
that H"~1(bd U; G) # 0 and it contains an element not extendable over U. Indeed,
K\ U is a proper closed subset of K containing A. So, v can be extended to 7 €
H"Y(K\U;G). Then vy = ]ZK{IJ bap(7) is a non-zero element of H"1(bdU; Q)

(otherwise v would be extendable over K). So, v is not extendable over U. Let’s
show that U is an (n — 1)-cohomology membrane spanned on bd U for every a €
H"Y(bdU;G) not extendable over U. By Lemma [ZI] for any such a there is
an (n — 1)-cohomology membrane K, C U for o spanned on bdU. Hence, (K, \
bdU)N X \ K, = 9. In particular, K, \ bdU is open in U. Thus, K, = U,
otherwise U would be the union of the non-empty disjoint open sets U \ K, and
K,\bdU. Finally, since X is locally homogeneous, every € X has a neighborhood
W satisfying condition (2). O
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Lemma 2.7. Let X be a locally homogeneous AN R-space and v € X. If G is
a countable group and H" *(bdU;G) # 0 for all sufficiently small neighborhoods
U € B,, then dimg X > n.

Proof. Suppose dimg X < n — 1. Since the interior of bd U is empty, dimg bd U <
n—2for all U € B,. This, according to the definition of cohomological dimension,
implies H"~1(bdU; G) = 0, a contradiction. O

3. PrROOF oF THEOREM [I.1]

Lemma [Tl was established in [6, Theorem 8] for locally connected continua. The
same proof works for locally connected and connected spaces X by passing to the
one-point compactification of X.

Lemma 3.1. Let X be a connected and locally connected space and {K, : o € A}
be an uncountable collection of disjoint continua such that for each « the set X \ K,
has more than one component. Then there exists ag € A such that X \ Ko, has
exactly two components.

The proof of Theorem [I.T] follows from Proposition and Proposition

Proposition 3.2. Let X be a homogeneous connected AN R-space with dimg X =
n > 2, where G is a countable group. Then every point x € X has a basis B, of open
connected sets U each with a compact closure satisfying the following conditions:
(i) H* (U;G) =0 and X \ bdU has ezxactly two components;
(ii) bd U is an (n — 1, G)-bubble.

Proof. By Proposition 2.6, every point z € X has a neighborhood W, with a
compact closure such any connected neighborhood U = intU C W, of x satisfies
the following condition: H™(U;G) = 0, H" 1(bdU; Q) contains elements v not
extendable over U and for each such v the set U is an (n— 1)-cohomology membrane
for v spanned on bdU. We assume also that W, is a connected set contractible
in a proper subset of X and there is o, € H" '(bd W,;G) such that W, is an
(n — 1)-cohomology membrane for o, spanned on bd W,. We fix € X and let B,
be the family of all open connected neighborhoods U of x such that U = intU and
U is contractible in W,.

Claim 1. For every U € B, there exists a non-zero vy € H" 1 (bd U; G) such that
yu is extendable over W, \ U and U is an (n — 1)-cohomology membrane for 7y
spanned on bd U.

Indeed, since W is an (n — 1)-cohomology membrane for a, spanned on bd W,
o, is not extendable over W, but it is extendable over every closed proper subset
of W, containing bd W . So, a, is extendable to an element &, € H" 1 (W, \U; G)
and the element vy = jnW_wl\ude(&w) € H" }(bdU; @) is not extendable over U
(otherwise a, would be extendable over W), in particular vy # 0. Therefore, by
[29, Lemma 2.6, U is an (n — 1)-cohomology membrane for vy spanned on bd U.

Let B! be the family of all U € B, satisfying the following condition: bd U
contains a continuum Fy; such that X \ Fyy has exactly two components and Fy is
an (n — 1, G)-carrier of jg;%FU (o).

Claim 2. Bl is a local base at x.

Licensed to Academy of Science of Czech Rep, Institute of Math. Prepared on Wed Oct 30 03:38:16 EDT 2024 for download from IP 147.231.89.4.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



8 VESKO VALOV

Since X is arc connected and locally arc connected, there is a convex metric
d generating the topology of X, see [27]. We fix Wy € B and for every § > 0
denote by B(z,d) the open ball in X with a center x and a radius 6. There
exists €; > 0 such that B(x,0) C Wy for all 6 < &,. We already observed in
the proof of Proposition [Z.62) that any B(zx,d) is connected and int(B(z,d)) =
B(z,d). Moreover, B(x,d) is contractible in W,. Hence, all Us = B(x,d), § < &,
belong to B,. Consequently, by Claim [Il for every ¢ there exists a non-zero 5 €
H" Y(bdUs; G) such that Us is an (n — 1)-cohomology membrane for 75 spanned
on bd Us and ~s is extendable over W, \ Us. By Lemma[.1J(ii), there exists a closed
subset Fs of bdUs which is a carrier of 7§ = jgd_%& P, (v5). Since n > 2 and Fj
is a carrier of v € H" 1(Fy;G), Fj is a continuum, see [29, Lemma 2.7]. Let us
show that the family {Fs : § < ¢, } is uncountable. Since the function f: X — R,
f(y) =d(x,y), is continuous and Wy is connected, f(W)) is an interval containing
[0,e,] and f=1([0,e,)) = B(z,e.) C Wo. So, f71(8) = bdUs # & for all § < &,.
Hence, the family {Fs : § < e,} is uncountable and consists of disjoint continua.
Moreover, 7} is a non-zero element of H"~!(Fj; G) not extendable over W, because
Fy is contractible in W . Thus, by Lemma Z5(ii), Fj separates X. So, each X \ Fs
has at least two components. Then, by Lemma [3.1] there exists dg < &, such that
X \ Fj, has exactly two components. Therefore, Us, = B(x,dp) € B and it is
contained in Wy. This completes the proof of Claim 21

Now, let B, be the family of all U € B” with H"*(bd U; G) # 0 such that both
U and X \ U are connected.

Claim 3. gz is a local base at .

Let Uy be an arbitrary neighborhood of z such that U is contractible in W,.
We are going to find a member of B, contained in Uy. To this end, let p be
a metric generating the topology of the one-point compactification of X and let
e = p(x, X \Up). According to Theorem 22 there is n > 0 corresponding to €/2 and
the point = (i.e., for every y € X with p(y,x) < 7, there exists a homeomorphism
h: X — X with h(y) = = and p(h(z),z) < /2 for all z € X). Now, choose
a connected neighborhood W of z with W C B,(z,¢/2) and p — diam(W) < 1.
Finally, take U € B! such that U is contractible in W. By Claim ] there exists
a continuum Fyy € bd U such that X \ Fy has exactly two components and Fy is
an (n — 1, G)-carrier for v, = jg;%,FU (yv). If Fy = bd U, then U is the desired

member of B,. Indeed, since X \ bdU = UU X \ U with UN (X \U) = @ and U
is connected, then X \ U should be also connected (recall that X \ Fy; has exactly
two components).

Suppose that Fiy is a proper subset of bdU. Because Fy (as a subset of U)
is contractible in a compact set I' C W, ~;; is not extendable over I'. Thus, we
can apply Lemma [Z5(ii) to conclude that Fyy separates W. So, W\ Fyy = V; UV,
for some open, non-empty disjoint subsets V;,Vo C W. Since U is a connected
subset of W \ Fy, U is contained in one of the sets Vi, Vs, say U C Vj. Hence,
FyuUVy € W, \U. Since 7y is extendable over W, \ U (see Claim [I), 17, is
also extendable over W, \ U, in particular v is extendable over Fyy U V5. On the
other hand, 77, is not extendable over W because Fy; is contractible in W. The last
fact, together with the equality (Fiy UV1) N (Fy UVs) = Fyy, yields that 47, is not
extendable over Fiy UV, Let 8 = j}};}, (74;), where F’ = V1 N Fy (observe that
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LOCAL STRUCTURE OF HOMOGENEOUS AN R-SPACES 9

F’ # @ because W is connected). If F’ is a proper subset of Fy;, then 3 = 0 since
Fy is a carrier for v{;. So, 8 would be extendable over V1, which implies v is
extendable over Fy U V1, a contradiction. Therefore, F/ = Fyy € V; and V¢ is not
extendable over V. Consequently, there exists an (n — 1)-cohomology membrane
Pz C V) for 77 spanned on Fyy. By Lemma Z5(i), V = Ps \ Fy is a connected
open set in X whose boundary is the set F”/ = X \ P3 NP3\ Fyy C Fy. As above,
using that ~;; is not extendable over Pg and ]}JlQ (v¢;) = 0 for any proper closed
subset Q C Fy, we can show that F” = Fy and bdV = Fy. Summarizing the
properties of V, we have that V' is contractible in W, (because so is Ug), V = int(V)
(because Fyy = bd V) and V is connected. Moreover, since X \ Fy is the union of
the open disjoint non-empty sets V' and X \ Pg such that V' is connected and X \ Fyy
has exactly two components, X \ V is also connected. Finally, because Fy; is an
(n — 1, G)-carrier for the nontrivial 7;;, H"~1(bd V;G) # 0. Thus, if V contains z,
then V is a member of gm

If V' does not contain z, we take a point y € V with p(z,y) < 7. This is
possible because V. C W and p — diam(W) < 7. So, according to the choice of
7, there is a homeomorphism h on X such that h(y) = = and p(z,h(z)) < /2
for all z € X. Then h(V) C Uy (this inclusion follows from the choice of € and
the fact that h is (g/2)-close to the identity on X). So, h(V) is contractible in
W,. Since the remaining properties from the definition of gw are invariant under
homeomorphisms, h(V) is the required member of gx, which provides the proof of
Claim Bl

Claim M completes the proof of Proposition

Claim 4. H"Y(U;G) = 0 and bd U is an (n — 1, G)-bubble for every U € B,.

Because each U, U € gz, is contractible in W, any nontrivial v € H"~1(U; G)
cannot be extendable over W,. Since W, is contractible in a proper subset of
X, by Lemma E3(ii), U would separate X provided H" *(U;G) # 0. On the
other hand, each X \ U is connected. Therefore, H"*(U; @) = 0 for all U € B,.
Suppose there exists a proper closed subset F C bdU and a nontrivial element
a € H Y (F;G). Since H" Y (U;G) = 0, a is not extendable over U. Hence,
there is an (n — 1)-cohomology membrane K, C U for a spanned on F. Therefore,
(Ko \F)NX \ K, = @. In particular, K, \ F is open in U \ F. On the other hand,
K, \ F is also closed in U \ F. Because U \ F is connected (recall that U is a dense
connected subset of U \ F), we obtain K, = U. Finally, observe that any point
from bd U \ F belongs to (K, \ F) N X \ K, a contradiction. Therefore, bd U is
an (n — 1, G)-bubble. O

4. PROOF OF THEOREM AND COROLLARY [[.3]

Proof of Theorem [L2 (i) Suppose K is an (n — 1)-cohomology membrane
spanned on A for some v € H"1(A4; G) and there is a point a € (K \ A)N X \ K.
Take V € B, with VN A = @, where B, is a local base at a satisfying the hy-
potheses of Proposition 2.6(2). Since K \ V is a proper subset of K containing

A, v is extendable to v* € H" (K \ V;G). Then ay = j?&‘l/Kmde(v*) is not

extendable over K NV (otherwise v would be extendable over K). In particu-
lar, ay a non-zero element of H"'(K NbdV;G). Because bdV has an empty
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10 VESKO VALOV

interior in X, dimgbdV < n — 1, see Proposition EL6(1). Consequently, ay
can be extended to ay € H" 1 (bdV;G). Moreover, since ay is not extendable
over K NV, @y is not extendable over V. Finally, using that V is an (n — 1)-
cohomology membrane spanned on bdV for ay and, since a € (K \ A)N X\ K
implies that bdV U (K N'V) is a proper closed subset of V containing bd V, we
can find 8 € H" }(bdV U (K NV); G) extending &y . Thus, ay is extendable over
K NV, a contradiction. Therefore, X has the n-cohomology membrane property.

(ii) We need the following result [2I, Theorem 1]: For every metric compactum
K with dimg K = n there exist a closed set Y C K and a dense set D C Y such
that dimg Y = n and K has an n-dimensional G-obstruction at every y € D. In our
situation we take a compact set K C X with dimg K = n and find corresponding
sets D C Y C K. Since dimgY = n, intY # @ (Proposition 20(1)) and there
is y € DNintY. Because K has an n-dimensional G-obstruction at y, we can
find a neighborhood W C K of y such that for any open in K neighborhood
V C W of y the homomorphism H"(K,K \ V;G) — H"(K,K \ W;G) is not
trivial. This implies that for every open in K neighborhoods U,V of y with U C V
the homomorphism H"(K, K\ U;G) — H"(K,K \ V;G) is also nontrivial. Since
y € intY, we can suppose that W € B, such that W is contractible in X and
satisfying the hypotheses of Proposition 2.6]2). Then, by the excision axiom, for
every U,V € B, withU Cc V C V C W, the groups H"(K, K\U;G) and H"(K, K\
V; G) are isomorphic to H"(X, X \ U;G) and H"(X, X \ V;G), respectively. So,
juv t HYW(X, X \U;G) - H"(X,X \ V;G) is a nontrivial homomorphism for all
U,V € B, with U ¢ V. C V C W. Finally, because X is locally homogeneous, it
has an n-dimensional G-obstruction at every x € X.

To prove the second half of condition (i), let U,V € B, with U c V.Cc V C W.
n—l
WA\U,W\V
surjective and H" 1 (W \ V;G) # 0.

Claim 5. The homomorphism j CHYYWA\U;G) — HVY W\ V;G) is

Indeed, consider the Mayer-Vietoris exact sequence below, where the coefficient
group G is suppressed,

HY(W\U) —2— H"Y(V\U)® H" " (W\V) —2— H" ' (bd7)...

The maps ¢ and @ are defined by p(y) = (= and

n—1 -n—1

JW\U,V\U(V)’JW\U;W\V(V))
'(/)((6704)) = j%;[]},bdv(ﬁ) - ]nW_\l‘/;de(a) FOI' every a € Hn_l(W \ V7G) the
_ ;n—1 n—1 /- :
t B = JW\Mde(a) € H" 1(bdV;G) is extendable to an element 3, E
H"1(V\U; Q). Indeed, there are two possibilities: either 3/, is extendable over V
or it is not extendable over V. The first case obviously implies that 8/, is extendable
over V\U. In the second case, by Proposition I?EILZ), V is an (n — 1)-cohomological
membrane spanned on bd V' for 8/,. Then, since V \ U is a proper closed subset of
V, B, is extendable over V\U. Hence, 1)(84,a) = 0 for any a € H* Y(W \ V; G).
Consequently, there is v, € H* *(W\U; G) with ¢(74) = (Ba, ). In particular,

jnW_\b,W\v('V&) = a, which shows the surjectivity of j%_\lU,W\V' The nontrivially of

H" L(W\ V;G) follows from the Mayer-Vietoris exact sequence

element 3/,

- H" N V;G)@ H" ' (W\V;G) —» H" ' (bdV;G) - H*(W;G) — .
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LOCAL STRUCTURE OF HOMOGENEOUS AN R-SPACES 11

Indeed, W being contractible in X implies that H"(W;G) = 0 (see the remark
after Proposition [Z3]). Hence, the homomorphism j%_bldv would be surjective pro-

vided H" }(W\V;G) = 0. This would imply that every nontrivial element of
H"Y(bd V; Q) is extendable over V, which contradicts Proposition [Z6(2).

To complete the proof, consider the commutative diagram whose rows are parts
of exact sequences

H Y (W\U;G) —2— H(W,W\U;G) —2— H"(W;G)

Juv lid
H =Y T\V;G) —Y— HY(W,W\V;G) —Y— H"(W;G).

Since H"(W;G) = 0, both dy and &y are surjective. This, combined with the

surjectivity of ]”W_\lU TV and non-trivially of H"~Y(W \ V;G), implies that Juv

is also surjective. Finally, by the excision axiom the groups H"(W,W\U;G) and
H™(W,W\V;G) are isomorphic to H"(X, X\U;G) and H"(X, X\V;G), respec-
tively. Therefore, the homomorphism ji;, : H"(X, X\U;G) — H"(X, X\V;G) is
surjective.

Proof of Corollary [L3l For homogeneous AN R-compacta X with dimg X < oo,
where G is a countable principal ideal domain, Corollary [[33] was established in [29].
The arguments from [29] also work in our situation.

This corollary implies the well-known invariance of domains property, which
was established in [23] and [25], respectively, for compact homogeneous and locally
homogeneous AN R-spaces X with dim X < co.

n—1

Iw\u,w\v

—

5. PROOF OF THEOREM [[4]

(i) Tt suffices to show that the one-point compactification bX = X U {b} of X
is dimensionally full-valued. To this end, we use the following result of Dranish-
nikov [7, Theorem 12.3-12.4]: If YV is a finite-dimensional AN R-compactum, then
dimg YV = dimg, Y for all prime p. Moreover, dimg Y < dimg Y for any group
G # 0 and there exists a prime number p with dimY = dimgz , Y = dimgz, Y.
The proof presented in [7] works also when Y is the one-point compactification
of an AN R-space. Here Z, = 7Z/pZ is the cyclic group and Z) = {m/n :
n is not divisible by p} C Q, where Q is the field of rational numbers. We also
consider the quotient group Zye = Q/Z,y. It is well known [21] that the so called
Bockstein basis consists of the groups o = {Q, Z,, Z(), Zp~ : p € P}, P is the set
of all primes. For any group (not necessarily countable) there exists a collection
0(G) C o such that dimg X = sup{dimy X : H € 0(G)} for any space X.

Let X be a locally homogeneous AN R-space with dim X = n. According to
the mentioned above Dranishnikov’s result, there exists p € P with dimg , bX =
dimgz, bX = n. If dimgz .. bX = n, we are done. Indeed, according to [7, Lemma
2.6], bX is p-regular, i.e.

dimgz,, bX = dimZpe~bX = dimgz, bX = dimg bX = n.

Then, applying again Dranishnikov’s result [7, Theorem 12.3], we obtain dimg bX <
dimg bX < n for any group G # 0. Hence, dimg bX = dim bX = n for all nontrivial
groups G, and by [22] Theorem 11], bX is dimensionally full-valued. Therefore,
Claim [6] completes the proof of Theorem [LA4i).
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12 VESKO VALOV

Claim 6. If dimz , bX = dimgz, bX = n for some prime number p, then dim ZbX
=n.

Suppose dim Zy-bX < n — 1. According to the Bockstein inequalities (see, for
example [7], or [22]), we have dimz, bX < dim Z,~bX +1, which in our case implies
dim ZpbX = dimZy~X = n — 1. Since, by [22, Theorem 7(1)], dimz, (bX)? =
2dimz, X = 2n, the next equality (see [22, Theorem 7(3)])

dimz, . (bX)? = max{2 dimg, .. bX,dimgz, (bX)? -1}

implies dim Z,» X? = dim Zy~ (bX)? = 2n — 1. Then, by Proposition [Z.6(2), for
every z = (z,y) € X? there is a neighborhood W, of z in X? with a compact
closure such that if W =U x V C W, with W € B, then H?>"~2(bd W; Zp=) # 0.
Since bd W = (U x bd V) U (bd U x V), we have the Meyer-Vietoris exact sequence
(in all exact sequences below the coefficient groups Zpe- are suppressed)

H* 3Ty xTy) = H"?(Tw) = H" 22U xTy) @ H" 2Ty x V) — .

Here, I'y = bd U, T'y = bdV and I'yy = bd W. The Kiinneth formulas provide the
following exact sequences

Y H@O)@H(Tv)—» H"*(UxTy)— Y  H(@)«HTy),

itj=2n—2 itj=2n—1
Y H(Tp)@H (V) H" Ty xV)— Y. H(Ty)«H (V)
i+j=2n—2 i+j=2n—1
and
> H(Tw)e H(v) = H* P (Ty xTv) > > H'(Ty)« H(Iv).
i+j=2n—3 i+j=2n—2

Since dimzpw U < n-—1 and dimZpoo V < n-—1, for all i > 1 the groups
H" 4(U; Zy) and H"1(V; Z,) are trivial. On the other hand, by Propo-
sition Z6(2), we can assume that the groups H" 1(U; Zy~) and H" 1(V; Zpe)
are also trivial. Moreover, Proposition 2.6(1) implies that dimz ., I'v <n — 2 and
dimyz .. I'v < n—2. Hence, the groups H" '+ (T'y; Zpee ) and H" "' (T'y; Zpe ) are
trivial for all i > 0. Therefore, all groups H*"=2(Ux'y; Zpe ), H*"“2(Diyx V5 Zpeo)
and H*"=3(Ty x I'yv; Zpe) are trivial, which implies the triviality of the group
H?"=2(Ty; Zp=), a contradiction. Therefore, dim Z,~bX = n.

(ii) To prove the second half of Theorem [[L4] suppose dim X = n. Since bX is
dimensionally full-valued, by [22, Theorem 11], dimg X = dimg bX = dimbX = n.
Denote by H, the exact homology developed in [26] for locally compact spaces.
The homological dimension hdimgY of a space Y is the largest number n such
that H,(Y,®;G) # 0 for some closed set ® C Y. According to [16] and [26],
hdimg Y is the greatest m such that the local homology group ﬁm(Y, Y\y;G) =
&nyeU H,(Y,Y \ U;G) is not trivial for some y € Y. Moreover, for any field F

we have hdimpY = dimp Y, see [16]. Therefore, hdimg X = dimg X = n and
H, (X, X\x;Q) # 0 for all z € X. This means that every z € X has a neighborhood
W such that H, (X, X\U;Q) # 0 for all open sets U C W containing z. We assume
that W satisfies conditions (1)—(3) from Theorem [[Il with G = Z such that W is
contractible in a proper set in X and H"~!(bd U;Z) # 0 for all neighborhoods U of

x with U C W, see Proposition 2.6(2). Let V be a neighborhood of x with V. C W.
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Claim 7. The pair W\V C W_is an (n — 1)-homology membrane spanned on W\V
for any nontrivial v € H,,_1(W\V;Q).

Since H,, (X, X\V;Q) # 0, by the excision axiom H,, (W, W\V;Q) # 0. Consider
the exact sequences (see [20] for the existence of such sequences)

— H,(W;Q) —» Hy(W,W\V;Q) = Ho (W\V;Q) = H, 1 (W Q)
and
0 — Ext(H"T (W;Z),Q) — H,(W;Q) — Hom(H"(W;Z),Q) — 0
0 — BExt(H"(W:Z),Q) — H,_,(W;Q) — Hom(H" "(W:;Z),Q) — 0.

Since H"*'(W;z) = H"(W;Z) = H""'(W;Z) = 0, both H,(W;Q) and
H,_ 1(W;Q) are trivial. Therefore, the group H,_ 1(W\V;Q) is nontrivial. More-
over, the exact sequence

Ext(H"(W\V;Z),Q) = H,_1(W\V;Q) — Hom(H" *(W\V;Z),Q) — 0

shows that H,_1(W\V;Q) is isomorphic to Hom(H" Y(W\V;Z),Q) because
H"(W\V;Z) = 0 according to the remark after Proposition [Z3]
To complete the proof of Claim [, we need to show that if B is a proper

closed subset of W containing W\V, then ZcV\lV 5(7) # 0 for every nontrivial

v € H,_1(W\V;Q). To this end, consider the exact sequence
0 — BExt(H"(B;Z),Q) — H,_1(B; Q) — Hom(H"'(B;Z),Q) — 0.

Since B is contractible in X (as a subset of W), H"(B;Z) = 0. Hence, H,_,(B; Q)
is isomorphic to Hom(H""!(B;Z),Q). Because B = W\I' for some open set
I' € V, passing to a smaller subset of I', we can assume that I'" is a neigh-
borhood of some y € V such that I C V and T satisfies conditions (1)—(3)
from Theorem [Tl Then, the arguments from the proof of Claim [ show that
H"Y(B;Z) = H*Y(W\T; Z) is not trivial and there is a surjective homomorphism
H""Y(B;Z) — H""'(W\V;Z). Therefore, there exists an injective homomorphism
from H,_;(W\V;Q) into H,_ _1(B; Q) because H,_1(W\V;Q) is isomorphic to
Hom(H"Y(W\V;Z),Q) and H,_;(B;Q) is isomorphic to Hom(H"~*(B;Z), Q).
We already proved that H,_i(W; Q) = 0. Hence, W\V C W is an (n — 1)-
homology membrane (with respect to the exact homology ﬁ*) spanned on W\V
for any nontrivial v € fIn_l(W\V; Q). Next, we need the following result [26] The-
orem 4]: For every pair A C Y of a space Y and its closed set A, any integer k and
a group G there is an epimorphism T{ZA . Hy, (Y, A;G) — Hi(Y, A; G), which is an
isomorphism when G is a field. Hence, in our situation, we have the commutative
diagram

-1
W\V,B

H, ,(W\V;Q) Y% H, 1(B;Q)

n—1 n—1
73, |

n—1

H,_,(W\V;Q) “2Y5 (B Q)
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14 VESKO VALOV

such that T%_\%/ and Tp~! are isomorphisms and ;nW_\lv 5 s injective. Therefore
Z%\IV 5 is also injective, which implies znwf\lv B(v) # 0. This completes the proof of
Claim [1

Suppose U is a neighborhood of z with U C V. Since the pair W\V C
W is an (n — 1)-homology membrane spanned on W\V for any nontrivial v €
H,_1(W\V;Q), according to [1], H,,_1(bdU;Q) # 0 and U is an (n — 1)-homology
membrane spanned on bdU for some nontrivial 4/ € H,,_1(bdU;Q). The non-
triviality of H,_1(bdU;Q) implies H,,_1(bdU;Z) # 0, see [30, Proposition 4.5].
Observe that H"~}(bdU;Z) # 0 yields dimbdU = n — 1. Finally, according to
[20, Corollary], bd U is dimensionally full-valued. OJ
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